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Answers
Skills check
1 a {1, 2, 3, 4, 5} b {−4, −3, −2, −1, 0, 1}

 c {1, 2, 3, 4, 5, 6}

2 a 3(x − 4) − 2(x + 7) = 0

 3x − 12 − 2x − 14 = 0

x = 26

 b 3x − 2(2x + 5) = 2

 3x − 4x − 10 = 2

 −x = 12

 x = −12

 c 5x + 4 − 2(x + 6) = x − (3x − 2)

 5x + 4 − 2x − 12 = x − 3x + 2

 3x − 8 = −2x + 2

 5x = 10

 x = 2

3 a 2( 3 − 2) + 3(1 − 3) = 2 3 − 4 + 3 − 3

 = 3 3 − 7

 b 
3

2
 + 5 2 = 

3 2

2
 + 5 2 = 

13

2
2

 c 
( )

( )

( )( )

( )( )

1 3

1 3

1 3 1 3

1 3 1 3

1 3 3 3

1 3

4 2 3

2
2 3

+
−

+ +
− +

+ + +
−

+
−

− −

= =

= =

4 a 1

2

3

1 2( ) ( )x x−
−
−=

 1 − 2x = −3(x − 2)

 1 − 2x = −3x + 6

 x = 5

 b 2

2 1

1

12

x

x x+ −=

 2x (x − 1) = 2x 2 + 1

 2x 2 − 2x = 2x 2 + 1

 −2x = 1

 x = −
1
2

5 a 35 b −10

Exercise 1A
1 a 0, 1.5, 3

 b 9

10

11

12

13

14
, ,

 c 1

99

1

143

1

195
, ,

(denominators can be 

written as 1 × 3, 3 × 5, 

5 × 7, 7 × 9, 9 × 11, 

11 × 13, 13 × 15)

Mathematics as the science 
of patterns1

2 a r (r + 1)

 b 
1

12r +

 c 2r − 3

3 a 1, 5, 9, 13

 b 1

3

2

5

3

7

4

9
, , ,

 c 1,
1

4

1

9

1

16
, ,

4 a 2 + 6 + 12 + 20

 b 1

3

2

5

3

7

4

9

5

11
+ + + +

 c −1 + 4 − 9 + 16 − 25

5 a 4 5
1

r
r

−
=

∞

∑

 b ( )−
=

∑ 1
1

10
r

r

 c 6 2 1

1

6

( )− −

=
∑ r

r

Investigation – quadratic sequences
N = n2 − 2n + 3

n = p − 1 ⇒ n2 − 2n + 3 = ( p − 1)2 − 2( p − 1) + 3

 = p 2 − 2p + 1 − 2p + 2 + 3

 = p 2 − 4p + 6

n = p ⇒ n2 − 2n + 3 = p 2 − 2p + 3

n = p + 1 ⇒ n2 − 2n + 3 = ( p + 1)2 − 2( p + 1) + 3

 = p 2 + 2p + 1 − 2p − 2 + 3

 = p 2 + 2

fi rst differences are 2p − 3 and 2p − 1

second difference = (2p − 1) − (2p − 3) = 2 (a constant)

N = 2n2 + 2n + 1

n = p − 1 ⇒ 2n2 + 2n + 1 = 2( p − 1)2 + 2( p − 1) + 1

 = 2p 2 − 4p + 2 + 2p − 2 + 1

 = 2p 2 − 2p + 1

n = p ⇒ 2n2 + 2n + 1 = 2p 2 + 2p + 1

n = p + 1 ⇒ 2n2 + 2n + 1 = 2( p + 1)2 + 2( p + 1) + 1

 = 2p 2 + 4p + 2 + 2p + 2 + 1

 = 2p 2 + 6p + 5

fi rst differences are 4p and 4p + 4

second difference = 4 (a constant)
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N = −n2 + 3n − 4

n = p − 1 ⇒ −n2 + 3n − 4 = −( p − 1)2 + 3( p − 1) − 4

 = −p 2 + 2p − 1 + 3p − 3 − 4

 = −p 2 + 5p − 8

n = p ⇒ −n2 + 3n − 4 = −p 2 + 3p − 4

n = p + 1 ⇒ −n2 + 3n − 4 = −( p + 1)2 + 3( p + 1) − 4

 = −p 2 − 2p − 1 + 3p + 3 − 4

 = −p 2 + p − 2

fi rst differences are −2p + 4 and −2p + 2

second difference  = (−2p + 2) − (−2p + 4) 

= −2 (a constant)

Conjecture: For the quadratic N = an2 + bn + c the 

second difference is a constant and is equal to 2a.

Proof:

n = p − 1 ⇒ an2 + 6n + c = a( p − 1)2 + b( p − 1) + c

 = ap 2 − 2ap + a + bp − b + c

n = p ⇒ an2 + bn + c = ap 2 + bp + c

n = p + 1 ⇒ an2 + bn + c = a( p + 1)2 + b( p + 1) + c

 = ap 2 + 2ap + a + bp + b + c

fi rst differences are 2ap − a + b and 2ap + a + b

second difference = 2a, which proves the conjecture.

Investigation – triangular numbers
Since the second difference is a constant (1) the 

triangle numbers can be generated by a quadratic

N = an2 + bn + c 2a = 1 ⇒ a = 1
2

N = 1
2 n2 + bn + c

n = 1 ⇒ 1
2 + b + c = 1 ⇒ b + c = 1

2

n = 2 ⇒ 2 + 2b + c = 3 ⇒ 2b + c = 1

∴b = 1
2, c = 0

N = 1
2 n2 + 1

2 n or N = 1
2 n (n + 1)

Investigation – more number patterns
Square numbers: N = n2

Pentagonal numbers: (3 1)
2

n nN

Hexagonal numbers: N = n(2n − 1)

Heptagonal numbers: (5 3)
2

n nN

Polygonal numbers N

triangle
1
2

 n (n + 1) = 
n

2
 (n + 1)

square n2 = 
n

2
 (2n + 0)

pentagon n n(3 1)

2

−
 = 

n

2
 (3n − 1)

hexagon n(2n − 1) = 
n

2
 (4n − 2)

heptagon n n(5 3)

2

−
 = 

n

2
 (5n − 3)

Conjecture: For a polygon with k sides the polygonal 

numbers are given by

N = 2
n  [(k − 2) n − (k − 4)]

Exercise 1B
1 a u

n
 = 5 + (n − 1)6

 u
n
 = 6n − 1

 b u
n
 = 10 + (n − 1) (−7)

 u
n
 = −7n + 17

 c u
n
 = a + (n − 1)2

 u
n
 = 2n + a − 2

2 a u
15

 = 2 + 14d = 2 + 14 × 9 = 128

 b u
12

 = −1 + 11d = −1 + 11 × 
5

4
 = 

51

4

 c u
n
 = 3 + (n − 1)4 = 4n − 1

3 a + 3d = 18 ⇒ a − 15 = 18 ⇒ a = 33

u
n
 = 33 + (n − 1)(−5) = 38 − 5n

4 a + 3d = 0 (1)

a + 13d = 40 (2)

(2) − (1) ⇒ 10d = 40 ⇒ d = 4

∴ a + 12 = 0 and a = −12

5 Salary after 15 years = u
16

 = a + 15d

 = 48 000 + 15 × 500

 = € 55 500

Need n × 500 = 24000

⇒ n = 48 years

Exercise 1C
1 a u

1
 = 6 d = 13 u

n
 = 110

 6 + (n − 1)13 = 110

 (n − 1)13 = 104

 n − 1 = 8

 n = 9

 S
9
 = 9

2 (6 + 110) = 522

 b u
1
 = 52 d = −11 u

n
 = −25

 52 + (n − 1) (−11) = −25

 (n − 1) (−11) = −77

 n − 1 = 7

 n = 8

 S
8
 = 8

2 (52 − 25) = 108

 c u
1
 = −78 d = −4 u

n
 = −142

 −78 + (n − 1) (−4) = −142

 (n − 1) (−4) = −64

 n − 1 = 16

 n = 17

 S
17

 = 
17
2  (−78 − 142) = −1870

2 a 
10

1

5 7
r

r  = 12 + 17 + 22 +...... + 57

 = 
10

2
 (12 + 57)

 = 345
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 b 
15

1

5 3
r

r  = 2 − 1 − 4 ...... − 40

 = 
15

2
 (2 − 40)

 = −285

3 u
1
 = 60 u

10
 = −3 n = 16

 60 + 9d = −3

 9d = −63

 d = −7

S
16

 = 
16

2
 (2 × 60 + 15 × −7) = 120

4 S
5
 = 25 u

4
 = 8

Let the numbers be

u − 2d, u − d, u, u + d, u + 2d

S
5
 = u − 2d + u − d + u + u + d + u + 2d

 ∴ 5u = 25

 u = 5

u
4
 = 8 ⇒ u + d = 8 ⇒ d = 3

The numbers are −1, 2, 5, 8,11

5 S
n
 = n(2n + 3)

S
1
 = 1(2 + 3) = 5 ∴ u

1
 = 5

S
2
 = 2(4 + 3) = 14 ∴ u

1
 + u

2
 = 14 ∴ u

2
 = 9

 ∴ d = 4

u
1
 = 5, u

2
 = 9, u

3
 = 13, u

4
 = 17

Exercise 1D
1 a u

1
 = 1 r = 2 u

6
 = 25 = 32    u

n
 = 2n − 1

 b u
1
 = 9 r = 

1

3 u
6
 = 9 

5
1

3
 = 

1

27
 u

n
 = 9 

1
1

3

n

= 
1

3

3
⎛
⎝⎜

⎞
⎠⎟

−n

 c u
1
 = x 3 r = 

1
x  u

6
 = x 3 

1 1
5

2x x
⎛
⎝⎜

⎞
⎠⎟

=  u
n
 = x 3 

1 1
1 4

x x

n n
⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

− −

=

2 a r = 
1

2
, u

10
 = a r 9 = 48 × 

1

512
 = 

3

32

 b r = −
8

9
 ÷ 

16

3
 = 

8

9
 × 

3

16
 = −

1

6
,

 u
5
 = a r4 = 

16

3
 × 

1

1296
 = 

1

3 81´  = 
1

243

3 a a = 0.03, r = 2

 ⇒ 0.03 × 2n −1 = 1.92 ⇒ 2n −1 = 64 ⇒ n = 7

 b a = 81, r = 
1

3

 81 × 
1

1

3

n-æ ö÷ç ÷ç ÷çè ø  = 
1

81
 ⇒ 

1
1

3

n-æ ö÷ç ÷ç ÷çè ø  = 
8

1

3

æ ö÷ç ÷ç ÷çè ø  ⇒ n = 9

4 a r 2 = 2 (1)

a r 4 = 18  (2)

(2) ÷ (1) ⇒ r 2 = 9 ⇒ r = ± 3

u
2
 = a r = 

2

9
 × ±3 = ±

2

3

5 16r 4 = 9 ⇒ r 4 = 
9

16
 ⇒ r = ± 

3

2

⇒ u
7
 = 16r 6 = 16 × 

27

64
 = 

27

4

6 r = 
a

a

+
-

2

4
 = 

3 1

2

a

a

+
+  ⇒ a2 + 4a + 4 = 3a2 − 11a − 4

⇒ 0 = 2a2 − 15a − 8

= (2a + 1)(a − 8)

⇒ a = −
1

2
 or 8

Hence r = 
1

1

2

4
1

2
-

 = −
1

3
 or r = 10

4
 = 

5

2

Exercise 1E

1 a S
6
 = 

6
1

2 1
2 63

1 16
1

2

3.9375 or=

 b S
8
 = 

2 1 1 5

1 1 5

1261

64

8

19 7 3
− −( )
− −

−( . )

( . )
. ( )= sf or−

 c Sum = 1 + 

1

2
1

1

2

1
1

2

683

512

9

1 33 3
− −⎛

⎝⎜
⎞
⎠⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

− −⎛
⎝⎜

⎞
⎠⎟

= sf or. ( )

 d u
1
 = 0.1, r = 0.2

 Sum = 
0 1 1 0 2

1 0 2

15. .

.

-( )
-  = 

1

8
 (1 − 0.215)

 = 
1

8
 (1 − 1

515
)

 = 0.125 (3 sf  )

2 a 
5

3

0

5 r

r

 = 53 + 52 + 51 + 50 + 5−1 + 5−2

 = 

6
1

125 1
5

1
1

5

 = 156 24 3906

25
. or

 b 
1

0

9 10
n

r

r

 = 9 + 9 × 10 + 9 × 102 + . . . + 9 × 10n − 1

 = 
9(1 10 )

1 10

n

 = 10n − 1

3 u
3
 = 2  u

7
 = 

1

128

u
1
r 2 = 2 u

1
r 6 = 

1

128

u r

u r
1

6

1

2  = 

1

128
2

∴ r 4 = 
1

256

r = 
1

4
 or 

−1

4
 u

1
 = 32

S
6
 = 

6
1

32 1
4

1
1

4

 = 
1365

32
 = 42.7 

or S
6
 = 

6
1

32 1
4

1
1

4

 = 
819

32
 = 5.6
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4 a u
1
 = S

1
 = 

3

2
 − 1 = 

1

2
, u

2
 = S

2
 − S

1
 = 

2
3

2

æ ö÷ç ÷ç ÷çè ø  − 
3

2
 = 

3

4
,

 u
3
 = S

3
 − S

2
 = 

3
3

2

æ ö÷ç ÷ç ÷çè ø  − 
2

3

2

æ ö÷ç ÷ç ÷çè ø  = 
9

8

b u
n
 = 

3

2

næ ö÷ç ÷ç ÷çè ø  − 
1

3

2

n-æ ö÷ç ÷ç ÷çè ø  = 
1

3

2

n-æ ö÷ç ÷ç ÷çè ø  
3

2
1

æ ö÷ç ÷ç ÷çè ø-

 = 
1

1 3

2 2

n-æ ö÷ç´ ÷ç ÷çè ø

 This is a GP with u
1
 = 

1

2
 and r = 

3

2

5 P
n
 = a × a r × a r 2 × … × a r n − 1

 = an r 1 + 2 + … + n − 1

 = an 
( )1

2

n
n

r
-

Reciprocal sequence = 
1

a
, 

1

ar
, 

1
2ar
, …, 

1
1ar n- , …

i.e. a GP with u
1
 = 

1

a
, and common ratio 

1

r
.

R
n
 = 

1 1
1

1
1

na r

r

æ ö÷ç - ÷ç ÷çè ø

-
 = 

1

a
 × 

r

r

n

n

-1
 × 

r

r-1
 = 

1

a
 

r

r r

n

n

-
-( ) -

1

1 1

S

R
n

n

 = 
a r

r

n1

1

-( )
-

 × 
a r r

r

n

n

-( )
-

-1

1

1

  = a × −1 × a × −1 r n−1 

= a2 r n−1

Hence 
n

n

n

S

R

æ ö÷ç ÷ç ÷ç ÷çè ø
 = a2nr n (n−1)

 = a rn
n n( )-( )1

2

2

 = P
n
2 QED

6 ar = 24

a r2 = 12 (P − 1) ⇒ r = 
P-1

2

But |r| < | so −1 < 
P-1

2
 < 1 i.e. −2 < P − 1 < 2

⇒ −1 < P < 3 (1)

Also S
3
 = 76 so 

48

1P-
 + 24 + 12 (P − 1) = 76

⇒ 48 + 24 (P − 1) + 12 (P − 1)2 = 76 (P − 1)

⇒ 48 − 24 + 12P 2 + 12 = 76P − 76

⇒ 12P 2 − 76P + 112 = 0

⇒ 3P 2 − 19P + 28 = 0

(3P − 7) (P − 4) = 0

⇒ P = 
7

3
 or 4

From convergence condition (1), P = 
7

3

Hence r = 

4

3
2

 = 
2

3

7 The lengths are a, ar, ar 2,

Where a + ar + ar 2 = 2 (1)

But a r 2 = 2a

so r 2 = 2 and r = ± 2.

As a, a r, a r 2 are lengths, r must be positive so r = 2.

Substitute into (1) ⇒ a (1 + 2  + 2) = 2

⇒ a = 
2

3 2+
 = 

2

7
 (3 − 2) metres.

8 1, 
x+1

3
, 

x+( )1
9

2

, 
x+( )1

27

3

Convergent when x = −1.5 = − 
3

2

S
4
 = 1 

( )4
4

1
1

3

1
1

3

x

x

æ ö+ ÷ç ÷ç - ÷ç ÷ç ÷÷çè ø
+-

 = 
185

216

9 
1

1- r
 = 

1

1

-( )
-

r

r

n

 = k r n−1

⇒ 1 − (1 − r n) = k r n−1 (1 − r)

⇒ r n = k r n−1 (1 − r)

⇒ r = k (1 − r)

⇒ (1 + k)r = k ⇒ r = 
k

k1+

Hence S  = 
a

k

k
1

1
-
+

 = 
a k

k k

1

1

+( )
+ -

  = a (1 + k) = (k + 1)a 

 = (k + 1)u
1

Exercise 1F
1 a S = 4 u

2
 

u

r

1

1−  
= 4 u

1
r

 1 = 4r (1 − r )

 1 = 4r − 4r 2

 4r 2 − 4r + 1 = 0

 (2r − 1)2 = 0

 r = 
1

2

b u
1
 = 32 r = 

1

2
 S

5
 = 

5
1

32 1
2

1
1

2

 = 62

S = 
32

1
1

2

 = 64

percentage error = 
2

62
 × 100 = 3.23%

2 r = 1.5 S
5
 = 52750

5

1(1 1.5 )

1 1.5

u
 = 52750

u
1
 = $4000

3 a 2 + 4 + 8 + 16 + 32 = 62

b S
n
 > 1000 000

 
2(1 2 )

1 2

n

 > 100 0000

 (2n – 1) > 500 000

 2n > 500001

 n = 19
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4 a Let x = monthly repayment

 Amo unt owing after 1 month 

 = 1000 × 1.01 − x

 Amo unt owing after 2 months 

 = (1000 × 1.01 − x) × 1.01 − x

  = 1000 × 1.012 − 1.01x − x

 Amo unt owing after 3 months 

 = (1000 × 1.012 − 1.01x − x) × 1.01 − x

  = 1000 × 1.013 − 1.012x − 1.01x − x

 Amount owing after 24 months 

  =  1000 × 1.0124 − 1.0123x − 1.0122x 

− 1.0121x . . . . − 1.01x − x

 We require this to be zero 

 ∴ x  + 1.01x + 1.012x + . . . + 1.0123x 

   = 1000 × 1.0124

 
24(1 1.01 )

1 1.01

x
 = 1000 × 1.0124

  x = $47.07

b Total to be paid  = 47.07 × 24 

= $1130

Exercise 1G
1 a Odd number + even number = 2a + 1 + 2b

  = 2(a + b) + 1,

 which is odd.

b Odd number × odd number = (2m + 1)(2n + 1)

 = 4mn + 2m + 2n +1 = 2(m + n + 2mn) + 1,

 which is odd.

2 

2

1 2 2 5 2( 2)

2 2 5 ( 2)(2 5)

1 2 9

2 2 5 2 10

x x

x x x x

x x x x

3 (a + b)2 = c 2 + 4 
2

ab

a 2 + 2ab + b 2 = c 2 + 2ab

∴ a 2 + b 2 = c 2

4 3 4 3 × 4 + 4 16

7 8 7 × 8 + 8 64

−6 −5 −6 × −5 + −5 25

11 12 11 × 12 + 12 144

8 9 8 × 9 + 9 81

The product of  two consecutive integers plus the 

larger of  the two integers is equal to the square of  

the larger integer.

Proof: Let the two integers be n and n + 1

 n (n + 1) + (n + 1) = (n + 1) (n + 1) = (n + 1)2

Exercise 1H
1 p(n): S

n
 = 1(1 )

1

nu r

r

Step 1: when n = 1, LHS = S
1
 = u

1

RHS = 1(1 )

1

u r

r
 = u

1

∴ p (1) is true

Step 2: assume p (k) i.e., S
k
 = 1(1 )

1

ku r

r

Step 3: prove p (k + 1) i.e., S
k + 1

 = 
1

1(1 )

1

ku r

r

Proof: S
k + 1

 = S
k
 + u

k + 1

 = S
k
 + u

1
r k

 = 1(1 )

1

ku r

r
 + u

1
r k

 = 1 1(1 ) (1 )

1

k ku r u r r

r

 = 
1

1(1 )

1

k k ku r r r

r

 ∴ S
k + 1

 = 
1

1(1 )

1

ku r

r

Since p (1) is true and if  p (k) is true then p (k + 1) 

is true, by the principle of  mathematical 

induction, p (n) is true

2 a p(n): r
r

n n2

1 6=
∑ =  (n + 1)(2n + 1)

Step 1: when n = 1, LHS = 1

 RHS = 
1

6
 (2)(3) = 1

 ∴ p (1) is true

Step 2: assume p (k) i.e., 
1

2

6
=

k

r

kr   (k + 1)

(2k + 1)

Step 3: prove p (k + 1) i.e., 
1

1

2 ( 1)

6
=

k

r

kr   (k + 2)

(2k + 3)

 Proof: r r
r

k

r

k
2 2

1

1

1=

+

=
∑ ∑=  + (k + 1)2

 = 
6

k
 (k + 1)(2k + 1) + (k + 1)2

 = 
( 1)

6

k
 [k(2k + 1) + 6(k + 1)]

 = 
( 1)

6

k
 [2k 2 + 7k + 6]

 ∴ r
r

k
2

1

1

=

+

∑  = 
( 1)

6

k
 (k + 2)(2k + 3)

 Since p (1) is true and if  p (k) is true then 

p (k + 1) is true, by the principal of  

mathematical induction, p (n) is true.

 b p(n): 
1

12
n

r

r  = 2n − 1

 Step 1: when n = 1, LHS = 20 = 1

 RHS = 21 − 1 = 1

 ∴ p(1) is true

 Step 2: assume p (k) i.e., 
1

12
k

r

r  = 2k − 1
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 Step 3: prove p (k + 1) i.e., 
1

1

12
k

r

r  = 2k + 1 − 1

 Proof: 
1

1

12
k

r

r  = 
1

12
k

r

r  + 2k

 = 2k − 1 + 2k = 2(2k) − 1

 ∴ 
1

1

12
k

r

r  = 2k + 1 − 1

 Since p (1) is true and if  p (k) is true then 

p (k + 1) is true, by the principal of  

mathematical induction, p (n) is true.

 c p(n): 13 + 23 + 33 + . . . . + n3 = 
2

4

n
 (n + 1)2

 Step 1: when n = 1, LHS = 13 = 1

 RHS = 
1

4
 (2)2 = 1

 ∴ p (1) is true

 Step 2: assume p (k) i.e., 13 + 23 + 33 + . . . . + k 3

 = 
2

4

k  (k + 1)2

  Step 3: prove p (k + 1) i.e.,

 13 + 23 + 33 + . . . . + k 3 + (k + 1)3 

 = 
2( 1)

4

k
 (k + 2)2

  Proof: 13 + 23 + 33 + . . . . + k3 + (k + 1)3  

= 
2

4

k  (k + 1)2 + (k + 1)3 = 
2( 1)

4

k
 [k 2 + 4k + 4]

 ∴ 13 + 23 + 33 + . . . . + (k + 1)3 = 
2( 1)

4

k
 (k + 2)2

  Since p(1) is true and if  p(k) is true then 

p(k + 1) is true, by the principal of  

mathematical induction, p(n) is true.

 d p (n): 
1 6

2( )=
n

r

n
r r  (n + 1)(2n + 7)

 Step 1: when n = 1, LHS = 1(3) = 3

 RHS = 
1

6
 (2)(9) = 3

 ∴ p (1) is true

  Step 2: assume p (k) i.e., 

1 6
2( )=

k

r

k
r r  (k + 1)(2k + 7)

  Step 3: prove p (k + 1) i.e.,  

 
1

1

( 1)

6
2( )=

k

r

k
r r  (k + 2)(2k + 9)

 Proof: 
1

1 1

2 2( ) ( )=
k k

r r

r r r r  + (k + 1)(k + 3)

 = 
6

k
  (k + 1)(2k + 7) + (k + 1)

(k + 3)

 = 
( 1)

6

k
 [k(2k + 7) + 6(k + 3)]

 = 
( 1)

6

k
 (2k2 + 13k + 18)

 ∴ 
1

1

( 1)

6
2( )=

k

r

k
r r  (k + 2)(2k + 9)

  Since p (1) is true and if  p (k) is true then 

p (k + 1) is true, by the principal of  

mathematical induction, p (n) is true.

Exercise 1I
1 p (n): 7n − 1 = 6A (A ∈ )

Step 1: when n = 1, 7n − 1 = 7 − 1 = 6

∴ p(1) is true

Step 2:  assume p(k) i.e.,

7k − 1 = 6A

Step 3:  prove p(k + 1) i.e.,

7k + 1 − 1 = 6B (B ∈ )

Proof: 7k + 1 − 1 = 7(7k) − 1

 = 7(6A + 1) − 1

 = 42A + 7 − 1

 = 42A + 6

 = 6(7A + 1)

 ∴ 7k + 1 − 1 = 6B

Since p (1) is true and if  p (k) is true then p (k + 1) 

is true, by the principal of  mathematical 

induction, p (n) is true.

2 p (n): 1 + 3 + 5 + 7 + . . . . + (2n − 1) = n2

Step 1: when n = 1, LHS = 1

RHS = 12 = 1

∴ p(1) is true

Step 2:  assume p (k) i.e., 

1 + 3 + 5 + 7 + . . . . + (2k − 1) = k2

Step 3:  prove p (k + 1) i.e., 

1 + 3 + 5 + 7 + . . . . + (2k − 1) + (2k + 1) 

= (k + 1)2

Proof:  1 + 3 + 5 + 7 + . . . . + (2k − 1) + (2k + 1) 

= k2 + (2k + 1)

∴ 1 + 3 + 5 + 7 + . . . . + (2k + 1) = (k + 1)2

Since p (1) is true and if  p(k) is true then p(k + 1) 

is true, by the principal of  mathematical 

induction, p (n) is true.

3 p (n): 9n −1 = 8 A, where A ∈ 

Step 1: when n = 1, 9n −1 = 8 p (1) is true

Step 2:  Assume p(k) i.e.

9 k −1 = 8A

Step 3:  prove p(k + 1) i.e.

9 k + 1 −1 = 8B (B ∈ )

Proof: 9 k + 1 −1 = 9 × 9 k −1

 = 9 (8A + 1) −1

 = 72 A + 8

 = 8 (9 A + 1)

 ∴ 9k + 1 −1 = 8B

Since p (1) is true and if  p (k) is true then p (k + 1) 

is true, by induction, p (n) is true
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4 p (n): n3 − n = 6A, where A ∈ 

Step 1:  when n = 1, n3 − n = 0 = 6 × 0 

∴ p(1) is true

Step 2:  Assume p(k) i.e. 

k3 − k = 6A

Step 3:  prove p(k + 1) i.e. (k + 1)3 − (k + 1) = 6B 

where B ∈ 

Proof: (k + 1)3 − (k + 1) = k3 + 3k2 + 3k + 1 − k − 1

 = k3 + 3k2 + 2k

 = 6A + k +3k2 + 2k

 = 6A + 3(k2 + k)

 = 6A + 3k(k + 1)

But k(k + 1) is either odd × even or even × odd so 

is divisible by 2.

∴ 3k (k + 1) is divisible by 6.

∴ (k + 1)3  (k + 1) = 6B

∴  Since p(1) is true and if  p(k) is true then 

p(k + 1) is true, by induction p(n) is true.

5 p(n): ( )1

1

1

n

r r r= +å  = 
n

n+1

Step 1:  when n = 1, ( )1

1

1

n

r r r= +å  = 
1

1 2´
 = 

1

2

and 
n

n+1
 = 

1

2
 ∴ p(1) is true

Step 2: assume p(k) i.e. ( )1

1

1

k

r r r= +å  = 
k

k+1

Step 3: prove p(k + 1) i.e. ( )
1

1

1

1

k

r r r

+

= +å  = k

k

+
+

1

2

Proof: 
( )

1

1

1

1

k

r r r

+

= +å  = ( )1

1

1

k

r r r= +å  + ( )( )
1

1 2k k+ +

 = k k

k k

2 2 1

1 2

+ +
+( ) +( )

  = k

k k

+( )
+( ) +( )

1

1 2

2

 = k

k

+
+

1

2

Since p (1) is true, and if  p (k) is true then p(k + 1) 

is true, by induction p(n) is true.

6 p (n): 2n + 2 + 32n + 1 = 7A where A ∈ 

Step 1: when n  = 1, 2n + 2 + 32n + 1 = 22 + 33 

= 8 + 27 = 35 + 7 × 5

 ∴ p (1) is true

Step 2: assume p (k) i.e. 2k + 2 + 32k + 1 = 7A

Step 3:  prove p (k + 1) i.e. 2k + 3 + 32k + 3 = 7B 

where B ∈ 

Proof: 2k + 3 + 32k + 3 = 2(7A − 32k + 1) + 32k + 3

 = 14A + 32k + 3 − 2 × 32k + 1

 = 14A + 32k + 1 (9 − 2) 

 = 14A + 32k + 1 × 7

 = 7(2A + 32k + 1 = 7B

Since p (1) is true, and if  p (k) is true then p (k + 1) 

is true, by induction, p (n) is true.

7 1, 1

3
, −

1

9
, −

11

27
, −

49

81

p(n): u
n
 = 3

2

3

næ ö÷ç ÷ç ÷÷çè ø  − 1

Step 1: When n = 1 u1 = 1 and 3
1

2

3

æ ö÷ç ÷ç ÷÷çè ø − 1 = 2 − 1 = 1

 ∴ p(1) is true

Step 2: Assume p(k) i.e. u
k
 = 3

2

3

kæ ö÷ç ÷ç ÷÷çè ø − 1

Step 3: Prove p (k + 1) i.e. u
k + 1 = 3

1
2

3

k+æ ö÷ç ÷ç ÷÷çè ø − 1

Proof: u
k + 1 = 

2 1

3

uk -

 = 

2
2 3 2 1

3

3

kæ ö÷ç´ - -÷ç ÷çè ø

 = 

2
2 3 3

3

3

kæ ö÷ç´ -÷ç ÷çè ø

 = 2 × 
2

3

kæ ö÷ç ÷ç ÷÷çè ø  − 1

 = 
2

3
 × 3 × 2

3

kæ ö÷ç ÷ç ÷÷çè ø
 − 1

 = 3 
1

2

3

k+æ ö÷ç ÷ç ÷÷çè ø  − 1

Since p(1) is true, and if  p(k) is true then p(k + 1) 

is true, therefore by induction, p(n) is true.

Exercise 1J
1 8! − 7! = 8 × 7! − 7! = 7 × 7!

10! − 9! = 10 × 9! − 9! = 9 × 9!

5! − 4! = 5 × 4! − 4! = 4 × 4!

95! − 94! = 95 × 94! − 94! = 94 × 94!

(n + 1)! – n! = (n + 1) n! – n! = n × n!

2 a 4! 1 1

6! 6 5 30
= =

 b 5! 3! 3!

6! 6
1= =

 c 8! 6!

5!
 = 8! × 6 = 241920

3 a 
! ( 1)! ( 1)! ( 1)! 1 1

( 1)! ( 1) ( 1)! ( 1)
= = =

n n n n n n

n n n n n n n

 b ! ( 1)! ( 1) ( 2)! ( 1) ( 2)!

( 2)! ( 2)!
=

n n n n n n n

n n

  = n (n − 1) − (n − 1)

  = (n − 1) (n − 1)

  = (n − 1)2

 c 
2( !) 1 ( ! 1) ( ! 1)

! 1 ! 1
! 1= =

n n n

n n
n

4 
2 2

2 2 2

2

(2 2)! ( !) (2 2) (2 1) (2 )! ( !)

[( 1)!] (2 )! ( 1) ( !) (2 )!

2( 1) (2 1)

( 1)

2(2 1)

( 1)

=

=

=

n n n n n n

n n n n n

n n

n

n

n
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Exercise 1K
1 26 × 25 × 24 = 15 600

2 a 12! = 479 001 600

 b 4! × 3! × 4! × 2! × 3! = 41 472

3 
8

4
 = 70 weeks

4 a 
20

4
 = 4845

 b 4845 − 
8

4
 − 

12

4
 = 4845 − 70 − 495 = 4280

5 a 6 × 7 × 7 × 4 = 1176

 b must end in 0 6 × 7 × 7 × 1 = 294

 c ending in 0 6 × 5 × 4 × 1 = 120

  ending in 2, 4 or 6 5 × 5 × 4 × 3 = 300

  120 + 300 = 420

6 263 × 103 = 17 576 000

Exercise 1L

1 a 
n

r

n

n r

n

n r r

n

n n r n r

n

r

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟ −

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟ − − −−= = =

!

( )! !

!

( ( ))! ( )!

!

!(nn r

n

r

n

n r

−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

∴
−

)!

=

 b ( 1)!

( 1 )! !

! !

( )! ! ( 1)! ( 1)!

( 1) ! !

( 1)! !

! !

( 1)! !

!( 1)

( 1)! !

( 1)!

( 1)! !

1
=

+ = +
1

=

=

=

=

1
= +

1

n

n r r

n n

n r r n r r

n r n rn

n r r

n n n

n r r

n n

n r r

n

n r r

n

r

n n

r r

n n n

r r r

2 a (1 + 2x)11 =  1 + 
11

1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
 (2x) + 

11

2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
 (2x)2 + 

11

3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  (2x)3 + . . . .

   = 1 + 22x + 220x 2 + 1320x 3 + . . . .

 b (1 − 3x)7 =  1 + 
7

1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  (−3x) + 

7

2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  (−3x)2 + 

7

3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  

(−3x)3 + . . . .

   = 1 − 21x + 189x 2 − 945x 3 + . . . .

 c (2 + 5x)5 =  25 + 
5

1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
 24 (5x) + 

5

2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
 23 (5x)2 + 

5

3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
 

22 (5x)3 + . . . .

   = 32 + 400x + 2000x 2 + 5000x 3 + . . . .

 d 
9

3
2

x
 =  29 + 

9

1
 28 

3

x
 + 

9

2
 27 

2

3

x  + 
9

3
 26 

3

3

x  + . . . .

  = 512 − 768x + 512x 2 − 
1792

9
 x 3 + . . . .

3 a (1 − 4x)7 4th term = 
7

3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
 (−4x)3 = −2240x3

 b 
20

2
1

x  3rd term = 
20

2 2

2⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

−⎛
⎝⎜

⎞
⎠⎟

x
 = 

95 2

2
x

 c (2a − b)8 4th term = 
8

3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 (2a)5 (−b)3 = −1792a5b3

4 
12

4

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
 (2x)8 

4

2

1

x
 = 126720

5 (2 + 
x

5
)5 =  25 + 

5

1

æ ö÷ç ÷ç ÷ç ÷ç ÷ç ÷÷çè ø
 24 · 

x

5
 + 

5

2

æ ö÷ç ÷ç ÷ç ÷ç ÷ç ÷÷çè ø
 23 · 

x 2

25
 + 

5

3

æ ö÷ç ÷ç ÷ç ÷ç ÷ç ÷÷çè ø
 22 · 

x 3

125

+ 
5

4

æ ö÷ç ÷ç ÷ç ÷ç ÷ç ÷÷çè ø
 2 · 

x 4

625
 + 

x 5

3125

 = 32 + 16x + 
80

25

2x
 + 

40

125

3x
 + 

2

125

4x
 + 

x 5

3125

 = 32 + 16x + 16

5

2x  + 
8

25

3x
 + 

2

125

4x
 + 

x 5

3125

(2.01)5 =  (2 + 
0 05

5

.
)5 = 32 + 0.8 + 0.008 + 0.00004 

+ 0.0000001 + ...

 = 32.80804 (5 dp)

6 a ( 2  − 3 )4 =  4 − 4 × 2 2  × 3 + 6 × 2 × 3 − 4 

× 2  × 3 3

 = 4 − 8 6  + 36 − 12 6  + 9

 = 49 − 20 6

b ( 2  + 
1

5
)3 =  2 2 + 3 × 2 × 

1

5
 

+ 3 2 × 
1

5
 + 

1

5 5

 = 
13 2

5
 + 

31

5 5
 = 

13

5
 2  + 

31

5
 5

c  (1 + 7 )5 − (1 − 7 )5 =  2 × 5 × 7 + 2 × 10 

× ( 7 )3 + 2 × ( 7 )5

 = 10 7 + 140 7 + 98 7

 = 248 7

7 a a2 − b2 = x2 + 2xy + y2 − (x2 − 2xy + y2)

  = 4xy

   =  4
a b+( )

2
, 

a b-( )
2

  (using 2x = a + b and 

2y = a − b)

  = (a + b) (a − b) = (a − b) (a + b)
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 b a3 = x3 + 3x2 y + 3xy2 + y3

  b3 = x3 − 3x2 y + 3xy2 − y3 ⇒ a3 − b3 = 6x2 y + 2y3

  = 2y(3x2 + y2) = (a − b) (3x2 + y2)

  = (a − b) ( )2 2

2

3

2 2

a b a bé ùæ ö+ -ê ú÷ç+ ÷çê ú÷÷çè øê úë û

  = 
a b-( )

4
 [3a2 + 6ab + 3b2 + a2 − 2ab + b2]

   = 
a b-( )

4
 (4a2 + 4ab + 4b2) 

= (a − b) (a2 + ab + b2)

 c a4 = x4 + 4x3 y + 6x2 y2 + 4xy3 + y4

  b4 = x4 − 4x3 y + 6x2 y2 − 4xy3 + y4

  ⇒ a4 − b4 = 8x3 y + 8xy3 = 8xy (x2 + y2)

   = 8 
a b+( )

2
 

a b-( )
2

 (x2 + y2) 

= 2 (a − b) (a − b) 
2 2

2 2

a b a bé ùæ ö æ ö+ -ê ú÷ ÷ç ç÷ ÷ç ç ÷ê ú÷ ç÷ç è øè øê úë û
+

   = 2 (a − b) (a + b) 
2 2

2 2

a bé ù
ê ú
ê úë û
+  

= (a − b) (a + b) (a2 + b2)

 d (a − b) (an − 1 + an − 2 b + an − 3 b2 + … + bn − 1)

 e Let p(n) be an − bn =  (a − b) (an − 1 + an − 2 b 

+ … + bn −1)

  When n = 1, a1 − b1 = a − b so p (1) is true.

   Assume p(n) is true for n = k i.e. ak − bk 

= (a − b) (ak − 1 + ak − 2 b + … + b)

  Prove p(n) is true for n = k + 1:

  ak + 1 − bk + 1 = a × ak − bk + 1

   =  a [(a − b) (ak − 1 + ak − 2 b + … 

+ bk − 1)] + a × bk − bk + 1

   =  (a − b) [ak + ak − 1 b + … + abk − 1] 

+ abk − bk+1

   =  (a − b) (ak + ak − 1 b + … + abk − 1) 

+ (a − b) bk + bk + 1 − bk + 1

  = (a − b) (ak + ak − 1 b + … abk − 1 + bk)

  ∴ p (k + 1) is true.

   So, since p (1) is true and if  p (k) is true then 

p (k + 1) is true, therefore by induction p (n) is 

true.

Review exercise
1 u

2
 = 16 S

3
 = 84

 u
1
 r = 16 u

1
 + u

1
 r + u

1
 r 2 = 84

 u
1
 = 

16

r
 u

1
 (1 + r + r 2) = 84

   16

r
 (1 + r + r 2) = 84

   16 + 16r + 16r 2 = 84r

   16r 2 − 68r + 16 = 0

   4r 2 − 17r + 4 = 0

   (4r − 1)(r − 4) = 0 r = 
1

4
 or 4

 if  r = 
1

4
, u

1
 = 64  64, 16, 4

 if  r = 4, u
1
 = 4  4, 16, 64

✗

2 1 + 3 + 4 + 6 + 7 + 9 + 10 + 12 + . . . . + 46

= (1 + 4 + 7 + . . . . + 46) + (3 + 6 + 9 + . . . . + 45)

= 
16

2
 (1 + 46) + 

15

2
 (3 + 45)

= 376 + 360 = 736

3 c − b = b − a 
b
a  = 

a
c  a + b + c = 

9

2
 (3)

∴ a + c = 2b  (1) ∴ bc = a2  (2) 

substitute (1) in (3)  2b + b = 
9

2

3b = 
9

2
 ∴ b = 

3

2

a + c = − 3 
3

2
 c = a2

c = − 3 − a ∴ 
3

2
 (−3 −a) = a2

 9 + 3a = 2a2

 2a2 − 3a − 9 = 0

 (2a + 3) (a − 3) = 0

 a = 
3

2
 or 3

a ≠ 
3

2
 since a ≠ b ∴ a = 3, c = −6

The three numbers are 3, 
3

2
, −6

4 1, 3, 7, 15, 31, 63

 p(n): u
n
 = 2n − 1

 Step 1: when n = 1, u1 = 1 = 21 − 1

 ∴ p(1) is true.

 Step 2: assume p(k) i.e. u
k
 = 2k − 1

 Step 3: prove p(k + 1) i.e. u
k + 1 = 2k + 1 − 1

 proof: u
k + 1 = 2u

k
 + 1

 = 2(2k − 1) + 1

 = 2k + 1 − 2 + 1

 = 2k + 1 − 1

 Since p(1) is true and if  p(k) is true then p(k + 1) is 

true, by the principal of  mathematical induction, 

p(n) is true.

5 p(n): 32n − 8n − 1 = 64A (A ∈ , ∈ +)

 Step 1: when n = 1, 32 − 8 − 1 = 0

 ∴ p(1) is true.

 Step 2: assume p(k) i.e. 32k − 8k − 1 = 64A

 Step 3:  prove p(k + 1) i.e. 32(k + 1) − 8(k + 1) − 1 

= 64B (B ∈ )

 Proof: 32(k + 1) − 8(k + 1) − 1 

 = 32k (32) −8k − 9

   = 9(64A + 8k + 1) − 8k − 9

   = 576A + 72k + 9 − 8k − 9

  = 576A + 64k

  = 64(9A + k)

  = 6B

 Since p(1) is true and if  p(k) is true then p(k + 1) is 

true, by the principal of  mathematical induction, 

p(n) is true.
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6 a 
1

4

næ ö÷ç ÷ç ÷ç ÷ç ÷ç ÷÷çè ø

+
 = 

( )
( )

1 !

3 !4!

n

n

+
-  b 

1

2

næ ö÷ç ÷ç ÷ç ÷ç ÷ç ÷÷çè ø

-
 = 

( )
( )

1 !

3 !2!

n

n

-
-

 c 
( )
( )

1 !

3 !4!

n

n

+
-  = 

( )
( )
6 1 !

3 !2!

n

n

-
-

  
( )1

24

n n+
 = 3

 n2 + n = 72

 n2 + n − 72 = 0

 (n + 9) (n − 8) = 0

  ∴ n = 8 (n cannot be negative)

7 (1 + x)n = 
0

næ ö÷ç ÷ç ÷ç ÷ç ÷÷çè ø
 + 

1

næ ö÷ç ÷ç ÷ç ÷ç ÷÷çè ø
 x + 

2

næ ö÷ç ÷ç ÷ç ÷ç ÷÷çè ø
 x2 + … + 

n

r

æ ö÷ç ÷ç ÷ç ÷ç ÷÷çè ø
 x r + … + 

n

n

æ ö÷ç ÷ç ÷ç ÷ç ÷÷çè ø
 xn

 a Let x = 1, 
0

næ ö÷ç ÷ç ÷ç ÷ç ÷÷çè ø
 + 

1

næ ö÷ç ÷ç ÷ç ÷ç ÷÷çè ø
 + 

2

næ ö÷ç ÷ç ÷ç ÷ç ÷÷çè ø
 + … + 

n

r

æ ö÷ç ÷ç ÷ç ÷ç ÷÷çè ø
 + … + 

n

n

æ ö÷ç ÷ç ÷ç ÷ç ÷÷çè ø
 = 2n

 b Let x =  −1, 
0

næ ö÷ç ÷ç ÷ç ÷ç ÷÷çè ø
 − 

1

næ ö÷ç ÷ç ÷ç ÷ç ÷÷çè ø
 + 

2

næ ö÷ç ÷ç ÷ç ÷ç ÷÷çè ø
 − … + (−1)r 

n

r

æ ö÷ç ÷ç ÷ç ÷ç ÷÷çè ø
 + … 

+ (−1)n 
n

n

æ ö÷ç ÷ç ÷ç ÷ç ÷÷çè ø
 = 0

Review exercise

1 a 
2

1

2
 + 

2
1

2
 = a2 a2 = 

1

2
 a = 

1

2

  
2

1

2 2
 + 

2
1

2 2
 = b2 b2 = 

1

4
 b = 

1

2

  
2

1

4
 + 

2
1

4
 = c 2 c 2 = 

1

8
 c = 

1

2 2

 b  The spiral consists of  1.5 of  the sides of  the 

fi rst eight squares and one of  the sides of  the 

ninth square.

  length =  1.5 
7

1 1 1 1

22 2 2 2
. . . .1+ + + +  

8
1

2
+

  = 1.5 

8
1

1
12

1 161
2

+  = 4.86

 c  length = 1.5 
1

1
1

2

 = 5.12

 d  The spiral consists of  8 triangles

 Area = 
22 2

1 1 1 1

2 2 42 2
. . . .  to 8 terms

 = 
1

2

1

4

1

8

1

16
+ + +⎛

⎝⎜
⎞
⎠⎟

. . . .  to 8 terms

 Area = 

8
1 1

4 21

12

2

1

1
 = 0.249

 e  Area = 

1
1 4

12

2
1

 = 0.25

2 a 14!

3! 2! 2! 2! 2!
 = 908 107 200

 b  Consider 5 digit and 6 digit numbers ending 

in 0 or 5.

  5 digit numbers:

   4 × 6 × 6 × 6 × 2 = 1728

  6 digit numbers:

   5 × 6 × 6 × 6 × 6 × 2 = 12 960

  1728 + 12 960 = 14 688

 c  4! × (2!)4 = 384

3 M W

2 3

1 4

 6

2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  × 

4

3

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  + 

6

1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟  × 

4

4

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

= 15 × 4 + 6 × 1

= 66

4 
62

3 38
20412

6 x
x

5 Coeffi cients are 
n

r

n

r

n

r− +
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟1 1

, ,

! ! ! !

( 1)! ( 1)! ( )! ! ( )! ! ( 1)! ( 1)!
– = –

n n n n

n r r n r r n r r n r r

Divide by n! and multiply by (r + 1)! (n − r + 1)!

(n − r + 1) (n − r) − (r + 1) 

(n − r + 1) = (r + 1) 

(n − r + 1) − (r + 1)r

(n − r + 1) (n − r) − 2 

(r + 1) (n − r + 1) + 

(r + 1)r = 0

n2 − rn − rn + r 2 + n  − r − 2rn + 2r 2 − 2r − 2n + 

2r − 2 + r 2 + r = 0

n2 − 4rn + 4r 2 − n − 2 = 0

n2 + 4r 2 − 2 − n (4r + 1) = 0

n = 14, 196 + 4r 2 − 2 − 14(4r + 1) = 0

4r 2 − 56r + 180 = 0

r 2 − 14r + 45 = 0

(r − 5) (r − 9) = 0

r = 5 or 9

The coefficients are 
14

4

14

5

14

6

14

8

14

9

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎛

⎝
⎜
⎜

⎞

⎠
, , ,or ⎟⎟

⎟

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

,
14

10

Both sets give 1001, 2002, 3003.
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1

Answers
Skills check
1 y = x  2 − 3x − 1

y x= −⎛
⎝⎜

⎞
⎠⎟

−3

2

13

4

2

 Vertex is
 

3 13
,

2 4
 Axis of  symmetry is x = 

3

2

2 a 3x + 4 = 0, x = −
4

3

 b 3x 2 − 2x − 1 = 0

  (3x + 1) (x − 1) = 0

 x = − 1

3 
or 1

3 a y − 3 = x − 2

  ∴ x − 2 = ( y − 3) 2

  ∴ x = ( y − 3) 2 + 2

 b y = 
2 1

3 2

x
x

  
3xy + 2y = 2x − 1

  2x − 3xy = 2y + 1

  x (2 − 3y) = 2y + 1

 

2 1

2 3

y

y
x

Exercise 2A
1 a  function, domain = {0, 1, 2, 3}, 

range = {−1, 1, 2, 3}

 b  function, domain = {−3, −2, − 1, 0}, 

range = {0}

 c not a function

 d not a function

2 a  function, domain = {x|− 3 ≤ x ≤ 3}, 

range = {y|0 ≤ y ≤ 3}

 b not a function

 c not a function

 d  function, domain = {x|x ≥ − 1}, 

range = {y|y ≥ 0}

Exercise 2B
1  y 2 = x ⇒ y = ± x

one value of  x gives 2 values of  y 

eg. if  x = 4, y ± 2 ∴ not a function.

 y = x , x  is the positive square root of  x
  ∴ each value of  x gives just one value of  y

Mathematics as a language2
2 a y = x 2 − 4x + 2  domain is x ∈�

 y = (x − 2) 2 − 2  range = {y|y ≥ − 2}

 b y = −(x + 2) 2 – 3   domain is x ∈�
range = {y|y ≤ − 3}

 c y = + 2x    x + 2 ≥ 0 domain = {x|x ≥ − 2}

x ≥ − 2  range = {y|y ≥ 0} 

 d y = 3 x    3 − x ≥ 0 domain = {x|x ≤ 3}

x ≤ 3   range = {y|y ≥ 0}

 e y  = −3x 2 + 6x − 1   domain is x ∈�
= −3 (x 2 − 2x) − 1

= −3[(x −1) 2 − 1] − 1

= −3 (x −1) 2 + 2   range = {y|y ≤ 2}

 f y = 4 2x   4 − 2x ≥ 0 domain = {x|x ≤ 2}

x ≤ 2   range = {y|y ≥ 0}

Exercise 2C
1 y = −|x|     domain = {x|x ∈�}

range = {y|y ≤ 0}

2 y = |2x + 1|    domain = {x|x ∈�}

range = {y|y ≥ 0}

3 y = −|2x + 1|    domain = {x|x ∈�}

range = {y|y ≤ 0}

4 y = 2|x − 1|    domain = {x|x ∈�}

range = {y|y ≥ 0}

5 y = 
1

2
|3x + 2|   domain = {x|x ∈�}

range = {y|y ≤ 0}

6 y = |x + 4| − 2   domain = {x|x ∈�}

range = {y|y ≥ − 2}

7 y = −2|x − 1| + 1   domain = {x|x ∈�}

range = {y|y ≤ 1}

8 y = 3|1 − 2x| − 2   domain = {x|x ∈�}

range = {y|y ≥ − 2}

Exercise 2D

1 y
x

= 1

3 + 2
   domain = 

2

3
|x x ,

     range = {y|y ≠ 0}

2 y
x

= −
−
1

2
   domain ={x|x ≠ 2}, 

 range = {y|y ≠ 0}

3 y = 3

3 − x
   domain ={x|x ≠ 3}, 

 range = {y|y ≠ 0}
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4 y
x

= −
+

5

6 3
  domain = 

1

2
|x x ,

     range = {y|y ≠ 0}

5 y x
x

= 1 + 2

1 2−    domain = 
1

2
|x x , 

 range = {y|y ≠ −1}

6 y x
x

= − −
+

2 3

1
  domain ={x|x ≠ −1}, 

range = {y|y ≠ 3}

Exercise 2E
1 

1

| |1x
y   domain ={x|x ≠ −1}, range = {y|y > 0}

2 
2

| |1x
y   domain ={x|x ≠ 1}, range = {y|y < 0}

3 
| |

x
x

y    domain ={x|x ≠ 0}

If  x > 0, 1
x
x

y
 

     
If  x < 0, 

1x
x

y

∴ range = {−1, 1}

4 
2

1 x
y   1 − x > 0 ∴ x < 1

domain ={x|x < 1}, range = {y|y < 0}

5 a For f  to be real, 1

x 2 2−  > 0

 ⇒ 1
2x
 − 2 > 0

 ⇒ 1
2x
 − 2 > 0

 ∴  x2 < 
1

2

  so domain= x x x− < ≠{ }1

2

1

2
0,

b Range = {y | y > 0}

Exercise 2F

1 
1, 0

1, 0

x
y

x

 a f  (−3) = −1  f (0) = 1  f (π) = 1 f (4) = 1 

 b 

0

–1

y

x

1

 c domain = {x|x ∈�} range = {−1, 1}

2 
2

1 ,

2.5, 1

4,

x x

y x

x x
 a f (−3) = 4 f (0) = 2.5 f ( 6 ) = 2 f (3) = 5

 b 

0

y

x

1

2

3

4

1 2 3–1–2–3–4

 c domain = {x|x ∈�} range = {y|y ≥ 2}

3 
3 , 0

( )
1, 0

x x
f x

x x

 a f (−1) = −4 f (0) = −1 f (1) = 2  f (8) = 3

 b 

0

y

x

–4

–6

–2

2

2 4 6 8–2

 c  domain = {x|x ∈�} 

range = {y|y ≤ −1 or y > 1}

4 
2 1, 0

1
( ) 1, 0 2

2

2, 2

x x

g x x x

x x

 

 a f (−2) = 5 f (1)= 
1

2
 f (2) = 0 f (3)= −1

 b 

x

y

0 1–1–2–3 2 3 4

–2

2

4

 c domain = {x|x ∈�} range = {y|y ∈�}

Exercise 2G
1 f (x) = 4 − x 2 a many-to-one 

b f (−x) = 4 − (−x 2) = 4 − x 2 = f (x) ∴ even

2 g (x) = x 3 + 3x  a one-to-one 

b  g (−x) = (−x) 3 + 3 (−x) = −x 3 − 3x = −g (x)

∴ odd

3 h (x) = 
− 3
2x

  a one-to-one 

 b 3 3

2( ) 2
( ) ( )

x x
h x h x   ∴ odd

4 p (x) = x 3 + 4x + 1  a one-to-one 

b  p (−x) = (−x) 3 + 4 (−x) + 1 = −x 3 − 4x + 1 

≠ p (x) or −p (x) ∴ neither odd nor even

5 

1 0

( ) 1 2

1 2 3

x

r x x

x

  a many-to-one 

 b If  0 ≤ x < 3π, r (−x) is not defi ned

∴ neither even nor odd

6 q (x) = 2x 3 − 4x a many-to-one 

b q (−x) = 2(−x) 3 − 4 (−x) = −2x 3 + 4x = −q (x) 

∴ odd
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7 w (x) = x − 2x 3 + x 5 a many-to-one 

b w (−x)  = −x − 2 (−x) 3 + (−x) 5 = −x + 2x 3 − x 5

= –w (x)

 ∴ odd

8 t (x) = 4x 4 − x  a many-to-one 

b t (−x) = 4(−x) 4 −(−x) = 4x 4 + x ≠ t(x) or −t (x)

∴ neither even nor odd

9 f (x) = 0 is both even and odd

Exercise 2H
1 f (x) = 2x g (x) = x  

domain of  f  is all real numbers

domain of  g is all non-negative real numbers

 a  2g (x) − f  (x) domain is all non-negative real 

numbers

 b  f (x) · g (x) domain is all non-negative real 

numbers

 c  ( )
g

f
x  domain is all positive real numbers

2 f (x) = |x + 1|  
2( ) 4g x x  

domain of  f  is all real numbers

domain of  g = {x|x ≤ −2, x ≥ 2}

 domain of  ( )
f

g
x

 
= {x|x < −2, x > 2}

3 f (x) = x 2 + 2x − 1  g (x) = 1 − 2x − 3x 2

 a  f ( g (0)) = f  (1) = 2 

 b g ( f  (−1)) = g (−2) = −7

 c f ( f  (0)) = f  (−1) = −2

 d  g (g (x)) = g (1 − 2x − 3x 2) 
= 1 − 2 (1 − 2x − 3x 2) − 3 (1 − 2x −3x 2) 2

=  1 − 2 + 4x + 6x 2 −3 (1 − 2x − 3x 2 − 2x + 4x 2 

+ 6x3 − 3x 2 + 6x3 + 9x4) 

  =  −1 + 4x + 6x 2 −3 + 12x + 6x 2 − 36x3 − 27x4)

  =  −4 + 16x + 12x 2 − 36x 2 − 27x4

4 f (x) = 1 − 2x g (x) = x 2 − 1 ( ) = 2 4h x x

 a, b  i  f (g (x))  = f (x 2 − 1) 

= 1 − 2 (x 2 − 1) = 3 − 2x 2 

 domain = {x|x ∈�} range = {y|y ≤ 3}

   ii  g (h (x)) = 2 4g x  = 2x + 4 − 1 

= 2x + 3 domain 

= domain of  h = {x|x ≥ −2} range 

= {y|y ≥ −1}

   iii  f (h (x)) = 2 4f x  = 1 2 2 4x

domain = {x|x ≥ −2} range = {y|y ≤ 1}

   iv  2( ( )) ( 1)h g x h x   = 22( ) 4x

= 22 2x  

  domain = {x|x ∈�} range = {y|y ≥ 2}

 d  f ( g (1)) = 3 − 2 (1) 2 = 1

  h ( f (g (1))) = h (1) = 6

5 e.g.   f (x) = x − 2      g (x) = x 2

6 e.g.  g x x h x x( ) = 2 3 ( ) =−

Exercise 2I
1 y = 3x − 1  x = 3y − 1 

∴ y fx x= =+ +−1

3

1

3

1(x )

 f  ( f  −1(x)) = 
1

3
3 1

x

 
= x + 1 − 1 = x

 f  −1( f  (x)) = 
(3 1) 1 3

3 3

x x x

 

0 x

y

–3 3

–4

4
y = 3x – 1

y = x

y = 
x + 1

3

2  
1

3

xy

 
1

3

yx  ∴ y = 3x + 1  f  −1(x) = 3x + 1

 f  ( f  −1(x)) = 
(3 1) 1 3

3 3

x x x

 

x

y

0–3 3

–3

3
y = 3x + 1 y = x

y = 
x – 1

3

3 y = x2 − 2, x ≥ 0

x = y2 − 2 ∴y = + 2x , x ≥ −2

f x x− =1( ) ,x + 2 2≥ −

 f  ( f  −1(x)) = 
2

2 2x  = x + 2 − 2 = x

 f  −1 ( f  (x)) = 2
2 + 2x  = 2x  = x

 

x

y

0–2 2 4

–2

2

4
y = x2 – 2 y = x

y = √x + 2

4 y = x 2 + 1  x ≤ 0

x = y 2 + 1  

∴ y x f x x x= − = − −−x − ≥ ≥1, ( ) ,1 1 11

 f  ( f  −1(x)) = 
2

1x  = x − 1 + 1 = x

 f  −1 ( f  (x)) = − 2
1x  = − 2x  = x
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x

y

0–2

–2

y = x2 + 1 y = x

y = –√x – 1

2

4

2 4

5 y = x 2 + 4x − 1   x ≥ −1

x = y 2 + 4y − 1

y 2 + 4y = x + 1

y 2 + 4y + 4 = x +5

(y + 2) 2 = x + 5

y + 2 = 5x
y = 5x  − 2

1
( ) 5 2, 4f x x x  (since range of  f  (x) is 

   y ≥ −4)

6 y = 1 − 2x  x = 1 − 2y 

 2y = 1 − x 

 1

2

xy

 
∴ y = 1 − 2x is not its own inverse

7 f  (x) = 3x  g (x) = 2x + 1

f  −1 ( x) = 
3

x

  
g−1(x) = 

1

2

x

 
g ° f  (x) = g (3x) = 2(3x) + 1 = 6x + 1 

 (g ° f  )−1 (x) = 
1

6

x

 
f  −1 ° g−1(x) = f  −1 1

2

x
 = 

1

6

x

 
∴ f  −1 ° g −1(x) = (g ° f  )−1(x)

8  y = 
2 1

1

x

x

+
−

 x = 
2 1

1

y

y

+
−

 y x � x = 2y + 1

 y (x � 2) = 1 + x
 y = 

1

2

+
−

x

x

 � f  �1(x) = 
1

2

+
−

x

x
, domain = {x � x � 2}

Exercise 2J
1 a 

x

y

0–1–2
–2

8

6

4

2

y = f(x)

y =|f(x)|

1 2

 b 

x

y

0–1 1 2–2

–2

8

6

4

2

y = f(x)

y = f(|x|)

2 a 

x

y

0–1 1 2 3 4–2
–1

4

3

2

1

y = f(x)

y = |f(x)|

 b 

x

y

0–1 1 2 3 4–3–4 –2 –1

4
3
2
1

y = f(x)y = f(|x|)

3 a 

x

y

0 1 2–2 –1

–4

–2

4

2

y = f(x)

y =|f (x)|

 b 

y = f(x)
y = f(|x|)

x

y

0 1 2–2 –1

–4

–2

2

4 a 

x

y

0 1 2–2 –1

–10

10

y = f(x)

y = |f(x)|

 b 

x

y

0 1 2–2 –1

–10

10
y = f(x)y =f(|x|)

x

y

0–2 2–4–6 4
–2

–4

–6

4
y = x2 + 4x – 1

y = x

y = √x + 5 – 2
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5 a 

x

y

0 105–2

–4

4

y = f(x)

y =|f(x)|

 b 

x

y

0 10–10 5–5

–4

4

Exercise 2K
1 

x

y

0–4

–4

4

x = – 4

y = x + 4

y = 
1

x + 4
(0, 

1
4  )

2 

x

y

0–2 2

–5

5

1

y = 1 – 3x

y = 
1

1 – 3x
x = 

1
3

3 

x

y

0–5 –2 5

–10

–4

10

y = x2 – 4

y = 
1

x2
 – 4

x = 2 

2

x = –2 

1
4(0,–    )

4 

x

y

0–2 4

–10

–4

10

y = –x(x – 2)

y = 1
–x(x – 2)

x = 2 

2

x = 0 

(1,1)

5 

x

y

0–2–3 –1 4 53

–10

–3

10

y = 2x – 3

y = 
1

2x – 3

x = 1.5 

21

(1.5)
1
3(0,–    )

6 a 

y = f(x) 
1
fy =    (x)

0 x

y

 b 
y = f(x) 

0 x

y

1
f(x)y =   

Exercise 2L
1 a Translation 

3

2

⎛

⎝
⎜

⎞

⎠
⎟ , i.e. g (x) = f  (x − 3) + 2

 b Translation 
−
−

⎛

⎝
⎜

⎞

⎠
⎟

2

1
, i.e. g (x) = f  (x + 2) − 1

 c  Refl ection in the x-axis and translation 
0

1−
⎛

⎝
⎜

⎞

⎠
⎟ , 

i.e. g (x) = −f  (x) − 1

 d  Horizontal compression by a factor of  1

2
, i.e. 

g (x) = f  (2x)

 e  Refl ection in the x-axis and vertical stretch of  

2, i.e. g (x) = −2f  (x)

 f  Refl ection in the y-axis and horizontal stretch 

of  2, i.e. g (x) = f x−( )1

2



Worked solutions: Chapter 2© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

WORKED SOLUTIONS

6

2 g (x) = h (−(x − 3)) or g (x) = h (−x + 3)

3 a 
g(x) 

0 x

y

–2–4–6 4

–2

–4

2

2

g(x + 1) – 2
 (–4, –2)

 (–6, –3)

 (1, –1)

 (–1, 0)

 b 
g(x) 

0 x

y

–2–4–6 4

–2

–4

2

2

– 2 g(x )

 (–4, 0)

 (–5, 2)

 (2, –2)

 (0, –4)

 c 
g (x) 

0 x

y

–2–4–6 4

–2

2

2
g (2 x)

 (1 , 1)

 (–2.5, –1)

 (–2, 0)

 d 

g(x) 

0 x

y

–2–4–6 4

–2

2

2

 (0 , 1) (–4, 0) 1
22,  )

g(x)
1
2

1
2

–5, – )(

(

 e 

g(x) 

0 x

y

–2–4–8–10 –6 4

–2

2

2

 (0 , 3)

 (–8, 1)

g(   , x) + 11
2

 (–10, 1)
 (4 , 2)

4 a 

1
2

x
3

y = –    f (    – 1) + 2

y = f (x) 

0 x

y

–4–8 1612

–5

5

4 8

 b 
y = 2|( 2x + 3 )|– 2

0 x

y

–4–8
–4

4

8

4 8

f (x) = |(x)|

 c 

f(x) = x ( x – 1 ) ( x + 1 ) 

0 x

y

–1–2–3 3
–10

10

20

30

40

1 2

y = f(|x|) + 25

5 2

3( 2)
3

x
y

  
y x

x
= + +

+
2 9 2

3 2

( )

( )   
y x

x
= +

+
9 20

3 2( )

 Domain = {x | x ≠ − 2}, Range = {y | y ≠ 3}

6 a x = − 1

2
, y = 2

b When x = 0, y = 
5

1
 = 5

 ⇒ intercept at (0, 5)

 When y = 0, 4 x + 5 = 0
 4x = �5

 x = � 5

4

 ⇒ intercept at −( )5

4
0,

c 

 

x

y

0–1 1 2 3 4 5–2–3–4–5 –2
–4

4
6
8

2

x = – 1
2

y = 2

d y = 
2 2 1 3

2 1

x

x

+ +

+

( )
 = 2 + 

3

2 1x +

 � if  g(x) = 
1

x
, then f  (x) = 3 g(2x+1) + 2

 i.e. vertical stretch of  3, then horizontal 

stretch of  
1

2
, then translation 

− 1

2

2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

.

Review exercise
1 a function  domain = {x|x ∈�}

 range = {y|y ≤ 2}

 b not a function

 c not a function

 d function  domain = {x|x ∈�, x ≠ ± 1}

 range = {y|y ≤ −0.25 or y > 0}

2 f  ( g (h (3))) = f  ( g (4)) = f  (2) = 3

h −1 ( g −1 ( f  −1(3))) = h −1 ( g −1 (2)) = h −1(4) = 3

3 f  ° f  (x) = 1

1x
f  = 1

1
1

1x

 = 1

1 ( 1)

x
x

 = 
x

x
−
−

1

2

 
1

2

x
x

y
 

x y
y= −

−
1

2  
2x − yx = y − 1 

 y + yx = 2x +1  y (1 + x) = 2x + 1 y x
x

= +
+

2 1

1

 
∴  ( f  ° f  ) −1(x) = 

2 1

1

x
x

+
+

✗
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4 (−5, −2) → (−6, 1) (−4, 0) → (−5, −3)

(−3, 2) → (−4, −7) (−1, −1) → (−2, −1)

(3, −3) → (2, 3) (8, 2) → (7, −7)

5 a 

1 2 3 4 5–1–2–3–4–5 x

y

1

–1
–2
–3

–5
–4

2
3

5
4

0

 b 

1 2 3 4 5–1–2–3–4–5 x

y

1

–1
–2
–3

–5
–4

2
3

5
4

0

 c 

1 2 3 4 5–1–2–3–4–5 x

y

1

–1
–2
–3

–5
–4

2
3

5
4

0

 d 

1 2 3 4 5–1–2–3–4–5 x

y

1

–1
–2
–3

–5
–4

2
3

5
4

0

 e 

1 2 3 4 5–1–2–3–4–5 x

y

1

–1
–2
–3

–5
–4

2
3

5
4

0

6 a Refl ection in x-axis ⇒ g (x) = −f  (x)

b Refl ection in y-axis ⇒ g (x) = f  (�x)

c Horizontal shift of  3 units to the left, vertical 

shift of  1 unit down ⇒ g(x) = f  (x + 3) �1

d Refl ection in the horizontal line y = 1 

⇒ g (x) =−f  (x) + 1

e g (x) = 
1

f x( )

f Compression by factor of  
1

2
 and refl ection in 

x-axis ⇒ g (x) = −f  (2x)

g Refl ection  in y-axis and vertical shift of  2 

units upwards ⇒ g (x) = f  (−x) + 2

7 f  (x) is odd, so f  (�x) = �f  (x)

 Let x = 0, then f  (0) = �f  (0)

 i.e. 2f  (0) = 0

 � f  (0) = 0

 � f  (x) passes through (0, 0)

Review exercise
1 a f  ( g (x)) = f  (x 2) = 3x 2 − 1

 b h ( g (x)) = h (x 2) = 
1

2
2x +

 c  g −1 (x) = x   g −1  ( f  (x)) 

        = g −1  (3x − 1) = 3 1x −

 d  Find h −1: x =
+
1

2y
 ∴ y + 2 =

 

1

x
∴ y  = 

1

x  
− 2

   f  (h−1(x))  = f  (
1

x
 − 2) = 3 (

1

x
 − 2) − 1 = 

3

x  
− 7

        = 
3 7− x

x

2 f  (x) = 
1

3

x

x   
g  (x) = x 2

3 f  (x) = |x|   g  (x) = 4x 2 + 2x − 5

g  ( f  (x)) = 4|x|2 + 2|x| − 5

0 x

y

–3 1–1–2 3

–5

2

5

 f  ( g (x)) = |4x 2 + 2x − 5|
   

x

y

–3 10–1–2 32

5

4 Vertical stretch of  
9

5
 followed by translation 

0

32

 
5 160

9 9
x x

 
9x = 5x − 160  

 4x = −160 and ∴ x = −40

5 
3

2( 1)
( ) 2

x
g x

3 4 ( 1)

2 ( 1)

x

x  

1 4

2( 1)

x

x
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Answers
Skills check
1 a x 2 + 2x − 3 = 0

 (x + 3)(x − 1) = 0

 x = −3 or 1

 b x 2 − 11x + 10 = 0

 (x − 10)(x − 1) = 0

 x = 1 or 10

 c 2x 2 + x − 3 = 0

 (2x + 3) (x − 1) = 0

 x = – 
3

2
 or 1

2 a f  (x) + g (x) = 2x 3 − 3

b 2h(x) − 4g (x) + 5 f    (x) =  6x 4 − 4x 2 − 10 − 8x 3 

+ 4x 2 − 12x + 16 + 5x 2 

− 15x + 5

= 6x 4 − 8x 3 + 5x 2 − 27x + 11

 c 4 2 3 21 2 3 5 4 2 6 8

2 5 2 2 5 5 5 5
( ) ( )h x g x x x x x x

 = − − − −3

2

4

5

3

5

6

5

9

10

4 2x x x x3

Exercise 3A
1 a 2x 2 − 3x = 0

 x (2x − 3) = 0

 x = 0 or 3

2

 b 3x 2 − 75 = 0

 x 2 = 25

 x = ± 5

 c 5x 2 − 4x = 0

 x (5x − 4) = 0

 x = 0 or 
4

5

 d 7 + 28x 2 = 0

 no real roots

 e 242x 2 + 2x = 0

 2x (121x + 1) = 0

 x = 0 or – 1

121

 f 22 8 0x

 x 2 = 2

 x = ± 2

The long journey of 
mathematics3

 g π x 2 − 11x = 0

 x (πx − 11) = 0

 x = 0 or 11

 h ex2 – 3 = 0

 x 2 = 
e

3

 x = ± 
e

3

2 a 2x 2 + 5x + 2 = 0

 
2

5 5

4

4(2)(2)
x

 
5 9

4
x

 

 5 3

4

 x = − −2 1

2
or

b 3x 2 − 10x + 3 = 0

 10 100

6

36x

 10

6

64

 10 8

6

 
1

3
3 orx

c 5x 2 + 3x − 2 = 0

 
3

10

9 40
x

 3

10

49x

 3 7

10
x

 2

5
1 orx

d 21x 2 + 5x − 6 = 0

 
5

42

25 504
x

 
5

42

529x

 
5 23

42
x

 

2 3

3 7
orx

e 9x 2 − 6x + 35 = 0

 
6

18

36 1260
x  

 no real roots
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f 122x = 143x 2 + 24

 143x 2 − 122x + 24 = 0

 
122

286

14884 13728
x

 
122

286

1156

122 34

286

 
4 6

13 11
orx

3 a x 2 + 4x + 2 = 0

 
4

2

16 8x

 
4 2

2

2x

 2 2x

b 5x 2 − 6x − 1 = 0

 6 36 20

10
x

6 56

10

6 2 14

10

 
3

5

14x

c 3x 2 − x − 3 = 0

 

1

6

1 36
x

 
1

6

37x

d 2x 2 + 11x + 13 = 0

 
11

4

121 104
x

 
11

4

17x

e 11x 2 = 23x − 7

 11x 2 − 23x + 7 = 0

 
23

22

529 308
x

 
23

22

221

f 29x = 5x 2 − 41

 15x 2 − 29x − 41 = 0

 

29

10

841 820
x

 
x = ±29

10

1661

4 a x 2 + px − 2p2 = 0

 (x + 2p) (x − p) = 0

 x = −2p or p

 b kx 2 + (k + 2)x − 2 = 0

 (kx + 2) (x + 1) = 0

 
2 or 1

k
x

 c 2ax 2 + 6 = ax + 12x

 2ax 2 − ax − 12x + 6 = 0

 (ax − 6) (2x − 1) = 0

 

6 1

2
or

a
x

 d x 2 − 2a2 = b2 − ax − 3ab

 x 2 + ax + (3ab − 2a2 −b2) = 0

 

2 2 2

2

12 8 4a a ab a b
x

 

2 2

2

9 12 4a a ab b
x

 
(3 2 )

2

a a b
x

 x = −2a + b or a − b

Exercise 3B
1 a x 2 − 2x − 3 = 0

 Δ = 4 − 4(1) (−3)

 Δ = 16 > 0

 ∴ 2 real roots

 b x 2 + 10x + 25 = 0

 Δ = 100 − 4(1) (25)

 Δ =  0

 ∴ one real root

 c 4x 2 − 3x + 2 = 0

 Δ = 9 − 4(4) (2)

 Δ = − 23 < 0

 ∴ no real roots

 d 5x 2 − 11x + 6 = 0

 Δ = 121 − 4(5) (6)

 Δ = 1 > 0

 ∴ 2 real roots

 e 23 4 2

5 7 3
0x x

 
16 3 2

49 5 3
4

 
312

245
0

 ∴ no real roots

 f 22 2 26 13 0x x

 Δ = 104 − 4(2)(13)

 Δ = 0

 ∴ one real root
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2 a x 2 − 2x − k = 0

 Δ = 4 + 4k

 4 + 4k = 0

 k = −1
 b kx 2 + 3x − 2 = 0

 Δ = 9 + 8k

 9 + 8k > 0

 
k > − 9

8  
 c 3x 2 + 5x + 2k − 1 = 0

 Δ = 25 − 12 (2k − 1)

 = 37 − 24k

 37 − 24k < 0

 37 < 24k

 
k > 37

24  

 d x 2 − (3k + 2)x + k2 = 0

 Δ = (3k + 2)2 − 4k2

 = 5k2 + 12k + 4

 5k2 + 12k + 4 = 0

 (5k + 2)(k + 2) = 0

 
k = − −2

5
2or

 e kx 2 + 2kx + k − 2 = 0

 Δ = 4k2 − 4k (k − 2) = 8k

 8k > 0 

 k > 0

 f 2kx 2 + (4k + 3)x + k − 3= 0

 Δ = (4k + 3)2 − 8k (k − 3)

 = 16k2 + 24k + 9 − 8k2 + 24k

 = 8k2 + 48k + 9

 8k2 + 48k + 9 < 0

 if  8k2 + 48k + 9 = 0, then

 48

16

2304 288
k

 
48 12

16

14

 
12 3

4

14

 

− − − +< <12 3

4

12 3

4

14 14k

Exercise 3C
1 a x 2 − 3x + 2 = 0

 x
1
 + x

2
 = 3

 x
1
 x

2
 = 2

 
2 2 2

1 2

2 1

1 2

3
x x

x x

x x
+

+
= =

( )

 b 3x 2 − 5x + 1 = 0

 1 2

5

3
x x

 1 2

1

3
x x

 3x 
1
2 + 3x

2
2 = 3 [(x

1
 + x

2
)2 − 2x

1
x

2
]

 

25 2

9 3
3

 
19

3

 c 5x 2 + x + 3 = 0  x
1
 + x

2
 = 

1

5
  x

1
x

2
 = 3

5

 
2 2

1 2

1 1

x x

 
2 2

2 1

2 2

1 2

x x

x x

 

2

1 1 22

2

1 2

2x x x x

x x

 

1 6

25 5

9

25  

= − 29

9

 d x 2 − 2x + 4 = 0  x
1
 + x

2
 = 2  x

1
x

2
 = 4

 (x
1
− x

2
)2 = (x

1
 + x

2
)2 − 4x

1
x

2

 = 4 − 16 = −12

 e 2x 2 − 4x + 3 = 0  x
1 
+ x

2
 = 2  x

1
x

2
 = 

3
2

 x 3
1
 + x 3

2 
= (x

1
 + x

2
)3 − 3x

1
x

2
 (x

1
 + x

2
)

 = − ( ) = −8 2 19

2

 f x 2 + 3x + 1 = 0  x
1
 + x

2
 = −3  x

1
x

2
 = 1

  
4 4

1 2

1 1

x x  
= +x x

x x

2

4

1

4

1

4

2

4

(x
1 
+ x

2
)4 = x

1
4 + 4x

1
3 x

2
 + 6x

1
2 x

2
2 + 4x

1
x

2
3 + x

2
4

x
1
4
 
+ x

2
4 = (x

1
 + x

2
)4 − 6x

1
2 x

2
2 − 4x

1
x

2
 (x

1
2 + x 

2
2)

 = (x
1 
+ x

2
)4 – 6x

1
2 x

2
2 − 4x

1
x

2
 [(x

1
 + x

2
)2 − 2x

1
x

2
]

 = 81 − 6 − 4 (9 − 2)

 = 47

4 4 4
1 2

1 1 47

1
47

x x

 g 4x 2 − 7x + 1 = 0 x
1
 + x

2
 7

4
 x

1
x

2
 1

4

  x x x x x x x x1

3

2

2

1

2

2

3

1

2

2

2

1 2+ = +( )

  

1 7

16 4

  
7

64

 h 7x 2 + 4x − 5 = 0 x
1 
+ x

2
 4

7
 x

1
x

2
 5

7

(x
1 
− x

2
)4 = 4 3 2 2 3 4

1 1 2 1 2 1 2 24 6 4x x x x x x x x

(x
1 
+ x

2
)4 = x x x x x x x x1

4

1

3

2 1

2

2

2

1 2

3

2

44 6 4+ + + +

∴ (x
1 
− x

2
)4 = (x

1 
+ x

2
)4 − 3 3

1 2 1 28 8x x x x

 = (x
1 
+ x

2
)4 − 8x

1
x

2 
( )2 2

1 2x x

 = (x
1 
+ x

2
)4 − 8x

1
x

2 
[(x

1 
+ x

2
)2 − 2x

1
x

2
]

 

4

4 40 16 10

7 7 49 7

 

256 40 86

2401 7 49  

24336

2401
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Exercise 3D
1 a z = 3i      Re (z) = 0  Im(z) = 3

b z = −7      Re (z) = −7  Im(z) = 0

c 18 12

8

iz  Re( )z = =18

8

9

4
  12 3

8 2
Im( )z

d z i= +11

4 5

7   Re( )z = 11

4
  Im( )z = 7

5

e 
2

4 2

3

iz     Re( )z = −2

3
2p

   Im( )z = 4

3
2p

2 a 12 5 144 25 169 13+ = + = =i

 b − − = + = =24 7 576 49 625 25i

 c 2 2 5 8 5 13+ = + =i

 d − + = =+21 20

29

441

841

400

841
1i

 e 
2 2

3 4 9 16 5i

Exercise 3E
1 z

1
 = 2 + 3i, z

2
 = 3

2
 − 4i, z

3
 = 1 − 5i, 

4

3 4

5

iz

 a z
1
 + z

3
 = 3 − 2i

 b z
1
 − 2z

3
 = 2 + 3i − 3

2
2 4i  = −1 + 11i

 c 
2 4

21 16

10 5
z z i

 d 5z
4
 − 2z

2
 3 4 3

5 2
5 2 4 12i i i

 e 3z
1
 + 4z

2
 − z

3
 − 5z

4
 

 = 6 + 9i + 6 − 16i − 1 + 5i − 3 − 4i

  = 8 − 6i

 f z
1
·z

2
 − z

3
·z

4
 3 3 4

5 5
(2 3 ) 4 (1 5 ) ii i i

 2 29 1

2 5
3 8 12 (3 4 15 20 )i i i i i i

 

7 23 11

2 5 5
15 i i

 
52 13

5 10
i

 g z z z i i i
3

2 2

3

2

3

3

2

3 4

5
2 4

21 5 4− = − − −( )( )+( ) ( )⋅

  
2 22 9

15 2
1 10 25 6 12 16i i i i i

  

2 41

15 2
24 10 6i i

  

401 46

15 5

i

Exercise 3F

1 z
1
 = 1 + 4i, z

2
 = 2 − i, z i3

1

2

5

2
= −  4

2 1

3

iz

 a z

z
i
i

i
i

1

2

1 4
2

2
2

= ×+
−

+
+  2 8 4

4 1

i i  = − +2

5

9

5
i

 b 
z

z

i

i

i

i

1

2

1 4

1 4

1 4

1 4

*

= −
+

−
−

×  1 4 4 16

1 16

i i  = − −−15

17

8

17
i

 c 2 4

3

.z z

z
 

(2 1)
(2 )

3

1 5

2 2

i
i

i

 (4 2 2 )2

3 1 5

i i

i

  
= × ×

−
+
+

2 5 1 5

1 53 1 5

i i

ii( )  

2 5 25

3 1 25

i

 

50 10

78

i

  
25 5

39 39
i

 d 1 3

2 4

3 2

3

z z

z z
 = 3 12 1 5

2 2 1

i i

i i
 = 2 17 1

1 1

i i

i i

  2 2 17 17

1 1

i i

  
19 15

2 2
i

 e 

2

1

2
*

2

z

z

 
2

2

(1 4 ) 1 8 16

4 4 1(2 )

i i

ii

 15 8 3 4

3 4 3 4

i i

i i

 
45 60 24 32

9 16

i i

 
13 84

25 25
i

2 a (2 + i) (a + ib) = 11− 2i

  a + ib 11 2 2

2 2

i i

i i

  

22 11 4 2

4 1

i i

  = 4 − 3i a = 4, b = −3

 b 
2 5

a ib

i
 = −3 + 2i

 a + ib = (−3 + 2i) (2 − 5i)

  = −6 + 15i + 4i + 10

  = 4 + 19i

 a = 4, b = 19

 c (3i − 2) (a + ib) = 3 + 28i

 a + ib = 
3 28

2 3

2 3

2 3

+
− +

− −
− −

×i

i

i

i
 

6 9 56 84

4 9

i i

 = 6 − 5i

 a = 6, b = −5

 d 1 3

2 4
i  (a + ib) = −3 + 2i

 a + ib = 
12 8 2 3

2 3 2 3

i i

i i
 

24 36 16 24

4 9

i i

  = 4i

 a = 0, b = 4
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3 a 
3 2

4

i
 Re( )z = 3

4
 Im( )z = − 1

2

 b 5 2

3

3

3

i

i

i

i

− −
−

×  15 6

9

i  Re( )z = 5

3
 Im( )z = 2

3

 c 1 2

3 1i i
 

1 6

3 (1 )

i i

i i
 

1 7 3 3

3 3 3 3

i i

i i

  
= = −− − − +

+
3 3 21 21

9 9

4

3
1i i i

  
4

3
Re( ) 1 Im( )z z i

 d 2 3 2 3

2 3 2 3

i i

i i
 

2 2
(2 3 ) (2 3 )

4 9

i i

  
4 12 9

13

9 4 12i i

 13

24i

 Re(z) = 0 Im( )z = −24

13

4 z
1
 = 1 + 3i z

2
 = 3 − i

a z
1
 · z2

 + z
1
 · z2

* = z
1
 (z

2
 + z

2
*)

 = (1 + 3i )(3 − i + 3 + i )

 = 6 + 18i

b z
1
 · z2

 − z
1

* · z2
 = (z

1
 − z

1
*) · z2

 = (1 + 3i −(1 − 3i )) (3 − i )

 = 6i (3 − i )

 = 6 + 18i

c  z
1
 · z2

 + (z
1
 · z2

)* = (1 + 3i )(3 − i ) + 

[(1 + 3i )(3 − i )]*

 = (6 + 8i ) + (6 − 8i )

 = 12

5 a (z + 1)i = (z + 2i )(3 + 2i
 
)

 zi + i = 3z + 2zi + 6i − 4

 i − 6i + 4 = 3z + zi

 z 4 5 3

3 3

i i

i i
 12 4

9 1

15 5i i

 7 19
10 10

i

b  (2z − 1)(1 + i ) = (z − 1)(2 + 3i )

 2z + 2zi − 1 − i = 2z + 3zi − 2 − 3i

 ∴ 1 + 2i = zi

 1 2i i

i i
z

 z = 2 − i

c  
z

i

z

i

−
+

−
+

=3

4 3

1

1

i + 2

 (z − 3i + 2)(1 + i) = (z − 1)(4 + 3i)

 z + zi − 3i + 3 + 2 + 2i = 4z + 3zi − 4 − 3i

 z + zi − i + 5 = 4z + 3zi − 4 − 3i

 9 + 2i = 3z + 2zi

 
9 2 3 2

3 2 3 2

i i

i i
z  

27 18 6 4

9 4

i i

 z i= 31

13

12

13
−

d  38 2

2

28 5

10 15

−
+

+
+

i

i i
=

 (3z − 2i)(10 + 15i) = (2z + 5)(2 + i)

 30z + 45zi − 20i + 30 = 4z + 2zi + 10 + 5i

 26z + 43zi = −20 + 25i

 
20 25 26 43

26 43 26 43

i i

i i
z  

2 2

520 860 650 1075

26 43

i i

 
555 1510

2525

i
 = +111

505

302

505
i

6  
z

i2 7−
 ∈ . Let z = a + bi

a bi

i

i

i

+
−

+
+

×
2 7

2 7

2 7
 2 7 2 7

4 49

a ai bi b

Im z

i2 7
0

−( ) =  ∴ 7a + 2b = 0

∴ 7Re(z) + 2 Im(z) = 0

7  Let z = a + bi, z * = a − bi
3 5− i

z *
 

3 5i a bi

a bi a bi
 

2 2

3 3 5 5a bi ai b

a b

Re 3 5 0−⎛
⎝⎜

⎞
⎠⎟

=i

z *
 ∴ 3a + 2b = 0

∴ 3Re(z) + 5 Im(z) = 0

8 a  | z | − z = 4 + 3i. Let z = a + ib

 2 2a b  = 4 + 3i + a + ib

 = (4 + a) + i (3 + b)

 equating real and imaginary parts,

 2 2a b  = 4 + a  

 3 + b = 0 ∴ b = −3

 a2 + 9 = (4 + a)2

 a2 + 9 = 16 + 8a + a2

 8a = −7

 7

8
a   ∴ = − −z i7

8
3

b  | z | + iz = 2 − i Let z = a + ib

 2 2a b  = 2 − i − i (a + ib)

 = 2 − i − ia + b

 = (2 + b) − (1 + a)i

 2 2a b  = 2 + b 1 + a = 0

 a = −1

 1 + b 2 = (2 + b )2

 1 + b 2 = 4 + 4b + b 2 4b = −3

 3

4
b   ∴ = − −z i1 3

4

c  z 2 − z * = 0. Let z = a + ib

 (a + ib)2 − (a − ib) = 0

 a2 + 2abi − b2 − a + ib = 0

 a2 − b2 − a = 0  2ab + b = 0

 b (2a + 1) = 0

 b = 0 or a = −
1

2
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 If  b = 0, a2 − a = 0, a (a − 1) = 0, a = 0 or 1

 If  a = −
1

2
, 

1

4
 − b2 + 

1

2
 = 0, b2 = 

3

4
, b = ± 

2

3

 z z z i z i= = = + = −− −0 1 1

2 2

1

2 2

3 3, , ,

9 Let z
1
 = a

1
 + ib

1
, z

2
 = a

2
 + ib

2

a  z 
1
 · z

2
 = (a

1
a

2
 − b

1
b

2
) + i (a

1
b

2
 + a

2
b

1
)

 |z
1
 · z

2
| = 

2 2 2 2

1 2 1 2 1 2 1 2 1 2 1 2 2 1 2 1( ) 2 ( ) ( ) 2 ( )a a a a b b b b a b a b a b a b

 = 
1 11

2 2 2 2 2 2 2 2

2 2 2 2 1a a b b a b a b

 |z
1
| · |z

2
| 

1

2 2 2 2

1 2 2a b a b

 
1

2 2 2 2

1 2 2( )( )a b a b

 
1

2 2 2 2 2 2 2 2

2 1 2 1 2 1 2a a a b b a b b

 ∴ |z
1
 . z

2
| = |z

1
| . |z

2
|

b  
z

z
1

2
 = ×+

+

−

−

a ib

a ib

a ib

a ib

1 1

2 2

2 2

2 2

 =
+ + −

+

( ) ( )a a b b i a b a b

a b

1 2 1 2 2 1 1 2

2

2

2

2

  
z

z

1

2

 =
+

+
+

−

+

( )

( )

( )

( )

a a b b

a b

a b a b

a b

1 2 1 2

2

2

2

2

2 2

2 1 1 2

2

2

2

2

2 2

=
+ + + − +

+

a a a a b b b b a b a a b b a b

a b

1

2

2

2

1 2 1 2 1

2

2

2

2

2

1

2

1 2 1 2 1

2

2

2

2

2

2

2

2 2

  =
+ + +

+

a a b b a b a b

a b

1

2

2

2

1

2

2

2

2

2

1

2

1

2

2

2

2

2

2

2

  =
+

+ +( )( )a b a b

a b

1

2

1

2

2

2

2

2

2

2

2

2  =
+

+a b

a b

1

2

1

2

2

2

2

2
 

1

2

z

z
 

  
1 1

2 2

z z

z z

c Let p(n) be |z n| = |z|n

 Step 1:  When n = 1, |z n| = |z| = |z|1 so 

p(1) is true.

 Step 2:  Assume p(n) is true when n = k, i.e. 

|z k| = |z|k.

 Step 3: Prove p(n) is true when n = k + 1.

 Proof  : |z k + 1|= |zk · z|

 = |zk||z|

 = |z|k |z|

 = |z|k + 1

  Since p (1) is true and if  p (k) is true then p (k + 1) 

is true, by mathematical induction p (n) is true.

d Let z
1
 = a + bi and z

2
 = c + di.

 Then z
1
 + z

2
 = (a + c) + (b + d)i.

 From the properties of  a triangle, |z
1
 + z

2
| 

 ≤ 2 2 2 2a b c d

 ∴|z
1
 + z

2
| ≤ |z

1
| + |z

2
|.

10 Let z = a + bi, z
1
 = a

1
 + b

1
i, z

2
 = a

2
 + b

2
i

a z * = a − bi (z *) * = a + bi = z

 ∴ (z *) * = z

b z
1
 + z

2
 = (a

1
 + a

2
) + i (b

1
 + b

2
)

 (z
1
 + z

2
)* = (a

1
 + a

2
) − i (b

1
 + b

2
)

 = (a
1
 − ib

1
) + (a

2
 − ib

2
) = z

1
* + z

2
*

 ∴ (z
1
 + z

2
) * = z

1
 * + z

2
 *

c z
1
 . z

2
 = (a

1
a

2
 − b

1
b

2
) + i (a

1
b

2
 + a

2
b

1
)

 (z
1
 . z

2
) * = (a

1
a

2
 − b

1
b

2
) − i (a

1
b

2
 + a

2
b

1
)

 z
1
 * . z

2
 * = (a

1
 − ib

1
)(a

2
 − ib

2
)

 = (a
1
a

2
 − b

1
b

2
) − i (a

1
b

2
 + a

2
b

1
)

 ∴ (z
1
 . z

2
) * = z

1
 * . z

2
 *

d z . z * = (a + ib)(a − ib) = a2 + b2 = |z|2

 ∴ z . z * = |z|2

e |z *| = |a − ib| 2 2( )a b  2 2a b  = |z|

 ∴ |z *| = |z|

Exercise 3G
1 a i5 + i8 + i14 + i19 = i + 1 − 1 − i = 0

b i123 + i172 + i256 + i375 = −i + 1 + 1 − i = 2 − 2i

c (2 − i53) (3 + 2i89) = (2 − 1)(3 + 2i)

 = 6 + 4i − 3i + 2

 = 8 + i

d 
2010 2011

2012 2013

4 3

2 5

i i

i i

 4 3

2 5

i

i

 4 3 2

2 5 2 5

i i

i i
 8 6 15

4 25

i i

 = +7 26

29 29

i

e 
2 3 2011

2 3 2011
.

i i i i

i . i i i
 = 

i

i

i

(

1

)1
2011

1 2 3 2011

−
−
i

( .... )+ + + +

 
2011

(2012)
2

(1

(1 )

)i i

i i

 
2023066

(1

(1 )

)i i

i i

 (1

( 1)(1 )

)i i

i
 = =−

−
1

1

+
+

i

i
1

f 
2 4 6 2010

2 4 6 2010
.

i i i i

i . i i i
 

(2 4 6 .... 2010)

1 1 1 1 ...... 1

i

 
1005

(2012)
2

1

i

 
1011030

1

i

 = =−
−

1

1
1

2 a (2 + 3i)2 + (1 − 4i)2 = 4 + 12i − 9 + 1 − 8i −16

 = −20 + 4i

b (3 + 2i)2 + (3 − 2i)2 = 9 + 12i − 4 + 9 − 12i − 4

 = 10
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c (3 + 2i)3 = 33 + 3(3)2 (2i) + 3(3)(2i)2 + (2i)3

 = 27 + 54i − 36 − 8i

 = −9 + 46i

  (3 − 2i)3 = 33 + 3(3)2 (−2i) + 3(3)(−2i)2 + (−2i)3

 = 27 − 54i − 36 + 8i

 = −9 − 46i

 ∴ (3 + 2i)3 + (3 − 2i)3 = −18

d  (1 + i)4 = (1 + i)2 (1 + i)2 = (1 + 2i − 1) 

 (1 + 2i − 1) = −4

  (1 − i)4 = (1 − i)2 (1 − i)2 = (1 − 2i − 1) 

 (1 − 2i − 1) = −4

 ∴ (1 + i)4 + (1 − i)4 = −8

3 a 3 4i  = x + iy

 3 + 4i = x 2 − y2 + 2ixy

 x 2 − y2 = 3 2xy = 4

 y = 2
x

 x 2 − 2

4

x
 = 3 ∴ x 4 − 3x 2 − 4 = 0

 (x 2 − 4)(x 2 + 1) = 0

 ∴x = ± 2

 3 4i  = 2 + i or −2 − i

b 12 5i  = x + iy

 12i − 5 = x 2 − y2 + 2ixy

 x 2 − y2 = −5 2xy = 12

 y = 6
x

 x 2 − 
2

36

x
 = −5 ∴ x 4 + 5x 2 − 36 = 0

 (x 2 + 9)(x 2 − 4) = 0

 x = ±2

 12 5i  = 2 + 3i or −2 − 3i

c 
5

4
3i  = x + iy

 
5

4
 + 3i = x 2 − y2 + 2ixy

 x 2 − y2 = 
5

4
, 2xy = 3

 ∴ y = 
3

2x

 2

2 9 5

44x
x

 4x 4 − 5x 2 − 9 = 0

 (4x 2 − 9)(x 2 + 1) = 0

 x = ± 
3

2

 5

4

3

2

3

2
3+ = + − −i i ior

d 
55 1

144 3
i x iy

 
2 255 1

144 3
2i x y ixy

 
2 2 55

144
x y  

1

3
2xy

 
1

6x
y

 
2

2 1 55

14436x
x

 4 255

4
36 1 0x x  ∴ 144x 4 − 55x 2 − 4 = 0

 (9x 2 − 4)(16x 2 + 1) = 0

 2

3
x

 2

3
x , 1

4
y   x = −2

3
, 1

4
y

 55 1

144 3
i  2 1 2 1

3 4 3 4
ori i

e i  = x + iy

 i = x 2 − y2 + 2ixy

 x 2 = y2 2xy = 1

 
1

2x
y

 x 2 = 
2

1

4x
, x 4 = 

1

4
 

1

2
x     1

2

2

y  = ± 
1

2

 i i i= − −+1 1 1 1

2 2 2 2
or

f i  = x + iy

 −i = x 2 − y2 + 2ixy

 x 2 = y2 2xy = −1

 y = 
−1

2x

 As in e, x = ± 
1

2
, 1 1 1 1

2 2 2 2
ori i i

4 a (1 + i )2n = [(1 + i )2]n = [1 + 2i − 1]n

 ∴ (1 + i )2n = (2i )n

b (1 + i )2n + 1 = (1 + i )(1 + i)2n = (1 + i ) (2i )n

 from a ∴ (1 + i )2n + 1 = (1 + i )(2i )n

Exercise 3H
1 f  (x) = 2x 2 + 3x + 1 g(x) = 3x 2 − 2x − 5

a λ ⋅ f  (x) + μ ⋅ g(x) = 2λx 2 + 3λx  + λ + 3μx 2 

− 2μx − 5μ
 = (2λ + 3μ)x 2 + (3λ − 2μ)x + (λ − 5μ)

 2λ + 3μ = 0

 3λ − 2μ = 13

 λ − 5μ = 13 

 λ = 3, μ = −2

b 2λ + 3μ = 26

 3λ − 2μ = 26

 λ − 5μ = 0

 λ = 10, μ = 2

2 a 
x3 −2x

x2 x 5 −2x 3

2 2x 3 −4x

 f (x) ⋅ g (x) = x 5 − 4x
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b 27x 3 −36x 2 48x −64

3x 2 81x 5 −108x 4 144x 3 −192x 2

7x 189x 4 −252x 3 336x 2 −448x

4 108x 3 −144x 2 192x −256

 f (x) ⋅ g (x) = 81x5 + 81x 4 − 256x − 256

3 f (x) ⋅ g (x) = (ax 2 − 3x + 5) (7x 2 + bx − 3)

= 7ax 4 + abx 3 − 3ax 2 − 21x 3 − 3bx 2 + 9x

 + 35x 2 + 5bx − 15

= 7ax 4 + (ab − 21)x 3 + (−3a − 3b + 35)x 2

 + (9 + 5b)x − 15

7a = 14

ab − 21 = −17

−3a − 3b + 35 = 23

9 + 5b = 19  a = 2 b = 2

4 f (x) ⋅ g (x) = (x 3 + ax 2 − x + 2)(2x 2 + bx + c)

 = 2x 5 + bx 4 + cx 3 + 2ax 4 + abx 3

 + acx 2 − 2x 3 − bx 2 − cx + 4x 2 + 2bx + 2c

2a + b = −5  

c + ab − 2 = 3

ac − b + 4 = 5

−c + 2b = −8

a = −1 b = −3 c = 2

5 (x 2 + px + q)2 = (x 2 + px + q)(x 2 + px + q)

= x 4  + px 3 + qx 2 + px 3 + p2x 2 + pqx + qx 2 

+ pxq + q2

= x 4 + 2px 3 + (2q + p2) x 2 + 2pqx + q2

2p = 6  p = 3

2q + p2 = a  q = ±2

2pq = b  If  q = 2, a = 13, b = 12

q2 = 4  If  q = −2, a = 5, b = −12

a = 13, b = 12, f (x) = (x 2 + 3x + 2)2

or a = 5, b = −12, f (x) = (x 2 + 3x − 2)2

6 f (x) = x 3 + 12x 2 + 6x + 3

g (x) = f (x − 2)

 = (x − 2)3 + 12(x − 2)2 + 6(x − 2) + 3

 = x 3 +  3x 2 (−2) + 3x(−2)2 + (−2)3 + 

12(x 2 − 4x + 4) + 6x − 12 + 3

=x 3 − 6x 2 + 12x − 8 + 12x 2 − 48x + 48 + 6x − 9

g (x) = x 3 + 6x 2 − 30x + 31

7 f (2x − 1) = 16x 4 − 32x 3 + 12x 2

Let y = 2x −1, 1

2

y
x

4 3 2
( 1) ( 1) ( 1)

16 8 4
( ) 16 32 12

y y y
f y

= y4  + 4y3 + 6y2 + 4y + 1 − 4(y3 + 3y2 + 3y + 1) 

+ 3(y2 + 2y + 1)

 f (y) = y4 − 3y2 − 2y

∴ f (x) = x 4 − 3x 2 − 2x

8 f  (0) = 4 ⇒ e = 4

f  (10)  = 32584 ⇒ 10000a + 1000b + 100c + 10d + 4 

= 32584

Since a, b, c, d, ∈ + and are less than 10,

 a = 3, b = 2, c = 5, d = 8

⇒ f (x) = 3x4 + 2x3 + 5x2 + 8x + 4

Exercise 3I

1 a 

3 2

4 3 2

3 2 1

2 5 8 3 2

x x x

x x x x x

x 4 + 2x 3

3x 3 + 8x 2

3x 3 + 6x 2

2x 2 + 3x

2x 2 + 4x

−x − 2

−x − 2

 q (x) = x 3 + 3x 2 + 2x − 1

b 

3 2

2 5 4 3 2

3 2 1

0 1 3 4 2 1

x x x

x x x x x x x

x 5 + 0x 4 − x 3

3x 4 + 2x 3 − 4x 2

3x 4 + 0x 3 − 3x 2

2x 3 − x 2 − 2x

2x 3 + 0x 2 − 2x

−x 2 + 0x + 1

−x 2 + 0x + 1

 q (x) = x 3 + 3x 2 + 2x − 1

c 

3 2

2 5 4 3 2

2 5 4 1

1 2 3 2 3 1

x x x

x x x x x x x

2x 5 + 2x 4 + 2x 3

−5x 4 − x 3 − 2x 2

−5x 4 − 5x 3 − 5x 2

−4x 3 + 3x 2 + 3x

4x 3 + 4x 2 + 4x

−x 2 − x − 1

−x 2 − x − 1

 q (x) = 2x 3 − 5x 2 + 4x − 1
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2 a 

3 2

4 3 2

2 3 3

1 2 5 4 4 3

x x x

x x x x x

2x 4 + 2x 3

3x 3 + 4x 2

3x 3 + 3x 2

x 2 + 4x

x 2 + x

3x + 3

3x + 3

 q (x) = 2x 3 + 3x 2 + x + 3 r (x) = 0

b 

2

2 4 3 2

3 2 1

2 3 3 4 6 2 6

x x

x x x x x x

3x 4 + 6x 3 + 9x 2

−2x 3 − 3x 2 − 2x

−2x 3 − 4x 2 − 6x

x 2 + 4x + 6

x 2 + 2x + 3

2x + 3

 q (x) = 3x 2 − 2x + 1 r (x) = 2x + 3

c 

4 3

2 6 5 4 3 2

1

1 0 0 0 0 1

x x x

x x x x x x x x

x 6 + x 5 + x 4

−x 5 − x 4 + 0x 3

−x 5 − x 4 − x 3

x 3 + 0x 2 + x

x 3 + x 2 + x

−x 2 + 0x − 1

−x 2 − x − 1

x

 q (x) = x 4 − x 3 + x − 1 r (x) = x

Exercise 3J
1 a x3 − x2 − 4x − 5 = (x2 + 2x + 2)(x − 3) + 1,

  q (x) = x 2 + 2x + 2 r (x) = 1

b 2x3 + 5x2 + 4x + 3 = (2x2 + 3x + 1)(x + 1) + 2,

 q (x) = 2x 2 + 3x + 1 r (x) = 2

c x5 − 3x3 − 2x + 1 = (x4 – 2x3 + x2 – 2x + 2)

(x + 2) – 3,

 q (x) = x 4 – 2x3 + 2x2 – 2x + 2, r (x) = –3

d 3x6 − 2x4 + 5x2 – 2 = (3x5 + 3x4 + x3 + x2 + 

6x + 6)(x – 1) + 4,

 q (x) = 3x 5 + 3x4 + x3 + x2 + 6x + 6, r (x) = 4

2 f  (2) = 4 × 16 – 27 × 4 + 25 × 2 – 6 = 0

∴ (x – 2) is a factor.

f  (–3) = 4 × 81 – 27 × 9 – 25 × 3 – 6 = 0

∴ (x + 3) is a factor.

Exercise 3K
1 a q (x) = x 4 − x 3 + x 2 + 2x + 1 r (x) = –2

b q (x) = x 3 + x 2 + x − 1 r (x) = 7

2 f (x) = (x 2 + 2x − 1)(3x − 4) + x + 2

 = 3x 3 − 4x 2 + 6x 2 − 8x − 3x + 4 + x + 2

f (x) = 3x 3 + 2x 2 − 10x + 6

3 f (x) = x 5 − 4x 4 + 3x 3 + 2x 2 − 3x + a

f (3) = 0 243 − 324 + 81 + 18 − 9 + a = 0

a = −9

4 f (x) = x 5 − 2x 4 + 2x 3 + bx − 1

f (1) = 0 1 − 2 + 2 + b − 1 = 0

∴ b = 0

5 f (x) = 4x 3 + 5x 2 + ax + b

f (−2) = 0 f (1) = 6

−32 + 20 − 2a + b = 0 4 + 5 + a + b = 6

−2a + b = 12 a + b = −3

a = −5, b = 2

6 f (x) = (x 2 − 2x − 3) q (x) + ax + b

f (x) = (x − 3)(x + 1) q (x) + ax + b

f (3) = 2  ∴ 2 = 3a + b

f (−1) = − 4  ∴ −4 = −a + b

 ∴ a = 1.5 b = −2.5

∴ remainder = −3

2

5

2
x

7 f (x) = x 2011 + x 2010 + … + x + 1 = 0

remainder = f (−1) = −1 + 1 −1 + … − 1 + 1 = 0

∴ remainder = 0

8 f (x) = (x + 1)2n + (x + 2)n − 1

f (−1) = 02n + (1)n − 1 = 0 + 1 − 1 = 0

∴ f (x) is divisible by (x + 1)

f (−2) = (−1)2n + 0n − 1 = 1 + 0 − 1 = 0

∴ f (x) is divisible by (x + 2)

(x + 1)(x + 2) = x 2 + 3x + 2

∴ f (x) is divisible by x 2 + 3x + 2

9 f (x) = (ax − b) q (x) + r (x)

b ab b

a a a
f b q  + remainder

 = (0) q b

a
 + remainder

remainder b

a
f
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Exercise 3L
1 a f (x) = 2x 4 + 3x 3 − 10x 2 − 12x + 8

 = (x + 2)2 g (x)

 = (x 2 + 4x + 4)(2x 2 − 5x + 2)

 = (x + 2)(x + 2)(2x − 1)(x − 2)

b f (x) = 12x 3 − 32x 2 + 23x − 5

 = (2x − 1)2 g (x)

 = (4x 2 − 4x + 1)(3x − 5)

 = (2x − 1)2(3x − 5)

2 a f (x) = x (x − 1)(x − 3)(x − 5)

 = (x − 1)(x 2 − 8x + 15)

 = x 3 − 9x 2 + 23x − 15

b f (x) = x (x + 2)(x + 1)(x − 1)

 = x (x + 2)(x 2 − 1)

 = x (x 3 + 2x 2 − x − 2)

 = x 4 + 2x 3 − x 2 − 2x

c f (x) = (3x + 2)(x − 1)(x − 2)(x − 3)

 = (3x 2 − x − 2)(x 2 − 5x + 6)

 = 3x 4 − 16x 3 + 21x 2 + 4x − 12

3 a f (x) = (x 2 − 2)(x 2 − 3) = x 4 − 5x 2 + 6

b f (x) = (2x + 1)(4x − 3)(x 2 − 5)

 = (2x + 1)(4x 3 − 3x 2 − 20x + 15)

 = 8x 4 − 2x 3 − 43x 2 + 10x + 15

c  f (x) =  (5x + 3)(x − (1 − 2 ))(x − (1 + 2 ))

(x 3 − 3)

 = (5x + 3)(x 2 − 2x − 1)(x 3 − 3)

 = (5x + 3)(x 5 − 2x 4 − x 3 − 3x 2 + 6x + 3)

 =  5x 6 − 7x 5 − 11x 4 − 18x 3 + 21x 2 + 33x + 9

4 a f (x) = x 3 − 2x 2 − 5x + 6

 = (x − 1)(x 2 − x − 6)

 = (x − 1)(x − 3)(x + 2)

b f (x) = 2x 3 − x 2 − 7x + 6

 = (x − 1)(2x 2 + x − 6)

 = (x − 1)(2x − 3)(x + 2)

c f (x) = 5x 4 − 12x 3 − 14x 2 + 12x + 9

 = (x − 1)(x + 1)g (x)

 = (x 2 − 1)(5x 2 − 12x − 9)

 = (x − 1)(x + 1)(5x + 3)(x − 3)

Exercise 3M
1 a (x − 2i )(x + 2i ) = x 2 + 4

 f (x) = x 3 + 3x 2 + 4x + 12

 = (x 2 + 4)(x + 3)

 remaining zeros are −2i and −3

b (x −(1 − 2i ))(x − (1 + 2i )) = x 2 − 2x + 5

 f (x) = x 3 − 6x 2 + 13x − 20

 = (x 2 − 2x +5)(x − 4)

 remaining zeros are 1 + 2i and 4

c 3 3

2 2 2 2

3 3x i x i  = x 2 + 3x + 3

 f (x) = 5x 3 + 17x 2 + 21x + 6

 = (x 2 + 3x + 3)(5x + 2)

 remaining zeros are − − −3

2 2

2

5

3 andi

d (x − i )(x + i ) = x 2 + 1

 f (x) = x 4 − 6x 3 + 5x 2 − 4x + 4

 = (x 2 + 1)(x 2 − 4x + 4)

 = (x + i )(x − i )(x − 2)2

 remaining zeros are i, 2 and 2

e (x −(−1 − 3i ))(x −(−1 + 3i )) = x 2 + 2x + 10

 f (x) = 2x 4 + 3x 3 + 17x 2 − 12x − 10

 = (x 2 + 2x + 10)(2x 2 − x − 1)

 =  (x −(−1 −3i ))(x −(−1 + 3i ))(2x + 1)(x − 1)

 remaining zeros are − + −1 3 1i, ,1

2

f (x −(−2 + i ))(x −(−2 −i)) = x 2 + 4x + 5

 f (x) = 2x 4 + 9x 3 + 11x 2 − 7x − 15

 = (x 2 + 4x + 5)(2x 2 + x − 3)

 =  (x −(−2 + i))(x −(−2 − i ))

(2x + 3)(x − 1)

 remaining zeros are − − −2 1i, ,3

2

g 1 1

2 2 2 2

5 5x i x i  = x 2 + x + 
3

2

 f (x) = 6x 4 + 26x 3 + 35x 2 + 36x + 9

 = (2x 2 + 2x + 3)(3x 2 + 10x + 3)

1 1

2 2 2 2

5 52 (3 1)( 3)x i x i x x

 remaining zeros are − − − −1

2 2

1

3

5 i, , 3

h 1 1

3 3 3 3

2 2x i x i  2 2 1

3 3
x x

 f (x) = 3x 4 − 2x 3 + 4x 2 − 2x + 1

 = (3x 2 − 2x + 1)(x 2 + 1)

 remaining zeros are 
1

3 3

2− −i i i, ,

2 a f (−1) = 0

 ∴ −1 + 13 + a = 0

  ∴ a = −12

 f (x) = x 3 − 13x − 12

 = (x + 1)(x 2 − x − 12)

 = (x + 1)(x − 4)(x + 3)

 remaining zeros are −3 and 4
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b f (3) = 0 ∴ 27 − 63 + 3a − 15 = 0

 ∴ a = 17

 f (x) = x 3 − 7x 2 + 17x − 15

 = (x − 3)(x 2 − 4x + 5)

 remaining zeros are 4

2

16 20  = 2 ± i

c f (−1 −i ) = 0, (−1 −i )4 + 2(−1 −i )3 

− 2(−1 −i )2 − 8(−1 −i ) + a = 0

 −4 + 2 (2 − i ) − 2(2i ) − 8(−1 −i) + a = 0

 −4 + 4 − 4i − 4i + 8 + 8i + a = 0

 ∴ a = −8

 f (x) = x 4 + 2x 3 − 2x 2 − 8x − 8

 (x −(−1 −i ))(x −(−1 + i )) = x 2 + 2x + 2

 f (x) = (x 2 + 2x + 2)(x 2 − 4)

 = (x −(−1 − i ))(x −(−1 + i ))(x − 2)(x + 2)

 remaining zeros are −1 + i, 2, −2

d f (−2i ) = 0  (−2i )4 − 4(−2i )3 + 9(−2i )2 + 

a(−2i ) + b = 0

 16 − 32i − 36 − 2ai + b = 0

 −32 − 2a = 0  −20 + b = 0

 a = −16 b = 20

 f (x) = x 4 − 4x 3 + 9x 2 − 16x + 20

 (x − 2i )(x + 2i ) = x 2 + 4

 f (x) = (x 2 + 4)(x 2 − 4x + 5)

 remaining zeros are 2i, 2 + i, 2 − i

Exercise 3N
1 3x 3 − 2x 2 − 5x − 4 = 0

a x
1
 + x

2
 + x

3
 = 2

3

b x
1
 ⋅ x

2
 ⋅ x

3
 = 4

3

c x
1
x

2
 + x

1
 ⋅ x

3
 + x

2
 ⋅ x

3 = − 5

3

d 
31 2

6 6 6

x x x
 

3 1 12 3 2

1 2 3

6 x x x x x x

x x x
 

6 

4

3

5
3  = − 15

2

e 9x
1
2 + 9x

2
2 + 9x

3
2  = 9[(x

1
 + x

2
 + x

3
)2 

 −2(x
1
x

2
 + x

1
x

3
 + x

2
x

3
)]

 
2

2 5
3 3

9 2  4 10

9 3
9

 = 34

2 x 4 − 3x 3 + 2x 2 − 4x − 6 = 0

a x
1
 + x

2
 + x

3
 + x

4
 = 3

b x
1
 ⋅ x

2
 ⋅ x

3
 ⋅ x

4
 = −6

c x
1
 ⋅ x

2
 + x

1
 ⋅ x

3
 + x

1
 ⋅ x

4
 + x

2
 ⋅ x

3
 + x

2
 ⋅ x

4
 + x

3
 ⋅ x

4
 = 2

d x
1
 ⋅ x

2
 ⋅ x

3
 + x

1
 ⋅ x

2
 ⋅ x

4
 + x

1
 ⋅ x

3
 ⋅ x

4
 + x

2
 ⋅ x

3
 ⋅ x

4
 = 4

e 
3 3 3 3 3(4)

6
1 2 3 4x x x x

+ + + = = −
−

2

f (x
1
 + x

2
 + x

3
 + x

4
)2 = x

1
2 + x

2
2 + x

3
2 + x

4
2 + 

2(x
1 
⋅ x

2
 + x

1
x

3
 + x

1
x

4
 + x

2
x

3
 + x

2
x

4
 + x

3
x

4
)

 ∴
22 2 2

31 2 4

5 5 5 5

xx x x
 = −⎡⎣ ⎤⎦ =1

5
3 2 2 12 ( )

3 a f (x) = x 4 + 2x 3 − 3x 2 + 4x + 5

 sum = − = −2

1
2  product = (−1)4 

5

1
 = 5

b f (x) = 4x 6 + x 5 + 7x 4 − 3x 3 + 2x

 sum = − 1

4
 product = 0

c f (x) = 11x 10 − 
3

7
 x 7 + 5x 3 − πx + 22

 sum = 0 product = ( )− =1 210 22

11

d f (x) = 5x 7007 − 4x 7006 + 2x 231 + 10x + 8

 sum = 4

5
 product = − 8

5

Exercise 3O
1 a x 3 − 6x 2 + 11x − 6 = 0

 (x − 1)(x 2 − 5x + 6) = 0

 (x − 1)(x − 2)(x − 3) = 0

 x = 1, 2 or 3

b x 3 + 2x 2 − 7x + 4 = 0

 (x − 1)(x 2 + 3x − 4) = 0

 (x − 1)(x − 1)(x + 4) = 0

 x = 1, 1, −4

c x 3 + 3x 2 − 4x − 12 = 0

 (x − 2)(x 2 + 5x + 6) = 0

 (x − 2)(x + 2)(x + 3) = 0

 x = 2, −2, −3

d 2x 3 − 5x 2 − 18x + 45 = 0

 (x − 3)(2x 2 + x − 15) = 0

 (x − 3)(2x − 5)(x + 3) = 0

 
5

2
3, , 3x

Exercise 3P
1 a 12x 3 + 17x 2 + 2x − 3 = 0

 (x + 1)(12x 2 + 5x − 3) = 0

 (x − 1)(3x − 1)(4x + 3) = 0

 x = −1, ,−3

4

1

3

b x 3 − 4x 2 − 5x + 14 = 0

 (x + 2)(x 2 − 6x + 7) = 0

 x = −2 or x 
6

2

36 28
 6

2

8  = 3 ± 2

 x = −2, 3 ± 2
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c 3x 3 − 13x 2 + 11x + 14 = 0

 (3x + 2)(x 2 − 5x + 7) = 0

 x = −2

3

d x 4 − x 3 − 11x 2 + 9x + 18 = 0

 (x + 1)(x − 2)g (x ) = 0

 (x 2 − x − 2)(x 2 − 9) = 0

 (x + 1)(x − 2)(x − 3)(x + 3) = 0

 x = −1, 2, 3, −3

2 x 3 + ax 2 − x − 3 = 0

a −27 + 9a + 3 − 3 = 0 ∴ 9a = 27

 a = 3

b x 3 + 3x 2 − x − 3 = 0

 (x + 3)(x 2 − 1) = 0

 (x + 3)(x − 1)(x + 1) = 0

 other roots are 1, −1

3 ax 3 − 7x 2 + bx + 4 = 0

a (x − 2)(x − 2)(ax + 1) = 0

 (x 2 − 4x + 4)(ax + 1) = 0

 ax 3 + x 2 − 4ax 2 − 4x + 4ax + 4 = 0

 ax 3 + (1 − 4a) x 2 + (4a − 4)x + 4 = 0

 1 − 4a = −7 ∴ a = 2

 4a − 4 = b b = 4

b remaining root = − = −1 1

2a

4 Let x = a be an integer zero

∴ a 3 + 5a + p = 0

p = −a (a 2 + 5)

∴ a and a 2 + 5 are factors of  p

∴ p is not prime

∴ If  p is prime there are no integer zeros

5 f (x) = x 3 + ax 2 + bx + c

a Let the 2 zeros be p, −p

 f (x) = (x − p)(x + p) 
2

c

p
x

 = 
2

2 2( ) c

p
x p x

 
2

3 2 2c

p
x x p x c

 ∴ 
2

c

p
a  b = −p 2

 ∴ = −
⎛

⎝
⎜

⎞

⎠
⎟ − =ab p cc

p 2
( )2

  ∴ ab = c

b third zero 
2

c

p
 = c

b
 = –a

Exercise 3Q
1 a x 3 − 6x 2 + 11x − 6 ≥ 0

 (x − 1)(x 2 − 5x + 6) ≥ 0

 (x − 1)(x − 2)(x − 3) ≥ 0

x ]−∞∞, 1[ ]1, 2[ ]2, 3[ ]3, ∞∞[

x − 1 − + + +

x − 2 − − + +

x − 3 − − − +

f (x) − + − +

 ∴ x ∈ [1, 2] ∪ [3, ∞[

b x 3 + 2x 2 − 7x + 4 ≤ 0

 (x − 1)(x 2 + 3x − 4) ≤ 0

 (x − 1)(x − 1)(x + 4) ≤ 0

x ]−∞∞, −4[ ]−4, 1[ ]1, ∞∞[

(x − 1)2 + + +

(x + 4) − + +

f (x) − + +

 ∴ x ∈ ]−∞, −4] or x = 1

c x 3 + 3x 2 − 4x − 12 < 0

 (x − 2)(x 2 + 5x + 6) < 0

 (x − 2)(x + 2)(x + 3) < 0

x ]−∞∞, −3[ ] −3, −2[ ] −2, 2[ ]3, ∞∞[

x − 2 − − − +

x + 2 − − + +

x + 3 − + + +

f (x) − + − +

 ∴ x ∈ ]−∞, −3 [ ∪ ] −2, 2[

d 2x 3 − 5x 2 − 18x + 45 > 0

 (x − 3)(2x 2 + x − 15) > 0

 (x − 3)(2x − 5)(x + 3) > 0

x ]−∞∞, −3[ ]−3, 2.5[ ]2.5, 3[ ]3, ∞∞[

x − 3 − − − +

2x − 5 − − + +

x + 3 − + + +

f (x) − + − +

 ∴ x ∈ ]−3, 2.5 [ ∪ ] 3, ∞[

e 12x 3 + 17x 2 + 2x − 3 ≤ 0

 (x + 1)(12x 2 + 5x − 3) ≤ 0

 (x + 1)(4x + 3)(3x − 1) ≤ 0

x ]−∞∞, −1[ ]−1, −3
4

[ ]−3
4

, 1
3
[ ]1

3
, ∞∞[

x + 1 − + + +

4x + 3 − − + +

3x − 1 − − − +

f (x) − + − +

 ∴ x ∈ ]−∞, −1] ∪ [ 3
4

, 1
3
]
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f x 3 − 4x 2 − 5x + 14 > 0

 (x + 2)(x 2 − 6x + 7) > 0 
6 36 28

2
3 2

x ]−∞∞, −2[
]−2, 

3− 2 [

]3− 2 , 

3+ 2 [
]3+ 2 , ∞∞[

x + 2 − + + +

x − (3+ 2 ) − − − +

x − (3− 2 ) − − + +

f (x) − + − +

 2, 3 2 3 2,x

g 3x 3 − 13x 2 + 11x + 14 < 0

 (3x + 2)(x 2 − 5x + 7) < 0

 
2

3
x

x , 2

3
,2

3

3x + 2 − +

x 2 − 5x + 7 + +

f (x) − +

 x ∈] − ∞ [−, 2

3

h x 4 − x 3 − 11x 2 + 9x + 18 ≥ 0

 (x + 1)(x − 2) g (x) ≥ 0

 (x 2 − x − 2)(x 2 − 9) ≥ 0

 (x + 1)(x − 2)(x − 3) (x + 3) ≥ 0

x ]−∞∞, −3[ ]−3, −1[ ]−1, 2[ ]2, 3[ ]3, ∞∞[

x + 1 − − + + +

x − 2 − − − + +

x − 3 − − − − +

x + 3 − + + + +

f (x) + − + − +

 ∴ x ∈ ]−∞, −3] ∪ [−1, 2] ∪ [3, ∞[

2 f (x) > g (x)

4x 3 − 17x 2 + 30x + 5 > −2x 3 

+ 8x 2 + 9x − 5

6x 3 − 25x 2 + 21x + 10 > 0

(x − 2)(6x 2 − 13x − 5) > 0

(x − 2)(3x + 1)(2x − 5) > 0

x , 1
3

,1
3

2 , 5
2

2 5
2
,

x − 1 − − + +

3x + 1 − + + +

2x − 5 − − − +

f (x) − g (x) − + − +

1 5

3 2
, 2 ,x

3 a x 7 − 2x 2 − 1 ≥ 0

 x ∈ [−1, −0.921] ∪ [1.26, ∞[

b x 9 − 2x 8 + 2x 5 + x ≤ 0

 x ∈ ]−∞, 0]

4 a x 3 + x − 2 > 0

 x 3 > 2 − x

 x ∈ ]1, ∞[

 

x

y

2

O 2

(1, 1)

y = x3

y = 2 – x

b −2x 3 + 3x + 1 ≥ 0

 3x + 1 ≥ 2x 3

 x ∈ ]−∞, −1] ∪ [−0.366, 1.37]

 

x

y

O–1

–0.366
1.37

y = 2x3

y = 3x + 1

c x 4 + 2x + 1 ≤ 0

 x 4 ≤ −2x − 1

 x ∈ [−1, −0.544]

 

x

y

–1 –0.544

y = x4

y = –2x – 1

Exercise 3R
1 a 2ix + (2 + 3i)y = i a = 2i b = 2+ 3i e = i

 (1 + i)x + 2y = 3 c = 1 + i d = 2 f = 3

 D = 
2 2 3

1 2

i i

i
 = 4i − (1 + i)(2 + 3i)

 = 4i − 2 − 5i + 3 = 1 − i

 D
x
 = 

2 3

3 2

i i
 = 2i − 3 (2 + 3i) = −6 −7i

 D
y
 = 

2

1 3

i i

i
 = 6i − i (1 + i) = 5i + 1

 x = 
6 7 1

1 1

i i

i i
 

6 6 7 7

2

i i
 = −1

2

13

2
i

 y 1 5 1

1 1

i i

i i
 1 5 5

2

i i  = −2 + 3i
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b (1 + i)x + 3iy = 2 + 6i a = 1 + i b = 3i 

e = 2 + 6i

  (2 − i) x − (4 + 3i) y = 4i − 3 c = 2 − i 

d = −4 −3i f = −3 + 4i

 D 
1 3

2 4 3

i i

i i
 = (1 + i)(−4 −3i) − 3i (2 − i)

 = 4 − 3i − 4i + 3 − 6i − 3 = −4 −13i

  D
x
 

2 6 3

3 4 4 3

i i

i i
 = (2 + 6i)(−4 −3i) 

−3i(−3 + 4i)

 = −8 −6i −24i + 18 + 9i + 12 = 22 − 21i

  D
y
 

1 2 6

2 3 4

i i

i i
 = (1 + i)(−3 + 4i) − (2 + 6i)

(2 − i)

  = −3 + 4i − 3i − 4 − (4 − 2i + 12i + 6) 

= −17 −9i

 x 
22 21 4 13

4 13 4 13

i i

i i
 

88 286 84 273

185

i i
 = 1 + 2i

 y 17 9 4 13

4 13 4 13

i i

i i
 68 221 36 117

185

i i  = 1 − i

2 a x + y = −1 (1)      x + y = −1 (1)

 x + z = 4  (2) (2) − (3) x − y = 3   (4)

 y + z =1   (3)

(1) + (4) 2x = 2 ∴ x = 1

 sub in (1) 1 + y = −1 y = −2

 sub in (3) −2 + z = 1 z = 3 (1, −2, 3)

b x − 5y + 3z  = −1 (1) (1) + 3(3) 7x − 2y 

= 5 (4)

 3x − y + 2z  = 4 (2) (2) + 2(3) 7x + y 

= 8 (5)

 2x + y − z = 2 (3)

(5) − (4) 3y = 3, y = 1

 sub in (5) 7x + 1 = 8 x = 1

 sub in (3) 2 + 1 − z = 2 z = 1 (1, 1, 1)

c 2x + y + 2z  = 0 (1) 4(1) + (2): 

14x + 3z = −2 (4)

 6x − 4y − 5z  = −2 (2) (3) − (1): 

2x − 5z = 2 (5)

 4x + y − 3z = 2 (3)

(4) − 7(5) 38z = − 16 
8

19
z

 sub in (5) 2x + 
40

19
 = 2, 

1

19
x

 sub in (1) 
2 16

19 19
0y  

18

19
y  1 18 8

19 19 19
, ,

d 3x − 4y + 3z = −2 (1) (1) + (3) 5x − 10 y = − 10

 x + 2y + 6z = 6 (2)  x − 2y = −2 (4)

 2x − 6y − 3z = −8 (3) (2) + 2(3) 5x − 10y = −10

x − 2y = − 2 (5)

  (4) + (5) are the same equation ∴ infi nite 

number of  solutious x = 2y − 2

  sub in (1) 6y − 6 − 4y + 3z = −2, 3x = 4 − 2y, 
4 2

3

y
z

 4 2

3
2 2, ,

y
y y

e x + 2y + z = 4 (1) (2) − 2(1) −3y = −3, y = 1

 2x + y + 2z = 5 (2)

 3x + 2y + 3z = 12 (3)

 sub in (2) 2x + 2z = 4   } inconsistent

 sub in (3) 3x + 3z = 10  ∴ no solution

f 2x − 3y + 5z = −1 (1) (1) − 2(3) y − z = −19 (4)

  9x − 7y + 16z  = 0 (2) (2) − 9(3) 11y − 11z 

= −81 (5)

 x − 2y + 3z = 9 (3)

 (4) + (5) are inconsistent ∴ no solution

3 a x + 2y + z = 0 (1) (1) − (3) z − kz = −2

 2x + y + 2z = 1 (2) (1 − k) z = −2

 x + 2y + kz = 2 (3) no solution if  k = 1

 If  k ≠ 1, 
2

1 k
z

 sub in (1) 
2

1
2

k
x y  (4)

 sub in (2) 
4 5

1 1
2 1 k

k k
x y  (5)

 (5) − 2(4) 
5 4

1 1
3 k

k k
y

 
1

1
3 k

k
y  

1

3
y

 sub in (4) 
2 2

1 3k
x  6 2(1 )

3(1 )

k

k
 8 2

3(1 )

k

k

 ∴ no unique solution if  k = 1

b x + y + z  = 1 (1) (2) − 2(1) (k − 2) y + z 

= −4 (4)

  2x + ky + 3z  = −2 (2) (3) − 3(1) 2y + (k − 3) z 

= −4 (5)

 3x + 5y + kz = −1 (3)

 For no unique solution

 
2 1

2 3

k

k

 (k − 2)(k − 3) = 2

 k 2 − 5k + 4 = 0

 (k − 4)(k − 1)= 0

 k = 1 or 4
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4 a  x + 2y + 3z = 1 (1) (1) − (2) (1 − k) x − 2y 

 = −1 (4)

  kx + 4y + 3z = 2 (2) 2(1) + 3(3) 11x + 22y 

 = 11

 3x + 6y − 2z = 3 (3) x + 2y = 1 (5)

  For an infi nite number of  solutious 

1 − k = − 1, k = 2

 x = 1 − 2y

 sub in (3) 2z = 3x + 6y − 3

 = 3(1 − 2y) + 6y − 3

 ∴ z = 0

 (1 − 2y, y, 0)

b x + y + z = 1 (1)

 2x + ky + 3z = −2 (2)

 3x + 5y + kz = −1 (3)

 From 3b, (k − 2) y + z = −4 (4)

 2y + (k − 3) z = −4 (5)

 For no unique solution k = 1 or 4

 If  k = 1: 4

2 2 4

y z

y z

 no solution

 If  k = 4: 2 4

2 4

y z

y z

 infi nitely many solutious

 z = −4 − 2y

 sub in (1) x = 1 − y − (−4 − 2y) = 5 + y

 ( y + 5, y, −4 − 2y)

5 x + y + z = m (1) (1) − (3) z − mz = m + 1

x + my + z = 2m (2) z(1 − m) = m + 1

x + y + mz = −1 (3) unique solution if  m ≠ 1

z = 
1

1

m

m

sub in (1) 
1

1

m

m
x y m

1

1

m

m
x y m  

2
1

1

m m m

m

2
1

1

m

m
x y  (4)

sub in (2) 
1

1
2 m

m
x my m  

2
2 2 1

1

m m m

m

2
2 1

1

m m

m
x my  (5)

(4) − (5): 
2 2

1 2 1

1
(1 ) m m m

m
y m

2
( 1)

1 1

m mm

m m

m m

1

m

m
y

sub in (4) 
2 2

1 1

1 1 1

m m m m

m m m
x

m m

m

m

m

m

m

− −
−

−
−

+
−

⎛

⎝
⎜

⎞

⎠
⎟

2
1

1 1

1

1
, ,

Review exercise
1 f (x) = x 4 − 3x 3 + ax 2 − 4x + 7

f (−2) = 7 ∴ 16 + 24 + 4a + 8 + 7 = 0

4a = −55

a = −55

4

2 3x − 2y = i − 2

4y − (1 − i) x = 3 + 3i ⇒ −(1 − i) x + 4y = 3 + 3i

a = 3 b = −2 c = −1 + i d = 4 e = −2 + i 

f = 3 + 3i

D 
3 2

1 4i
 = 12 +2 (−1 + i) = 10 + 2i

D
x
 

2 2

3 3 4

i

i
 = 4(−2 + i) + 2(3 + 3i) = −2 + 10i

D
y
 

3 2

1 3+3i

i

i
 = 3(3 + 3i) − (−1 + i)(−2 + i)

= 9 + 9i − (2 − 3i − 1) = 8 + 12i

x 2 10 10 2

10 2 10 2

i i

i i
 20 4 100 20

104

i i  = i

y 8 12 10 2

10 2 10 2

i i

i i
 80 16 120 24

104

x i  = 1 + i

x = i, y = 1 + i

3 f (x) = m − 2 + (2m + 1) x + mx 2 m < 0

b 2 − 4ac < 0

(2m + 1)2 − 4 (m − 2) m < 0

4m 2 + 4m + 1 − 4m 2 + 8m < 0

12m + 1 < 0

m < −1

12

4 z 4 − 2z 3 + 14z 2 − 18z + 45 = 0

(z −(1 − 2i))(z −(1 + 2i)) = z 2 − 2z + 5

(z 2 − 2z + 5)(z 2 + 9) = 0

remaining roots are 1 + 2i, −3i, 3i

5 mx + 2y = 1

4x + (m + 2) y = 4 no unique solution
2

4 2

m

m
 m 2 + 2m = 8

  m 2 + 2m − 8 = 0

  (m + 4)(m − 2) = 0

  m = −4 or 2

6 x 2 + ax + a + 1 = 0

α + β = −a

αβ = a + 1

(α + β)3 = α3 + 3α 2β + 3αβ2 + β3

✗
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16

(α + β)3 = (α 3 + β3) + 3αβ (α + β)

−a3 = 9 − 3a (a + 1)

a3 − 3a2 − 3a + 9 = 0

(a − 3)(a 2 − 3) = 0

a = ±3 3,

7 P
n
: z nn i2

2
= ∈ +

n

n
,

Let n = 1, 
2

2

2 (1 ) 1 2 1

4 22

i i iz

∴ P
1
 is true

Assume P
k
: 

2

2

k

k

k iz

Prove P
k + 1

: z2(k + 1) = z 2z 2k 
1

12 2 2

k k

k k

i i i

∴ P
k
 ⇒ P

k + 1

∴ by mathematical induction, z n i
n

n

2

2
=

8 1 1 1 1 2 1

1 1 1 2

i i i i

i i i
i

2011
1

1

i

i
 = i 2011 = i 2008 i 3 = − i

∴ imaginary part = −1

9 x 3 − 5x 2 + 6x − 3 = 0

α + β + γ = 5

αβ + αγ + βγ = 6 αβγ = 3
2 2 2 2 2 2

2 2 2 2 2 2

1 1 1

(αβ + βγ+ αγ )2 = α2β2 + β 2γ 2 + α2γ 2

 + 2(αβ 2 γ + α2βγ + αβγ 2)

= α 2β 2 + β 2γ  2 + α 2γ  2 + αβγ (β + α + γ )

∴ α2β 2 + β 2γ  2 + α2γ  2 = 62 + 2(3)(5) = 66

∴ 
1 1 1 6 6 2

2 2 2 2
3 9 3

+ + = = =

10 a Let a = 3 7 50 , b = 3 7 50 , x = a + b

 x 3 + 3x − 14 = (a + b)3 + 3(a + b) − 14

 = a 3 + 3a 2b + 3ab 2 + b 3 + 3 (a + b) − 14

 = a 3 + b 3 + 3ab(a + b) + 3(a + b) − 14

 a 3 + b 3 + 3(a + b)(ab + 1) − 14

ab = 3 7 50 7 50  = 3 49 50 = 3 1 = −1

 ∴ x 3 + 3x − 14 = a 3 + b 3 + 3(a + b)(−1 + 1) − 14

 = a 3 + b 3 − 14 = 0

 7 50 7 50 14 = 0

  ∴ 3 7 50  + 3 7 50  satisfi es the equation 

x 3 + 3x − 14

b f (x) = z 3 + 3z − 14

 = (z − 2)(z 2 + 2z + 7)

 z = 2 or 
2 4 28

2
1 6z i

 z i= − ±2 1 6,

c since 2 is the only real root,

 7 50 7 50 23 3− + + =

Review exercise
1 x ∈ [1.67, ∞[

2 (mx)2 + 3x + 1 − m = 0

b 2 − 4ac < 0

9 − 4m 2 (1 − m) < 0

9 − 4m 2 + 4m 3 < 0

m ∈ ]−∞, −1.05[

3 2x + 14y + 9z = −7 2x +14y + 9z = −7

4x − 3z = 4 + 7y  4x − 7y − 3z = 4

10x − 28y = 5 + 6z  10x − 28y − 6z = 5

x y z= = = −1

2

2

7

4

3
, ,

4 3x 3 + 2x = 5x 2 + 4

3x 3 − 5x 2 + 2x − 4 = 0

5

3
, 

2

3
, 

4

3

(α + β + γ )3 = (α + β + γ ) (α2 + β 2 + γ 2 + 2αβ + 

2βγ + 2αγ )
= α3 + β 3 + γ 3 + 6αβγ + 3(αβ2 + αγ 2 + α2β + α2γ 

+ βγ 2 + β 2γ )

α3 + β3 + γ 3 125 4

27 3
6  − 3(αβ 2 + αγ 2 + α2β + 

α 2γ + βγ 2 + β 2γ )
(α + β + γ)(γ β + βγ + αγ ) = 3αβγ + αβ 2 + αγ 2 + 

α2β + α 2γ + βγ 2 + β 2γ
∴αβ 2 + αγ 2 + α 2β + α 2γ + βγ 2 + β 2γ 

5 2 4 26

3 3 3 9
3

∴ α3 + β 3 + γ 3 125 4 26

27 3 9
6 3

= 143

27

5 f (x) = x 7 + 35x 6 − 97x 5 + 33x 2 + 4

smallest zero = 0.833
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Answers
Skills check
1 

4 8–4 x

x = 3

y

–4

–8

4

8

0

(0,     )–1
3

2 5
0

1
2

5

1 1
2

n

n

=

∞

∑ ( )
−

= =10

Exercise 4A

1 lim
x →−

= −
1

2x
x

2 1

1

− 
+

2 lim
x →

=
1

3x
x

3 1

1

− 
−

3 lim ( )
x

f x
→ +

=
2

1
3

 lim ( )
x

f x
→ −

=
2

5

∴ lim
x

x x

x
→

− <⎧
⎨
⎪

⎩⎪ −
2

3 1 2
1

12
x ≥ 2 does not exist

4 
0

| |lim 1
x

x

x
  

0

| |lim 1
x

x

x
  ∴

0

| |lim
x

x

x
  does not exist

5 
6

2

3lim ( 6) 0
x

x

6 
3

lim [ ] 2
x

x  
3

lim [ ] 3
x

x

∴ 
3

lim [ ]
x

x  does not exist.

Exercise 4B

1 lim ( )
x

f x
→ −

=
1

0 lim ( )
x

f x
→ +

=
1

2

∴ 
1

lim ( )
x

f x  does not exist

∴ f is not continuous at x = 1

2 
2

lim ( ) 1
x

f x  
2

lim ( ) 1
x

f x  ∴
2

lim ( ) 1
x

f x

Also, f  (−2) = 1  ∴ f is continuous at x = −2

3 
1

lim ( ) 1
x

f x  
1

lim ( ) 1
x

f x

∴ 
1

lim ( )
x

f x  does not exist

∴ f is not continuous at x = 1

Modeling the real world4
4 

3
lim ( ) 8
x

f x  ∴ f  (3) = 8 ∴ 6 = 8 ∴ k = 4

3

5 
3

lim ( ) 4
x

f x  ∴ f  (3) = 4 ∴ 9 4

8 4

1

2

a a

a

a

− =
=

=

6 a discontinuous at x = ±1

 b discontinuous at x = ±2

 c continuous

 d discontinuous at x = −4 and x = 1

 e discontinuous at x = 1

 f continuous

Exercise 4C

1 a 
4

3

3
lim 7
x

x

x

 b  
2

2

2

2
lim
x

x x

x
 = 

2

( 2) ( 1)

( 2)
lim
x

x x

x
 

 = lim (
x

x
→−

− −
2

31) = 

 c  
6

32

64

8
lim
x

x

x
 = 

3 3

32

( 8) ( 8)

8
lim
x

x x

x
 

 = lim ( )
x

x
→−

+ =
2

3 8 0

 d  
2

20

1lim
x

x

x x
 = 

0

( 1) ( 1)

( 1)
lim
x

x x

x x
 

 = 
0

1lim
x

x

x
 = 

0

1
1lim

x x
,

 which does not exist

 e  
2

21

1lim
x

x

x x
 = lim

x x→
+( ) =

1
1

1 2

 f  
1

1

1
1

1

lim
x

x

 = lim
x

x

x→

−
−

=
1

1 0
2

 g  
2 2

0

(2 3 ) (1 )

6

4
lim
x

x x

x
 

= lim
x

x x x x

x→

+ + −− −
0

4 12 9 8 4

6

2 24  

= 
2

0

5

6

4lim
x

x x

x
 = 

0

5 2

6 3

4lim
x

x

 h  
2 2

lim
x a

x a
x a

 = 
( ) ( )lim

x a

x a x a
x a

 

 = lim ( )
x a

x a a
→

+ = 2
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2

2 a lim
x

x
x→∞ +

=2

2
2

 b  lim
x

x

x→∞ −
=3

1

2

2
3

 c  
2

2

2 2

33 1

1

5
lim
x

x

x

x

x

 d  
2

3

5

4 2
lim 0
x

x

x

 e  
2

1

3 5
lim 0
x

x

x x

 f  4 3 2 1
lim 4=
x

x x

x

3 a y = 3 b y = 1

2
 c y = 0

 d  y = −1 e no horizontal asymptote

Exercise 4D
1 a converges b converges c converges

 d diverges e converges

2 a converges, ( )−

+
=

=

∞
∑ =1

2

1

1
1

2

2

30

n

n
n

 b 
3 141 .( )∑

=

∞ n

n

 diverges since 
3.14

1

 c converges, 5
1

3

5

3

1
1

3

5

21
( )

−
∑ = =

=

∞ n

n

 d converges, 
3

10

3

10

1
1

10

1

31
n

n

=
−

=
=

∞

∑

 e converges, 2 3

7

2

7

3

71 1 1

n n

n
n

n

n

n

n

−
=

∞

=

∞

=

∞

∑ = ( )∑ − ( )∑

    = 

2

7

5

7

3

7

4

7

2

5

3

4

7

20
− = − = −

 f converges, 4 0 6 2 51 4

1 0 61

( . ) .
.

− = =∑ −

+=

∞
n

n

3 u
1
 = 35 r = 2x

 a  −1 < 2x < 1 2x must be positive

∴ 0 < 2x < 1 ∴ x < 0

 b 35

1 2
40

−
=

x
 ∴ 7

8
1 2x  ∴ 1

8
2x  ∴ x = −3

4 3

1
1 1x

x
 ∴ −0.25 < x < 0.5

Exercise 4E
1 a y = 2x 2 − 1 (x = 1)

 
2 2

[2(1 ) [2(1)

(1 )

1] 1]

1

y h
x h

 
2

(1 4 2 ) 1h h
h

2
4 2 4 2h h

h
h

gradient = lim ( )
h

h
→

+ =
0

4 2 4

 b 2

x
y  (x = −2)

 
Δ
Δ

= − + − +
+ − +

− + − +− + − −

− − ==y
x

h h h
h h hh h

2

2

2

2
1

2 2

2

1

22 2

2
2

( )( ) ( )

 gradient = lim
h h→ − +( ) = −

0

1

2

1

2

 c y = x 3 (x = 1)

 
3 3(1 )

(1 ) 1

1y h
x h

 
2 3

21 3 3 1 3 3h h
h

h h h

 gradient = 
2

0
lim (3 3 ) 3
h

h h  

 ∴ gradient = 3

 d y = −x 2 (x = 1)

 f  ′(x) 
2 2

0

( ) ( )lim
h

x h x
h

 
2 2 2

0

( 2 )lim
h

x xh h x
h

 
0

lim( 2 )
h

x h

 = −2x
 f  ′(1) = −2(1) = −2

 e y = 
x

x +1

 f x
h

h

x h
x h

x
x

h
x h x x x h

x h

′( ) lim

lim

=

=
→

→

+
+ +

−
+

+( ) +( ) − + +( )
+ +(

0

0

1 1

1 1

1)) +( )x h1

 = =
→ →+ +( ) +( ) + +( ) +( )lim lim

h h

h
x h x h x h x0 01 1

1

1 1

 =
+

1

1
2

x( )

 f  ′(0) = 1

 f 
2

1

x
y  (x = 2)

 f  ′(x) 2 2
0

1 1

( )
lim
h x h x

h

 
22

220

( )

( )
lim
h

x x h

hx x h

 
2 2 2

220 ( )

2lim
h

x x h

hx x h

xh
 =

→

− −

+
lim

( )
,h

x h

x x h s0

2

2

 = 
4 3

2 2

x x

x

 f  ′(2) = 
− = −2

2

1

43

2 f  ′(x) = -
2

3x

f  ′(x) = 2 ⇒ 
-2

3x
 = 2

⇒ x3 = − 1 ⇒ x = −1 ∴ point is (−1, 1)

3 f  ′(x) = 4x − 
1

2x

f  ′(x) = 3 ⇒ 4x − 
1

2x
 = 3

⇒ 4x3 − 1 = 3x2 ⇒ 4x3 − 3x2 − 1 = 0

⇒ (x − 1) (4x2 + x + 1) = 0

⇒ x = 1 ∴ point is (1, 3)
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Exercise 4F

1 a y = x 2 + 2x + 1 f  ′(x) = 2x + 2 f  ′(0) = 2

 b y = x 3 − 1 f  ′(x) = 3x 2 f  ′(1) = 3

 c 
2

xy  f  ′(x) = 
2

2

x
 ∴ f  ′(3) = 

−2

9

 d y x= −1 f  ′(x) = 1

12 x
 ∴ f  ′(2) = 1

2

 e y = 3x+ , f  ′(x) = 
1

2 3x+
, f  ′(1) = 

1

4

 f y = 
1

x
, f  ′(x) = − 1

2
3

x
, f  ′(4) = − 1

16

2 a Average velocity = 
x a h x a

h

+( )- ( )

= 
12 5 12 5

2 2- +( ) - +a h a

h

= −10a − 5h

 b velocity = 
0

lim
h

 (average velocity) = −10a

Exercise 4G
1 y = 9 − x 2 d

d

y
x

 = −2x

 a When x = −1, gradient = 2

 b When x = −1, gradient = 8, 
d

d

y
x
 = 2

 ∴ tangent is y − 8 = 2(x + 1) i.e. y = 2x + 10

 c Normal is y − 8 = − 1
2
 (x + 1) i.e. y = − 1

2
 x + 

15

2

2 1

1x
y  

d

d

y
x

 
2

1

( 1)x
 ∴ 

2

1

( 1)x
 = −1

∴ (x − 1)2 = 1 x − 1 = ± 1

x = 0 or 2 (0, −1), (2, 1)

At (0, −1) y + 1 = −1(x − 0) y = −x − 1

At (2, 1)  y − 1 = −1(x − 2) y = −x + 3

3 a y = 4 − 3x − 3x 2 d

d

y
x

 = −3 − 6x

 −3 −6x = 0 ∴ x = x − 1

2
 −( )1

2

19

4
,

 b y = x 3 + 1 d

d

y
x

 = 3x 2

 3x 2 = 0 ∴ x = 0 (0, 1)

 c y = 
1

x
  

d

d

y
x

 = 
2

1

x
  

2

1

x
 ≠ 0 ∴ no points

 d y = x 2 − 3x  d
d

y
x

 = 2x − 3

 2x − 3 = 0  ∴ x = 3

2
 

3

2

9

4
,

−( )
 e y x y

x x x
= =d

d

1

2

1

2
≠ 0 ∴ no points

4 1

x
y x  

dy

dx x
= −1 1

2

At (1, 2) d

d

y
x

= − =1 1 0

Equation of  tangent is y = 2

∴ normal is x = 1

Exercise 4H
1 a y = 4 − x − 3x 2 d

d

y
x

x=− −1 6

 b y = 2x 4 − 3x + 1 d

d

y
x

x= −8 32

 c y x x
x x

= − + +4 23 21 2

33 2
 = − + +− −4 23 3 2 22

3
x x x x

  
d

d

y
x

  = 12x 2 + 3x−4 + 4x − 
4

3
 x−3

4 3

2 3 4

3
12 4

x x
x x

 d y
x

= − +2 5
2 4

3x x
 = 2x−1 − 3x + 5x 3

  d
d

y
x

 = −2x −2 − 3 + 15x 2 = − − +2
2

3 1 2

x
x5

2 y = 2(3x 2 − 2x) = 6x 2 − 4x

 
d

d

y
x
 = 12x − 4

At (1, −2) 
d

d

y
x
 = 8

Equation of  tangent: y − 2 = 8(x − 1)

 y = 8x − 6

3 13 1 3x
x

y x

2

2d 3

d
3y

x x
x

At (−1, 4) d

d
3y

x
 ∴ gradient of  normal = 

1

3

Equation of  normal: y − 4 = 
1

3
 (x + 1)

 y x= +− 1

3

11

3

Exercise 4I
1 a  y = (2x + 3)5 

d

d

y
x  = 5(2x + 3)4 (2) = 10(2x + 3)4

 b  y x x= − = −2 3 2 3
1
2( )  

1
2 3d 1

d 2 2 2 3
(2 3 ) ( 3)y

x x
x

 c y = 
2

x
 − 3x + 5x3, so 

d

d

y
x
 = − 2

2x
 − 3 + 15x2

 d  y
x

x= = +( )−

+
−

−3

5 1
2

2
1
23 5 1

  
3

2 2

32

15d 3

d 2
(5 1)

(5 1) (10 )
xy

x
x

x x

2 y = 3 22x x-  = ( )3 22
1
2x x-

d

d

y
x
 = 

1

2
 

1

22(3 2 )x x --  (6x − 2) = 
3 1

3 22

x

x x

-
-

At x = 1, 
d

d

y
x = 2 and y = 1, so tangent is 

y − 1 = 2(x − 1) i.e. y = 2x − 1

3 y = 
x

x
-3

 = 1 − 
3

x
d

d

y
x
 = 

2

3

x

At (1, −2), 
d

d

y
x
 = 3 so gradient of  normal = − 1

3

∴ equation of  normal is y + 2 = − 
1

3
 (x − 1) 

i.e. y = − 1
3
 x − 

5

3
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4  
2

1

3 6 1x x
y  = (3x 2 − 6x + 1)−1

 d
d

y
x

 = −(3x 2 − 6x + 1)−2 (6x − 6) 
2 2

(6 6)

(3 6 1)

x

x x

6x − 6 = 0 ∴ x = 1 1 1 1

3 6 1 2 2
1,y

5  

1
1 2
211y xx

 d
d

y
x x x

x x= −⎛
⎝⎜

⎞
⎠⎟

−⎛
⎝⎜

⎞
⎠⎟

= −
−

−

−

1

2

1

2

1

4 1
1

1
2

1
2 1

2

d

d

y
x x x

= −

−

1

4

Exercise 4J
1  y = (x − 1) (x + 3)3

u(x) = x − 1  u′(x) = 1

v(x) = (x + 3)3 v′(x) = 3(x + 3)2

d

d

y
x

 = (x − 1)3 (x + 3)2 + (x + 3)3 (1)

= (x + 3)2 (3(x − 1) + (x + 3))

= (x + 3)2 (4x)

= 4x (x + 3)2

2  y = (2x − 3)2 (4x + 1)3

u(x) = (2x − 3)2 u′(x) = 4(2x − 3)

v(x) = (4x + 1)3 v′(x) = 12(4x + 1)2

d

d

y
x
 = (2x − 3)2 12(4x + 1)2 + (4x + 1)3 4(2x − 3)

= 4(2x − 3) (4x + 1)2 [3(2x − 3) + (4x + 1)]

= 4(2x − 3) (4x + 1)2 (10x − 8)

= 8(2x − 3) (4x + 1)2 (5x − 4)

3  
1

1

x

x
y  = (x + 1) (x − 1)−1

u(x) = x + 1  u′(x) = 1

v(x) = (x − 1)−1 v′(x) = −(x − 1)−2

d

d

y
x

 = −(x + 1) (x − 1)−2 + (x − 1)−1

d

d

y
x

 = (x − 1)−2 [−(x + 1) + (x − 1)] = −

−

2

1
2

( )x

4  y = x 1 2x

u(x) = x u′(x) = 1

v(x) = 
1
2(1 2 )x  v′(x) = 1

2
1 2 2

1
2( ) ( )− −−x  = −

1
2(1 2 )x

d

d

y
x

 = −x 
1
2(1 2 )x  + 

1
2(1 2 )x

= 
1
2(1 2 )x  [−x + (1 − 2x)] = −

−
1 3

1 2

x

x

5 y = (x4 − 3x + 1)−1

⇒ 
d

d

y
x
 = 

-

- +( )
1

3 14
2

x x
 (4x3 − 3) = 

3 4

3 1

3

4
2

-

- +( )
x

x x

6 y = (x − 1)4 
2

3(3 2)x- ,  

d

d

y
x  =  (x −1)4 

2

3
 

1

3(3 2)x --  × 3 + 4(x − 1)3 
2

3(3 2)x-

 = 
2 1

3 2

4

1

3

x

x

-( )
-( )

 + 4(x − 1)3 
2

3(3 2)x-

 = 
2 1 7 5

3 2

3

1

3

x x

x

-( ) -( )
-( )

Exercise 4K

1 a  
2

3

7x

x
y

 u(x) = x2 − 7 u′(x) = 2x

 v(x) = x 3 v′(x) = 3x 2

 
2 23

6

d

d

(2 ) ( 7)3x xxy
x x

x

 
22

4

2 3 21xx

x

 = −21
2

4

x

x

 b  
2

1

x

x
y

 u(x) = x   u′(x) = 1

 v(x) = 
1

2 2( )1x   v′(x) = 
1

2 2( )1x

 d

d

y
x
 = 

1 1
2 2 22 2( ) ( )1 1x x x  ÷ (x 2 + 1)

 =
+( )

=
+( )

+ −( )x x

x x

2 2
1 1

2
3
2 2

3
21 1

 c  
4

1

3 1x x
y  = (x 4 − 3x + 1)−1

 d

d

y
x
 = −(x 4 − 3x + 1)−2 (4x 3 − 3)

 y = −

− +

3 4 3

4 23 1

x

x x( )

 d  1

1

x
x

y

 u(x) = 1 + x
1
2  u′(x) = 

1

2
x

1
2

 v(x) = 1 − x
1
2  v′(x) = −

1

2
x

1
2

 
11 11
22 22

21
2

1 1
d 11 2 2
d

1

( )( )y xx xx
x

x

 =
( )

=
−

−
−

x

x
x x

1
2

1
2

2 2

1

1

1( )

 e  y x x= −( )
1
2

 d

d

y
x

x x x= −( ) −⎛
⎝⎜

⎞
⎠⎟

− −1

2

1

2

1
2

1
2 1
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11
221

4
2x x x

 

1
2

1
2

2 1 2 1 2

4 44

x x x

x x x xx x x x

 f  y x

x

x

x

= ⎛
⎝⎜

⎞
⎠⎟ ( )−

=
−1

3 3

3

1

 u(x) = x 3 u′(x) = 3x 2

 v(x) 
3

1 x  v′(x) = 3 1
2 1

21

2
−( ) ( )− −

x x

 

5
3 22 2

6

3
3 1 1

d 2
d

1

x x x xy
x x

 

5
2 2

4

3
3 1

2

1

x x x

x

 

5 5
2 2 2

4

6 6 3

2 1

x x x

x

 

5
2 2

4

6 3

2 1

x x

x

 = ( )
( )

−

−

3 2

2 1

2

4

x x

x

2  
2

4

1

x

x
y  (x = −1)

u(x) = 4x u′(x) = 4

v(x) = x 2 + 1 v′(x) = 2x
2

2

2 2

2 2 2

d 4( 1) 8 4 4

d
( 1) ( 1)

y x x x
x

x x

At x = −1, gradient = 0

3  
2

8

4 x
y  = 8(4 + x 2)−1 (x = 1)

d

d

y
x

 = −8(4 + x 2)−2 (2x) 
2

2

16

4

x

x

At 1 8

5
,( ), d 16

d 25

y
x

 gradient of  normal = 
25

16

Equation of normal: y −
8

5
 = 

25

16
(x − 1), 25 3

16 80
y x

4  
2 2

1 33 1

2
( ) 1 1 (2 )

x
f x x

f x x x′( ) ( ) ( )= − +( ) +− − −2

3
1 2 21

1
3 2

=
+ − +

2

3 2 1
1

2
3

2
( )x

x

Exercise 4L
1  f (x) = 4x + 1 + 

1

x

f  ′(x) = 4 − x −2 f  ″(x) = 2x −3 = 2

3x

2  f (x) = x 4 − 2x − 1

f  ′(x) = 4x 3 − 2 f  ″(x) = 12x 2

f  ′(0) = −2  f  ″(−1) = 12

3 f  (x) = x4 − 4x3 + 16x − 16

f  ′(x) = 4x3 − 12x2 + 16

f  ″(x) = 12x2 − 24x

f  (x) = (x + 2) (x − 2)3 ⇒ x = −2 or x = 2

f  (−2) ≠ f  ′(−2) ≠ f  ″(−2), 

but f  (2) = f  ′(2) = f  ″(2) = 0 so x = 2

4 f  (x) = x4 + rx2 + sx + t

f  (−1) = 16 ⇒ r − s + t = 15  (1)

f  ′(x) = 4x3 + 2rx + s

f  ′(−1) = −16 ⇒ s − 2r = −12 (2)

f  ″(x) = 12x2 + 2r

f  ″(−1) = 16 ⇒ 12 + 2r = 16 (3)

Solve equations (1), (2), (3) to fi nd r = 2, s = –8, 

t = 5.

5  s (t) = (t − 4)3 (3 − 2t)2

 a Velocity = s′(t) = (t − 4)3 2(3 − 2t) (−2)

 = 3(t − 4)2 (3 − 2t)2

 s ′(t) = (t − 4)2 (3 − 2t)[−4(t − 4) + 3(3 − 2t)]

 = (t − 4)2 (3 − 2t) (25 − 10t)

 s ′(4) = 0 ms−1

 b  s′(t) = (t − 4)2 (75 − 80t + 20t 2)

  s ″(t) =  (t − 4)2 (−80 + 40t) + 2(t − 4) 

(70 − 80t + 20t 2)

  =  (t − 4) [−80t + 40t 2 + 320 − 160t + 150 

− 160t + 40t 2]

 = (t − 4) (80t 2 − 400t + 470)

 acceleration = s″ (4) = 0 ms−2

 c  s″(t) = 80t 3 − 720t 2 + 2070t − 1880

 jerk = s′ ″(t) = 240t 2 − 1440t + 2070

 s′ ″(1) = 240 − 1440 + 2070 = 870 ms−1

6  f (x) = 
1

x
 = x −1

f  ′(x) = −x −2  f  ″(x) = 2x −3 f  ′ ″(x) = −6x −4

f  (4) (x) = 24x−5 f  (5) (x) = −120x−6

f  (n) (x) = 
1

!( 1)
n

n

n

x
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Exercise 4M
1 a y = x 2 − 3x + 1

 d

d

y
x
 = 2x − 3

 2x − 3 = 0 ∴ 
3

2
x  y = ( ) − ( ) + = −3

2

3

2

5

4

2

3 1

x x < 
3

2
x > 

3

2

d

d

y

x
− +

∴minimum value = when
− =( )5

4

3

2
x

 b  y = −2x3 + 6x 2 − 3)

 
d

d

y
x

 = − 6x 2 + 12x

 −6x 2 + 12x = 0 ∴ 6x(−x + 2) = 0

 x = 0 or 2 (0, −3) (2, 5)

x x < 0 0 < x < 2 x > 2

d

d

y

x
− + −

∴ minimum value = −3 (at x = 0)

 maximum value = 5  (at x = 2)

 c  y = 3x 4 − 2x 3 − 3x 2 + 4

 
d

d

y
x
 = 12x 3 − 6x 2 − 6x

 12x 3 − 6x 2 − 6x = 0 6x (2x 2 − x − 1) = 0

 6x (2x + 1) (x − 1) = 0

 x = 0, 1
2

 or 1 (0, 4) ( 1
2

, 59
16

) (1, 2)

x x < 1

2

1

2
 < x < 0 0 < x < 1 x > 1

d

d

y

x
− + − +

59 1

16 2
  minimum values are  at = and  

2 (at =1) maximum value = 4 (at = 0)

x

x x

 d  y = x 4 − 4x 3

 
d

d

y
x

 = 4x 3 − 12x 2

 4x 3 − 12x 2 = 0  4x 2 (x − 3) = 0

 x = 0 or 3  (0, 0) (3, −27)

x x < 0 0 < x < 3 x > 3

d

d

y

x
− − +

∴  horizontal point of  infl exion at (0, 0)

minimum value = −27 (at x = 3)

Exercise 4N
1 a  i x = −1 or 1 ii ]−∞, −1 [ ∪ ] 1, ∞[

  iii ]−1, 1[

 b  i x = −1
1

2

3

2
, ,  ii ] − [ ∪ ] ∞ [1

1

2

3

2
, ,

  iii ] − ∞ − [ ∪ ] [, ,1
1

2

3

2

2 a  i x = −
1

2
 ii ] − ∞ [1

2
,

  iii ] − ∞ − [,
1

2

3 a y = −3x 2 + 6x − 1

 
d

d

y
x

 = − 6x + 6 −6x + 6 = 0 ⇒ x = 1 (1, 2)

x x < 1 x = 1 x > 1

d

d

y

x
+ 0 −

maximum at (1, 2)

 f is increasing for −∞, 1[

 f is decreasing for 1, ∞[

 b 22y x x  2 2x

 
d

d

y
x  = x 

1

2
 (2 − x 2)

1
2 (−2x) + (2 − x 2)

1
2

 
1

2
22

1

22

2

2

x
x

x

 
22

2

(2

2

)x x

x

 = 
2

2

2 2

2

x

x

 
2

2

2 2

2

x

x

 = 0 ⇒ x = ± 1 (1, 1) (−1, −1)

x x < −1 x = −1 −1 < x < 1 x = 1 x > 1

d

d

y

x
− 0 + 0 −

 minimum at (−1, −1), maximum at (1, 1)

 increasing for ]−1, 1[

 decreasing for − − ∪[ ]⎡⎣ ⎤⎦2 1 1 2, ,

 c y = 
2

1

x

x
 

2 2

2 22 2

( (2 ) 1

( 1) ( 1)

1)x x x x

x x

 
d

d

y
x  = 0 when  x = ± 1 1

2
1,  1

2
1,

x x < −1 x = −1 −1 < x < 1 x = 1 x > 1

d

d

y

x
− 0 + 0 −

minimum at 1, maximum at 1,   − −1
2

1
2( ) ( ),

 increasing for ]−1, 1[

 decreasing for ]−∞, −1 [ ∪ ] 1, ∞[
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 d y = 
1
3x  (x − 2) = 

4
3x  − 2

1
3x

 
d

d

y
x

 = 
1
34

3
x  − 

2
32

3
x , 

1
34

3
x  − 

2
32

3
x  = 0

 ∴ 4x − 2 = 0 ∴ x = 1
3

1 1 3
2 2

2(2)
,

x x < 
1

2
x = 

1

2
x > 1

2

d

d

y

x
− 0 +

 minimum at 1

2

3

2

4
3

,
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

 increasing for , decreasing for,  ] [ ] [∞ ∞1

2

1

2
− ,

 e 2 22 2 2y x x x

 
d

d

y
x
 = x 2 1

2
 (2 − x 2)

1
2 (−2x) + 2x(2 − x 2)

1
2

 
1

2

23 3

2
2

2 (2 4 3

2
2

)x x x x x

x
x

 
d

d

y
x
 = 0 ⇒ 4x − 3x 3 = 0, x (4 − 3x 2) = 0

 x = 0, ± 2

3
 (0, 0), 

2

3

4

3

2

3
,

⎛
⎝⎜

⎞
⎠⎟

, −
⎛
⎝⎜

⎞
⎠⎟

2

3

4

3

2

3
,

x x < − 
2

3
x = − 

2

3 − 
2

3
 < x < 0 x = 0

d

d

y

x
+ 0 − 0

x 0 < x < 
2

3
x = 

2

3
x > 

2

3

d

d

y

x
+ 0 −

 maxima at and−⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

2

3

4

3

2

3

2

3

4

3

2

3
, , ,

 minimum at (0, 0),

 
2 2

3 3
,increasing for 2, 0

 
2 2

3 3
,decreasing for ,0 2

Exercise 4O
1 a y = 2x 3 + 3x 2 − 12x − 3

 d

d

y
x

 = 6x 2 + 6x − 12

 6(x 2 + x − 2) = 0

 6(x + 2) (x − 1) = 0

 x = −2 or 1

 
2

2

d

d

y

x
 = 12x + 6

  f  ″(−2) = −18 < 0  ∴ f has a maximum at 

(−2, 17)

  f  ″(1) = 18 > 0  ∴ f has a minimum at (1, −10)

 b y = −x 4 + 2x − 1

  d
d

y
x
 = −4x 3 + 2 −4x 3 + 2 = 0 ∴ x3  = 

1

2
 

1

3 2
x

= 0.794

 
2

2

d

d

y

x
 = −12x 2 < 0 ∴ maximum at (0.794, 0.191)

 c y = x 5 − 5x

  d
d

y
x
 = 5x 4 − 5 5x 4 − 5 = 0, x4 = 1, x = ±1

 
2

2

d

d

y

x
 = 20x 3

  f  ″(−1) < 0 ∴ maximum at (−1, 4)

  f  ″(1) > 0 ∴ minimum at (1, −4)

 d y = 2

12

2 3x x
 = 12(x 2 + 2x − 3)−1

  d
d

y
x

 = −12(x 2 + 2x − 3)−2 (2x + 2) 
2

2

24 ( 1)

2 3

x

x x

 d

d

y
x

 = 0 ⇒ x = −1

x x < −1 x = −1 x > −1

d

d

y

x
+ 0 −

  maximum at (−1, −3)

 e 
2

3 3 3 3

(3 ) 3

x x
x x x x

y

 d

d

y
x

  
2

2
2

(3

3

)3 (3 3)(3 2 )x x

x x

x x

 
2 2

2
2

9 3 6

3

9 9 6x x x

x x

x x

 
2

2 2

3 6

(3 )

9x x

x x
 

2

2 2

3( 2

(3 )

3)x x

x x
 

2 2

3(

(3 )

3) ( 1)x

x x

x

 
d

d

y
x

 = 0 ⇒ x = −3 or 1

x x < −3 x = −3 −3 < x < 1 x = 1 x > 1

d

d

y

x
+ 0 − 0 +

 maximum at , minimum at (1, 3)−( )3 1

3
,

2 b 2

1
8

x
x

y

i d

d

y
x

x x x
x

x x
x2

2

2 2

2

2 2

8 2 1

8

2 8

8
= =− + − −

+
− −

+
( ) ( )

( ) ( )

 d

d

y
x

 = 0 ⇒  (x − 4) (x + 2) = 0

x = −2 or 4

x x < −2 x = −2 −2 < x < 4 x = 4 x > 4

d

d

y

x
+ 0 − 0 +

 maximum at minimum at−( ) −( )2 41
4

1
8

, ,
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ii f is increasing for ]−∞, −2 [ ∪ ] 4, ∞[

 f is decreasing for ]−2, 4[

iii 

0 2 64–2–4–6 x

y

(1, 0)

1
8

– 1
8

1
4

(4, –    )1
8

(0,     )1
8

(–2,     )1
4

Exercise 4P
1 a y = x 3 − x

i d

d

y
x

 = 3x 2 − 1 
2

2

d

d

y

x
 = 6x

 
2

2

d

d

y

x
 = 0 ⇒ x = 0

x x < 0 x = 0 x > 0

2

2

d

d

y

x

− 0 +

 point of  infl exion at (0, 0)

ii concave up for ]0, ∞[

 concave down for ]−∞, 0[

 b y = x 4 − 3x + 2

i d

d

y
x
 = 4x 3 − 3 

2

2

d

d

y

x
 = 12x 2

 
2

2

d

d

y

x
 = 0 ⇒ x = 0

x x < 0 x = 0 x > 0

2

2

d

d

y

x

+ 0 +

 no point of  infl exion

ii concave up for ]−∞, 0 [ ∪ ] 0, ∞[

 c 24y x x  where x ∈ [0, 4]

i d

d

y
x
 1

22

1
2 21 2

2
4

4 (4 2 ) x

x x

x x x

 
2

2

d

d

y

x
 =

−( ) ( ) ( )
( )

− − − − −

−

−
4 2

1

2
4 4 2

4

2

1
2 2

1
2

2

x x x x x x

x x

( )

 

2 2

3
22

4 (2 )

4

x x x

x x

 
2 2

3
22

4 4 4

4

x x x x

x x

 3
22

4

4

x

x x

 
2

2

d

d

y

x
 < 0 ∴ no points of  infl exion

ii concave down for [0, 4]

 d 
2
31y x

i d

d

y
x
 

1
32

3
1x  

2

2

d

d

y

x
 

4
32

9
1x

 
2

2

d

d

y

x
 

4
3

2

9( 1)x

  
2

2

d

d

y

x
 ≠ 0 

∴ no points of infl exion

ii x x < 1 x > 1

2

2

d

d

y

x
− 0

   concave down for ]− ∞, 1[∪]1, ∞[

 e 
2

3

1

x
x

y

i d

d

y
x

 
2

2

6 ( 1) 3

( 1)

x x x

x
 

2

2

3 6

( 1)

x x

x

 
2

2

d

d

y

x
 = − − −

−

− −( ) ( ) (

( )

) ( )x x x

x

x x1 6 6 3

1

2 2

4

6 2 1

 
2

3

( 1) (6 6) (3

( 1)

6 )2x x x

x

x

 = − + −

−

+6 12 6 6

1

2 2

3

12x x x

x

x

( )

 3

6

( 1)x

 
2

2

d

d

y

x
 ≠ 0 ∴ no points of  infl exion

ii x x < 1 x > 1

2

2

d

d

y

x
− +

  concave up for ]1, ∞[, concave down for 

]−∞, 1[

Exercise 4Q
1  s (t) = −5t 2 + 5t + 10

 a  s (0) = 10 m

 b  −5t 2 + 5t + 10 = 0

 t 2 − t − 2 = 0

 (t − 2) (t + 1) = 0

 ∴ t = 2 seconds

 c  v (t) = −10t + 5  a(t) = −10

  v (2) = −15 ms–1 a(2) = −10 ms–2

  The diver is moving downwards and speeding 

up when he hits the water.

2  s = 50t − 15t 2

 a  v = 50 − 30t = 0 when t 5

3

  maximum height = ( ) =5 m5

3

2

3
41
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 b  20 = 50t − 15t 2

 3t 2 − 10t + 4 = 0

 t = 0.4648 or 2.8685

 v  = 50 − 30t v (0.4648) = 36.1 ms–1

 v  (2.8685) = −36.1 ms–1

  speed = 36.1 ms–1 upwards (when t = 0.4648) 

and downwards (when t = 2.8685)

 c  a = −30 ms –2

 d  50t − 15t 2 = 0

 5t (10 − 3t) = 0

 ∴ rock hits the ground again when t = 10

3
s

3  s = 7t + 5t 2 − 2t 3

 a  v = 7 + 10t − 6t 2 a = 10 − 12t

  v (0) = 7 ms–1 a(0) = −10 ms–2

  Initially the particle is moving in a positive 

direction and is slowing down.

 b  v (2) = 3 ms–1  a(2) = −14 ms–2

  The particle is moving in a positive direction 

and slowing down.

4  s = 10t 2 − t 3

 a  s (3) = 63m  ∴ average velocity = 
63

3
 = 21 ms–1

 b  v = 20t − 3t 2  a = 20 − 6t

  v (3) = 33 ms–1  a(3) = 2 ms–2

 c  Speeding up.

 d  20t − 3t 2 = 0

  t (20 − 3t) = 0

  t = 0 or 
20

3
 direction changes when t = 20

3
s

5  s (t) = 
1

3
 t 3 − 3t 2 + 8t

 a  v (t) = t 2 − 6t + 8 a (t) = 2t − 6

 b i t 2 − 6t + 8 = 0

  (t − 2) (t − 4) = 0

  t = 2 s or 4 s

   ii t 0 < t < 2 2 < t < 4 t > 4

v + − +

t 0 < t < 3 t > 3

a − +

   v and a have the same sign for 2 < t < 3 

and t > 4 ∴ the particle is speeding up at 

these times.

 iii  the particle is slowing down for 0 < t < 2 

and 3 < t < 4

 c  a (2) = −2 ms–1  a (4) = 2 ms–2

  the particle changes direction from positive to 

negative when t = 2s and from negative to 

positive when t = 4s.

 d  t = 2s and t = 4s.

 e  0 − 2s distance = s (2) − s (0) = 6 2
3
 − 0 = 6 2

3

  2 − 4s distance = s (4) − s (2) = 5
1

3
 − 6 2

3
 = −1

1

3

  4 − 5s distance = s (5) − s (4) = 6 2
3
 − 5

1

3
 = 1

1

3

  total distance = 6 2
3
 + 1

1

3
 + 1

1

3
 = 9 1

3
m

Exercise 4R
1 c(x) = 20 000 + 180 x − 0.1x2

 a c′(x) = 180 − 0.2 x

 b c′(100) = 180 − 0.2 × 100

   = 160 euros / tank

 c  c(101) − c(100) = 159.9 ⇒ cost of  producing 1 

extra tank is nearly the same as the marginal 

cost function.

2 a i p(x) must be > 0 so 0.002 x < 7 i.e. x < 3500

  ∴ domain is 0 < x < 3500

  ii  c ′(x) = 3 euros / unit ⇒ it will always cost 

3 euros to make an extra memory stick

  iii r(x) = x(7 − 0.002 x)

 b  Break-even points: r(x) = c(x) when 

7x = 0.002 x2 = 500 +3x 

i.e. 0.002 x2 − 4x + 500 = 0 

 ⇒ x = 
4 16 4

0 004

-
.

 = 134 or 1870 (3 sf).

  For profi t, need to make x memory sticks 

where 134 < x < 1870.

3 Average cost per 100 units = 
c x

x

( )
 = 500 + 

1000

x

To minimize cost, need 
d

dx
 
( )c x

x

æ ö÷ç ÷ç ÷ç ÷çè ø
 = 0

⇒ 500 − 
1000

2x
 = 0

⇒ x2 = 2 ⇒ x = 1.41 (3 sf)

∴ costs are minimised by making 141 units.

4 b r(x) = 35x − 3 and p(x) = r(x) − c(x)

  so p(x) =  35x − 3 − 400 − 20x + 0.2x2 

− 0.0004x3

 = 15x − 403 + 0.2x2 − 0.0004x3

 p′(x) = 15 + 0.4x − 0.0012x2 = 0

 ⇒  x = 367, so 367 jackets must be made to 

maximise profi t.

c  Minimising costs will not necessarily 

maximise profi ts.
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Exercise 4S
1 

(x, 10 – x2)

0 x

y

A = 2x (10 − x 2)
= 20x − 2x 3

A′ = 20 − 6x 2

20 − 6x 2 = 0 ⇒ x = 10
3

A″ = −12x

 If  x = 10
3

, A″ < 0 ∴ max.

base = 2 10
3

 height = 10 10

3

20

3
− =  (3.65 by 6.67)

2 

800 – 2x

x x

A = x (800 − 2x)

= 800x − 2x 2

A′ = 800 − 4x

A′ = 0 ⇒ x = 200

A″ = −4 < 0 ∴ maximum

 maximum area = 200 × 400 = 80 000 m 2

3 

x

y

x + 2y + 
2

x
 = 4

2x + 4y + πx = 8

y 8 2

4

x x

A = xy 1

4
 (8x − 2x 2 − πx 2)

A′ 1

4
 (8 − 4x − 2πx)

A = 0 ⇒ x (4 + 2π) 8

x 8

4 2
 = 0.778 y = 1

A″ 1

4
 (−4 − 2π) < 0 ∴ maximum

dimensions: 
8

4 2
m by 1m

Exercise 4T
1 a 3y 2 + x 2 = 4

 6y d

d

y
x

 + 2x = 0 ∴ 
d

d 3

y
x y

= −x

 b  y 4 = x 3 + 1

 4y 3 d

d

y
x

 = 3x 2 
2

3

d

d 4

y x
x y

 c  x 2 + y 2 − 3x + 4y = 2

 2x + 2y d

d

y
x

 − 3 + 4 
d

d

y
x

 = 0

 d

d

2

2

y
x y

=
+

3 − x
4

 d  2x 2 − 3x 2y 2 + y 2 = 9

 4x − 3(x 2 2y d
d

y
x

 + 2xy 2) + 2y d
d

y
x
 = 0

 4x − 6x 2y d
d

y
x

 − 6xy 2 + 2y d
d

y
x

 = 0

 d

d

y
x

xy x

y x y
=

−

−3 2

3

2

2

 e  (x + y)2 = 5 − 2x

 2(x + y) 
d

d
1 y

x
 = −2

 1 + 
d

d

y
x
 = 1

x y

 d

d

y
x
 = 1

x y
 −1 =− + +

+
( )1 x y

x y

 f  x 2 
x y
x y

 x 3 + x 2y = x − y

 3x 2 + x 2 d

d

y
x

 + 2xy = 1 − d

d

y
x

 d

d

y
x

(x2 + 1) = 1 – 3x2 – 2xy

 
d

d

y
x

x xy

x
= 1 3 2

1

2

2

− −

+

2  x 2 − y 2 = 9  (5, 4)

2x − 2y d

d

y
x

 = 0 ∴ d

d

y
x

 = 
5

4

x
y

y − 4 = 
5

4
 (x − 5)

y x= −5

4

9

4

3  y 2 = 3x + 1  (1, −2)

2y d

d

y
x

 = 3 d

d

y
x

 = 
3 3

2 4y

y + 2 = 4

3
 (x − 1)

y x= −4

3

10

3

4  x 2 − 3 xy + 2y 2 = 5  ( 3, 2)

2x − d

d
3 y

x
x y  + 4y d

d

y
x
 = 0

− 3 d
d

y
x

 + 4y d
d

y
x

 = 3 y − 2x

d 2

d 4

3

3
0y x

x y x
y

Tangent: y = 2  Normal: x = 3

5  x 2 + y 2 − 6x − 8y = 0

2x  + 2y d
d

y
x

 − 6 − 8 d

d

y
x
 = 0

d 3

d 4

y x
x y

 d

d

y
x

 = 0 ⇒ x = 3

9 + y 2 − 18 − 8y = 0



Worked solutions: Chapter 4© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

WORKED SOLUTIONS

11

y 2 − 8y − 9 = 0

(y − 9) (y + 1) = 0

y = 9 or −1

stationary points (3, 9), (3, −1)

6  3x 2 + 2xy + y 2 = 3  (1, −2)

6x  + 2x d
d

y
x

 + 2y + 2y d
d

y
x
 = 0

d (3 )

d

y x y
x x y

 = − 
(3 2)

1
 = 1

3x + x d
d

y
x
 + y + y d

d

y
x

 = 0

3 + x 
2

2

d

d

y

x
 + d

d

y
x

 + d

d

y
x

 + y 
2

2

d

d

y

x
 + 

2
d

d

y
x

 = 0

3 + 
2

2

d

d

y

x
 + 2 − 2 

2

2

d

d

y

x
 + 1 = 0

2

2

d

d

y

x
 = 6

7  x 2 + xy + y 2 = 3

y = 0 x 2 = 3 x = ± 3

2x + x d
d

y
x
 + y + 2y d

d

y
x

 = 0

d

d

y
x

 = 
(2 )

2

x y
x y

At ( 3, 0) d

d

y
x
 = −2 At (− 3, 0) d

d

y
x

 = −2

∴ tangents are parallel

9  x + y = x 2 − 2xy + y 2

a 1 + d

d

y
x

 = 2x − d

d
2 y

x
x y  + 2y d

d

y
x

 1 + d

d

y
x

 = 2x − 2x d

d

y
x

 − 2y + 2y d
d

y
x

 d

d

y
x

 + 2x d

d

y
x

 − 2y d
d

y
x

 = 2x − 2y − 1

 
d

d 2

y
x

x y
x y

= − −
− +

2 2 1

2 1

b 1 − d

d

y
x

 = 1 − 
( )

( )

2 2 1

2 2 1

x y
x y

− −
− +

 = 2 2 1 2 2 1

2 2 1

x y x y
x y

− + − + +
− +

 1 2

2 2 1
− =

− +
d

d

y
x x y

c 
2

2

d

d

y

x
 

2

d d
(2 2 1) 2 2 (2 2 1) 2 2

d d

(2 2 1)

y y
x y x y

x x

x y

 
2

d
4 4

d

(2 2 1)

y
x

x y

 =
− − −

− +

− +

4 4
2 2 1

2 2 1

2 2 1
2

( x y
x y

x y

)

( )

 
3

4(2 2 1) 4(2 2 1)

(2 2 1)

x y x y

x y

 
3

8

(2 2 1)x y
 = ( )− +

2

2 2 1

3

x y

 ∴ d

d

d

d

32

2
1y y

x x
= −( )  (from b)

Exercise 4U

1  A = πr 2 
d d

d d
= 2A r

t t
r

2  A = 2πr 2 + 2πrh
d

d

A
t

 = 4πr d

d

r
t
 + 2πr d

d

h
t
 + 2πr d

d

r
t

d d d

d d d
= (4 2 ) 2

A r h
t t t

r h r

3  Let x = diagonal of  the box.

 x 2 = l 2 + w 2 + h 2

2x d
d

x
t
 = 2l d

d

l
t
 + 2w 

d

d

w
t

 + 2h 
d

d

h
t

d

d

d

d

d

d

d

d=x
l w h

t
t t t

l w h

l w h

+ +

+ +( )2 2 2
1
2

4  d
d

l
t
 = 2 cm s−1 d

d

w
t

 = −2 cm s−1 l = 12 cm, w = 5 cm

 a  A = lw

 d

d

A
t

 = l d
d

w
t

 + w d
d

l
t

 = 12(−2) + 5(2)

 = −14 cm2 s−1

 b  p = 2l + 2w

 d

d

p
t
 = 2 d

d

l
t
 + 2 d

d

w
t

 = 2(2) + 2(−2)

 = 0 cms−1

c  Let x = diagonal of  the rectangle.

  x 2 = l 2 + w 2

  2x d
d

x
t
 = 2l d

d

l
t
 + 2w 

d

d

w
t

 (l = 12, w = 5, x = 13)

 13 d
d

x
t
 = 12(2) + 5(−2)

 
d

d
cmsx

t
= −14

13

1

5  d
d

v
t
 = 1.5 m3s−1 v = 81 m3 x = 813  m

Let x = side length of  cube

V = x 3  A = 6x 2

d

d

A
t

 = d

d

v
t
 × d

d

x
v
 × d

d

A
x

= 1.5 × 2

1
3x  × 12x

= 6
x

d

d

A
t

 = 
3

6

81
 = 1.39 m2 s−1
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6 

0 3 m

5 m

x

y

When x = 3 m, 
d

d

x
t
 = 0.5 ms−1

 a  x 2 + y 2 = 25

 2x d
d

x
t
 + 2y d

d

y
t
 = 0

 3(0.5) + 4 d
d

y
t
 = 0

 d

d

y
t
 = −0.375

 ∴ 0.375 ms−1 down the wall

b A = 
1

2
 xy 

d

d

A
t

 = 
1

2
 x 

d

d

y
t
 + 

1

2
 y 

d

d

x
t

 = 
1

2
 (3)(−0.375) + 

1

2
 (4)0.5

 = 0.4375 m2 s−1

7  d
d

A
t

 = 2 cm2s−1

A = πr 2

d

d

A
t

 = 2πr d
d

r
t
  (r = 5)

2 = 10 π  d
d

r
t
   d

d

r
t
 1

5
 = 0.0637 cms−1

10  1d

d

r
t
 = 1.2 ms−1  2d

d

r
t
 = 1.5 ms−1

A = 2 2
1 2r r

1 2
1 2

d dd

d d d
2 2

r rA
t t t

r r

= 2π (9 × 1.2 − 1 × 1.5)

= 18.6π = 58.4 m2s−1

Review exercise

1 a lim
x →

=−
1

1x
x

3 3

1

− 
+

b lim
x →0

x
x

2
1−  does not exist since the domain 

is ]−∞, −1] ∪ [1, ∞[

c 
0

3 1lim 1.10 (3sf )
x

x x

d lim
x

x

x

x
→

+ =
0

3
2

2
4

2

e lim
x

x

x→∞ +
=5

2

2

3
1

0

f lim
x x→−∞ +

=7

3
1

0

✗

2 
2

3

2 2

6 2

x x x
y

x x x

f  (2) = 8 
2

lim ( ) 4
x

f x

f (x) is not continuous at x = 2

3 an 
2

3

2 3

2

n

n
  sequence converges since

an → 0 as n → ∞.

4 3 1

50

( )−⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

=

∞
∑

n

n
n

  is a geometric series with r = − 1

5

      
hence it converges.

3 2 51

5

3

1
1
5

0

( ) .−

−

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟ −( )= =∑

=

∞ n

n
n

5 Geometric series with, r = 
2

1

1 a

2

1

1 a
 < 1 provided a ≠ 0

sum = 
a

a

a a

a
a

2

2

2 2

2

1
1

1

1

1

1
1 2

−
+

+
= = ++

−

( )

6 
3 2

2 3

2 5x x

x x
y

a  y = − 1

b 
3 2

2 3

2 5 1x x

x x

 
3 2 2 3

2

2 5

5

x x x x

x
 5x

 ( , ) ( , )5 1 5 1− − −

7 
2

2 1

1

x

x
y   (0, 1)

2

2 2

d 2( 1) 2 (2 1)

d ( 1)

y x x x

x x

If  x = 0, 
d

d

y
x

 = 2

Tangent: y − 1 = 2x      y = 2x + 1

Normal: y − 1 = −
1

2
x  y x= − +1

2
1

9 x + y = −3  gradient = −1

1y x x

d

d

y

x
x x x= + + +

−1

2
1 1

1
2

1
2( () )

1

2

2( 1)

2( 1)

x x

x

= 
1

2

3 2

2( 1)

x

x
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1

2

3 2

2( 1)

x

x

 = −1 
1
23 2 2( 1)x x

(3x + 2)2 = 4(x + 1)

9x 2 + 12x + 4 = 4x + 4

9x 2 + 8x = 0

x (9x + 8) = 0

x = 0 or 
8

9

If  x = 0, 
d

d

y
x

 = 1 If  x = 
8

9
, 

d

d

y
x

 = −1

1y x x  is parallel to the line x + y = −3 

at 8 8

9 27
,

10 
d

d

y
x

 = 
1

2
 (8x 3 − 15x 2 − 10x +3) = −7

normal: y + = −( )5

2

1

7
1x

1 37

7 14
y x

1

2
 (2x 4 − 5x 3 − 5x 2 +3) 

1 37

7 14
x

14x 4 − 35x 3 − 35x 2 + 21x = 2x − 37

14x 4 − 35x 3 − 35x 2 + 19x +37 = 0

x = 3.0782 y = −2.2031 (3.08, −2.20)

11 
3

( ) ( )f x g x  
3 1

8

1
2

(0)f  1

8
0,

2
( ) 3 ( ) ( )f x g x g x

2
1 8

2 3
(0) 3 2f

y + 
1

8
 = 2x or y x= −2 1

8

12 a y = (1 − 3x)7 (3x + 5)3

  
d

d

y
x

 =  (1 − 3x)7 3(3x + 5)2 3 + (3x + 5)3 

7(1 − 3x)6 (−3)

 =  9(1 − 3x)7 (3x + 5)2 − 21 (1 − 3x)6

 (3x + 5)3

 =  3(1 − 3x)6 (3x + 5)2 [3(1 − 3x) − 7

(3x + 5)]

  = 3(1 − 3x)6 (3x + 5)2 (−30x − 32)

  = −6(1 − 3x)6 (3x + 5)2 (15x + 16)

b y x x= − +( )4 3 12 5

 
d

d

y

x
x x x= − + −5

2
4 3 1 8 32

3
2( ) ( )

c 
2

3

1

x

x
y  x ≠ −1

 

1 1
22 21

( 1) 2 ( 1) ( )
d 2

d ( 1)

3x x x x
y

x x

 
2

3
2

4 ( 1) ( )

2( 1)

3x x x

x

 = + +

+

3

2 1

2

3

2

4 3x

x

x

( )

d 2 1y x x  

1
1 2

2 2( 1)x x

 
d

d

y
x

 

1
1 12

2 22 21 1

2 2
( 1) 1 ( 1) 2x x x x

 

1
2 2

1
1 2

2 2

1 (

2 (

1)

1)

x x

x x

 

1
2 2

1
1 1 2
22 2 2

(

2 (

1)

1 1)

x x

x x x

 

1
1 2

2 2

1

22

(

2

1)

1

x x

x

 

1
2 2

2

(1

2

1)

1

x x

x

e y = (x + 2 + (x − 3)8)3

 
d

d

y
x
 = 3(x + 2 + (x − 3)8)2 (1 + 8 (x − 3)7)

13 f (x) = ax 3 + 6x 2 − bx

f  ′(x) = 3ax 2 + 12x − b

f  ″(x) = 6ax + 12

f  ″(1) = 0 ∴ 6a + 12 = 0 ∴ a = −2

f  ′(−1) = 0 ∴ −6 − 12 − b = 0 ∴ b = −18

14 
1

3 33 3y x x x x

a (0, 0) 
1 2
3 3( 3) 0x x

 
2
30 or 3x x

 x = ± 27 ( , ) ( , )27 0 27 0−
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b 
2

3d

d
(1 )

y

x
x

 
2

31 x  = 0 ∴ 1 = 
2

3

1

x

 
2
3 1x  x = ± 1

 
2

2

d

d

y

x
 = 

2

3

2

3

5
3

3 5

x
x

−

=

 If  x = 1, 
2

2

d

d

y

x
 > 0 ∴ minimum at (1, −2)

 If  x = −1, 
2

2

d

d

y

x
 < 0 ∴ maximum at (−1, 2)

c 
2

2

d

d

y

x
 ≠ 0 ∴ no points of  infl exion

d x x < −1 x = −1 −1 < x < 1 x = 1 x > 1

d

d

y

x
+ 0 − 0 +

 i function increases for ]−∞, −1 [ ∪ ] 1, ∞[

 ii function decreases for ]−1, 1[

15 
2

2

1

x

x
y

a x = 1, x = −1, y = 0

b f (−x) 
2 2

2 2

( ) 1 1

x x

x x
 = −f (x)

 ∴ function is odd

c d

d

y
x
 

2

2 2

( 1)2 2 (2 )

( 1)

x x x

x

 = 
− −

−
<2 2

1

2

2 2
0x

x( )

 ∴ <d

d

y

x
0

 d 

0 2

2

4–2–4 x

y

4

–4

–2
x = 1

x = –1

16 
2

2

( 3)

3

( )
x

x
f x

a (0, − 3) (3, 0) x = ± 3  y = 1

b f x x

x

x x x′( )
(

(

) ( ) ( )

)
= − − − −

−

2 2

2 2

3 2 3 2 3

3

 
2

2 2
(

2( 3)[ 3 ( 3)]

3)x

x x x x

 
2 2

(

2( 3)(3 3)

3)x

x x
 

2 2
(

6( 3)( 1)

3)x

x x

 f  ′(x) = 0 ⇒ x = 3 or 1

 f  ′(x) = − +

−

6 24 18

3

x x

x

2

2 2
( )

 f  ″(x) 
2 2 2 2

2 4

( (6

(

3) (12 24) 2( 3)2 24 18)

3)

x x x

x

x x x

 
2 2

2 3

(

(

3)(12 24) 4 (6 24 18)

3)

x x

x

x x x

 
3 2

2 3
(

12 72 108 72

3)x

x x x

 If  x = 3, f  ″(x) > 0 ∴ minimum at (3, 0)

 If  x = 1, f  ″(x) < 0 ∴ maximum at (1, −2)

c f  ″(x) = 0 ⇒ x = 4.1958

x x < 4.1958 x > 4.1958

f ″(x) + −

 ∴ point of  infl exion at (4.20, 0.0979)

d i  increasing for ]−∞, − 3 [ ∪ ] − 3, 

1[ ∪ ]3, ∞[

 ii decreasing for ]1, 3 [ ∪ ] 3, 3[

e 

0 4

4

8–4–8 x

y

8

–8

–4

x = –√3 x = √3

y = 1 (4.20, 0.0979)

(1, –2)
(3, 0)

(0, –3)

17 x = y 5 − y 0 = y (y 4 − 1)

y = 0, ±1 (0, 0) (0, 1) (0, −1)

d

d

x
y
 = 5y 4 − 1 ∴ 

d

d

y
x

 
4

5

1

1y

At (0, 0) 
d

d

y
x

 = −1

At (0, 1) d

d

y

x
= 1

4

Review exercise
1 (1.5, 0) (x, x )  Let l = distance

l 2 = (x − 1.5)2 + x

 = x 2 − 2x + 2.25
1

2 2( 2 2.25)l x x
1

2 2d 1

d 2
( 2 2.25) (2 2)l

x
x x x

1
2 2

1

( 2 2.25)

x

x x

d

d

l
x

 = 0 ⇒ x = 1
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x x < 1 x = 1 x > 1

d

d

y

x
− 0 +

∴ minimum distance when x = 1

minimum distance = 1 25.

2 Let r = radius, x = side of  square

4πr + 4x = 80

x = 20 − πr

A = 2πr 2+ x 2

= 2πr 2+ (20 − πr)2

= 2πr 2+ 400 − 40πr + π2r 2

d

d

A

r
 = 4πr − 40π + 2π2r

d

d

A

r
 = 0 ⇒ 4πr + 2π2r = 40π

2r + πr = 20

20

2
r

2

2

d

d

A

r
 = 4π + 2π2 > 0 ∴ minimum

20

2
r

3 d

d

r
t
 = 3 cm min−1 d

d

h
t
 = −4 cm min−1

v = πr 2h
2d d d

d d d
2

v h r

t t t
r rh

= π(81) (−4) + 2π (9)(12)(3)

= 324π cm3 min−1

increasing at a rate of  324π cm3 m−1

4 

x

y

xy = 180 
180

x
y

printing area, A = (x − 2)(y − 3)

A = xy − 3x − 2y + 6

360180 3 6
x

x

d

d

A
x

 = − +3 360

x
2

d

d

A
x

 = 0 ⇒ 3x 2 = 360

x 2 = 120

120x  = 10.95 y = 16.43
2

2 3

d 720

d

0A

x x
 ∴ maximum

∴ dimensions are 11.0 cm by 16.4 cm

5 d

d

x
t
 1

1 2x
 = (1 + 2x)−1

acceleration 
2

2

d

dt

x  = −(1 + 2x)−2 2 d

d

x
t

3

2

(1 + 2 )x

At x = 2, acceleration = −2

125
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WORKED SOLUTIONS

Answers
Skills check
1 f  (x) = 

1

x

x
, x ± 1

inverse: x = 
1

y

y

x (y − 1) = y

x y − y = x

y (x − 1) = x

y = 1

x

x

f  −1(x) = 
1

x

x
, x ≠ 1

∴ f  −1(x) = f  (x)

0 2

2

4–2–4 x

y

4

–4

–2

x = 1

y = 1

2 f  (x) = ax − b g(x) = 
x b

a

f  °g (x) = f  
x b

a
 = a x b

a
 − b = x

g ° f (x) = g(ax − b) = 
ax b b

a
 = x

∴ f  °g (x) = g ° f (x)

Exercise 5A
1 u

1
 = 1 u

n
 = 

u

u

n

n

+

−+
1

1
1

 n ∈ +

u
2
 = 

1

2
 3

1

2

3

2

1

3
u

4

1

3

4

3

1

4
u

 5

1

4

5

4

1

5
u

1 1

2

1

3

1

4

1

5
, , , ,

 

un n
= 1

2 u
1
 = 2 u

n
 = u

u
n

n

−

−+
1

1
1

n ∈ +, n ≥ 2

2

2

1
2u  3

2

3
u

Aesthetics in mathematics5
4

2
23

5 5
3

u
 5

2
25

7 7
5

u

6

2
27

9 9
7

u  
2 2 2 2

3 5 7 9
2, 2, , , ,  

2

2 3n n
u

3 a u
0
 = 2 u

n
 = 

 1

1

2
n

u n n ∈ +

 u1 2 1

2

3

2
= − =  u2

3

2

1

4

5

4
= − =

 u3

5

4

1

8

9

8
= − =  4

9 1 17

8 16 6
u

 
u5

17

16

1

32

33

32
= − =

 

3 5 9 17 33

2 4 8 16 32
2, , , , ,

b un

n

n
= +2

2

1

c P n un

n

n
( ) : = +2

2

1

P u( )0 20

2

2 1

0

0
⇒ = = =+ 1 2

 ∴ P (0) is true

 Assume P (k) uk

k

k
= +2

2

1

 Prove P (k + 1) u uk k k+ = −
+1

2
1

1

 = −
+

2 1 1
k

k

+

2 2
1k

 
=

+

2(2 1) 1
k + −

2
1k

 =
+

2 2 1
1k + + −

2
1k

 
=

+

2 1
1k + +

2
1k

 ∴ P (k) ⇒ P (k + 1) and P (0) is true

 ∴ by mathematical induction, un

n

n
= +2

2

1

4 a u
1
 = 1 u

n
 = u

n−1
 + 2

n
 −3, n ∈ 

 u
2
 = 1 + 4 − 3 = 2

 u
3
 = 2 + 6 − 3 = 5

 u
4
 = 5 + 8 − 3 = 10

 u
5
 = 10 + 10 − 3 = 17 1, 2, 5, 10, 17
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b P (n) : un = n2 − 2n + 2

 P (1) ⇒ u
1
 = 12 − 2(1) + 2 = 1 ∴ P (1) is true

 Assume P (k) u
k
 = k2 − 2k + 2

 Prove P (k + 1) u
k+1

 = u
k
 + 2(k + 1) − 3

  = k2 − 2k + 2 + 2k + 2 − 3

= k2 + 1

(k + 1)2 − 2 (k + 1) + 2 =  k2 + 2k + 1 

− 2k − 2 + 2

 = k2 + 1

 ∴ u
k+1

 = (k + 1)2 − 2(k + 1) + 2

 ∴ P (k) ⇒ P (k + 1) and P (1) is true

 ∴ by mathematical induction, u
n
 = n2 − 2n + 2

Exercise 5B

1 a 
2
3(64)  = 42 = 16

b 
1
38 2

27 3

c 

3 3
3

4 481 16 2 8

16 81 3 27

2 a 
b

x

x
− −

−

⎛

⎝
⎜

⎞

⎠
⎟

3 2

2

3

8
= ⎛

⎝⎜
⎞
⎠⎟

=
− −

8

3 2

2

3

8 3 3
2
3x

b x
x b( )

∴ b x

x
xb b x

−

−

−⎛

⎝
⎜

⎞

⎠
⎟ = =

3

2

32

8
2 42 2 2( )

b 
a a

a

a

a

a

a

− −

−

−

−

−

−

− = −
1 2

3

1

3

2

3
 = a2 − a = a(a − 1)

c 
x x

x

x

x

3 7

4

4

4
1× −

−

−

−
= =

3 3 23y y  = 
23
32y y  = 

3 2 5
2 3 6y y

when y = 64, 
5
6y  = 

5
6 64  = 25 = 32

4 
(

( )

)x y z x y z

x z

4 3 2 5 2

7

2

− −×
 =

− −
×x y z x y z

x z

8 2 6
5

2

1

2

7

2

7

2

=
−

x y z

x z

11

2
3

11

2

7

2

7

2

 = x2 y3 z−9

= x y

z

2 3

9

5 5 × 43n + 1 − 20 × 82n = 5 × (22)3n+1 − 20 × (23)2n

 = 5 × 26n+2 − 20 × 26n

 = 5 × 22 × 26n − 20 × 26n

 = 20 × 26n − 20 × 26n

 = 0

6 4x + 2 = 3 × 2x

(2x)2 − 3(2x) + 2 = 0

(2x − 1) (2x − 2) = 0

2x = 1 or 2x  = 2

x = 0 or 1

Exercise 5C
1 250000 (1 + r)20 = 450000

(1 + r)20 = 1.8

1 + r = 1.0298

r = 0.0298 = 2.98% = 3% (nearest percent)

2 a 61.08 = 17.48 (1 + r)7

 (1 + r)7 = 3.494

 1 + r = 1.1957

 r = 0.196 = 19.6%

b 77.45 = 61.08 (1 + r)4

 (1 + r)4 = 1.268...

 1 + r = 1.0612

 r = 0.0612 = 6.12%

c 97.87 = 72.99 (1 + r)12

 (1 + r)12 = 1.3408

 1 + r = 1.0247

 r = 0.0247 = 2.47%

3 Samira: After 15 years (60 quarters), she will 

have

 1000 1
0 08

4

60

+⎛
⎝⎜

⎞
⎠⎟

.
 = 1000  (1.02)60

 � $ 3280

 Hemanth: 500(1.08)15 + 500 1
0 084

12

12 15

+⎛
⎝⎜

⎞
⎠⎟

×
.

 = 500(1.08)15 + 500 (1.007)180

 = 1586.08 + 1754.99

 � $ 3340

4 End of 
year

Amount owing Pays back

1 15000 × 1.05 = 15750 10500

2 5250 × 1.05 = 5512.5 3675

3 1837.5 × 1.05 = 1929.375 1286.25

4 643.125 × 1.05 = 675.28 450.1875

5 225.09375 × 1.05 = 236.348 157.565625

16069.00313

∴ Guiseppe has paid back approx. € 16700

Exercise 5D
1 Red curve: (1,2.5) 2.5 = a1 ∴ a = 2.5

Blue curve: (−1, 4)  4 = a−1 ∴ a = 
1

4

2 f (x) = 2x f (x + 1) = 2(x+1) = 2(2x) = 2f  (x)

f (x + a) = 2x+a = 2a(2x) = 2a f  (x) 

3 

0 2

2

4–2–4 x

y

4
f(x) = 2xg(x) = 2–x

 

0 2

2

4–2–4 x

y

4
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4 ex + 1 = ex+1

x = − 0.541

5 a reflection in the y-axis

b refl ection in the x-axis

c rotation of  180° about the origin (or refl ection is 

the y-axis followed by refl ection in the x-axis)

0 2

2

4–2–4 x

y

4

–4

–2

y = exy = e–x

y = –exy = –e–x

Exercise 5E
1 a 53 = 125 ⇒ log

5
 125 = 3

 b 103 = 1000 ⇒ log
10

 1000 = 3

 c 27
1

3 = 3 ⇒ 
27

1

3
log 3

 d 10−3 = 0.001 ⇒ log
10

 0.001 = − 3

 e m = n2 ⇒ log
n
 m = 2

 f  ab = 2 ⇒ log
a
 2 = b

2 a log
3
 9 = 2 ⇒ 32 = 9

 b log
10

 1000000 = 6 ⇒ 106 = 1000000

 c log
49

 7 = 
1

2
 ⇒ 49

1

2 = 7

 d log
a
 1 = 0 ⇒ a0 = 1

 e log
4
 a = b ⇒ 4b = a

 f log
p
 q = r ⇒ pr = q

3 a log
8
 64 = 2

 b log
9
 3 = 

1

2

 c log
10

 0.01 = − 2

 d log
144

 12 = 
1

2

 e log
37

 1 = 0

 f loga a3 1

3
=

4 a log
x
 81 = 2 ∴ x2 = 81 ∴ x = 9

 b log
3
 x = 4 ∴ 34 = x ∴ x = 81

 c log
11

 121 = x ∴ x = 2

 d log
x
 5 = 

1

3
   ∴ x

1

3 5=    ∴ x = 125

 e  log
x
 16 = 

2

3
   ∴ x

2

163 =  ∴ x = 16
3

2 = 43 = 64

 f  log
x
 32 = −5 ∴ x −5 = 32 ∴ 1

5
32

x
= , x 5 1

32
= ,

  x = 1

2

Exercise 5F
1 a loga

p

q

2

 = 2 log
a 
p − log

a
q

 b loga
p

q
2

3  = 1

3
loga

p

q
2

1

3
=  log

a 
p − 2

3
 log

a
q

2 a log 4 + 2 log 3 − log 6 = 4 9

6
log  = log 6

 b 
1

2
 log

a 
p + 

1

4
 log

a
 q2 = log

a
 p

1

2 + log
a
 q

1

2 = log
a
 pq

 c 2 − log
 
 5 = log 100 − log 5 = log 20

3 a log 5 + log 8 − log 4 = log 
5 8

4
 = log 10 = 1

 b log
2
 48 − 1

3
 log

2
 27 = log

2
 48 − log

2
 3 = log

2
 16 = 4

 c 2 + log
5
10 − log

5
 2 = 2 + log

5
 5 = 2 + 1 = 3

4 a 3 log y = 2 log x ⇒ y3 = x2 ∴ y x=
2

3  

 b log y = log x + log 2 ⇒ y = 2x

 c log y − 3 log x = log 2 ⇒ 
y

x
3

2=  ∴ y = 2x3

 d log y = 2 + 3x ⇒ y = 102 + 3x

Exercise 5G
1 a log 

3
 2 × log 

3 
81 = log

3
 2 × 

log

log

3

3

81

2
 = 4

 b log
6
10 × log 6 = log 

6
 10 × 

log

log

6

6

6

10
 = 1

 c log
125

8 × log
8 
5 = log 

125 
8 × 

log

log

125

125

5

8

1

3
=

 d 
1

6

1

6

1

6

3

6
2 3 2

2

2
log log log

log

log
+ = +  

 = = =
+log log

log

log

log

2 2

2

2

2

2 3

6

6

6
1

 e 
1

6

1

6
4 9

log log
+  = 

1

6

9

6
4

4

4
log

log

log
+  = 

log log

log

4 4

4

4 9

6

+

   = = =
log

log

log

log

4

4

4

4

36

6

2 6

6
2

 f log
5 
40 − 1

5
8

log
 = log

5 
40 −

log

log

5

5

8

5
 = log

5
5 = 1

2 a let alog b = x ⇒ log
a 
x = log b

log

log

x

a
 = log b

log

log

x

b
 = log a

log
b
 x = log a

∴ x = blog a

∴ alog b = blog a 

 b 
1

log
a
ab

 + 
1

log
b
ab

 =
log

log

ab

ab

a

ab
 + 

log

log

ab

ab

b

ab

   = log aba + log abb

   = log ab(ab) 

   = 1

 ∴ 1 1

log log
a b
a ab b

+  = 1

3 p = log ax q = log ay

log
x 
a = 

1 1

log
a

x p
=  = log

y 
a = 

1 1

log
a

y q
=

a log
xy 

a = 
log

log

a

a

a

xy
 = 

1

log log
a a

x y+  = 
1

p q+

b log
xy 

a = 
1

log
a

x
y( )  = 

1

log log
a a

x y−  = 
1

p q−
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Exercise 5H
1 a 5x = 7

 x log 5 = log 7

 x = log

log

7

5

 x = 1.21

b 42x−1 = 3

 (2x − 1) log 4 = log 3

 2x − 1 = log

log

3

4

 x = +( )1

2

3

4
1

log

log

 ∴x = 0.896

2 (2x) (5x) = 0.01

   10x = 0.01

 ∴ x = −2

Exercise 5I
1 a 23x = 5

 3x log 2 = log 5

 x = log

log

5

3 2

 x = 0.774

b 3x (3x−1) = 10

 32x−1 = 10

 (2x − 1) log 3 = log 10

 2x − 1 
1

3log
 

 x = ( )+1

2

1

3
1

log
 

 x = 1.55

2 a 4 log
3 
x = log

x 
3

 4 log
3 
x = 1

3
log x

 (log
3 
x)2 = 1

4
 ∴log

3 
x = ± 1

2

 x x= = −
3 3

1

2

1

2or

b 3 log
2 
x + log

2 
27 = 3

 log
2 
(27x3) = 3

 ∴ 27x3 = 8

 
3 8

27
x  

 x = 2

3
 

3 9x − 6(3x) − 16 = 0

 (3x)2 − 6(3x) − 16 = 0

 (3x − 8)(3x + 2) = 0

 3x = 8

 x log 3 = log 8, x = 1.89

4 log
4 
x + 12 log

x 
4 − 7 = 0

log
4 
x + 

12

4
log x

 − 7 = 0

(log
4 
x)7 − 7 log

4 
x + 12 = 0

(log
4
x − 3) (log

4
x − 4) = 0

log
4 
x = 3 or log

4 
x = 4

x = 43 or x = 44

x = 64 or 256

5 5x+1 + 
4

5
x

 − 21 = 0

5(5x)2 − 21(5x) + 4 = 0

(5(5x)− 1)(5x − 4) = 0

5x = 
1

5
  or 5x = 4

x = −1 or x log 5 = log 4

x = −1 or 0.861

6 log
3 
x + log

x
 9 − 3 = 0

log
3 
x + 

log

log

3

3

9

x
 − 3 = 0

(log
3 
x)2 − 3 log

3 
x − 2 = 0

(log
3
 x − 2) (log

3
 x − 1) = 0

log
3 
x = 2 or log

3 
x = 1

x = 32 or x = 31

x = 3 or 9

7 3 × 9x − 2 × 4x = 5 × 6x

3(3x)2 − 5(2x)(3x) − 2(2x)2 = 0

(3(3x) + 2x) (3x − 2(2x)) = 0

3(3x) = −2x or 3x = 2 (2x)

3(1.5)x = − 1 or 1.5x = 2

No solution,       x log 1.5 = log 2

     x = 1.71

8 6 log
2 
x + 6 log

8 
y = 7

6 log
2
x + 

6
2

2
8

log

log

y
 = 7

6 log
2
x + 2 log

2
y = 7 

log
2
x6y2 = 7

x6y2 = 27 ∴ x6y2 = 128 (1)

4 log
4 
x + 4 log

2 
y = 9

4
2

2
4

log

log

x
 + 4 log

2 
y = 9

2 log
2 
x + 4 log

2 
y = 9

log
2
x2y4 = 9

∴ x2y4 = 29 ∴ x 2y 2 = 512 (2)

from (1) 
6

2 128=
x

y  x
x

2

6

2

128⎛
⎝⎜

⎞
⎠⎟

 = 512

 16384 = 512x10 ∴ x10 = 32

= 2x

 2 128

8
= =16y  y = 4
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9 2 log xy = 1 ⇒ x = y2

xy = 125  ∴ y3 = 125

       y = 5, x = 25

10 y log
2
 8 = x ⇒ 3y = x

 2x + 8y = 64

 23y + 23y = 64

  23y+1 = 26

  3y + 1 = 6

  y = 
5

3
, x = 5

11 a log
5
 x = y = log

25
(2x − 1)

  x = 5y 25y =2x − 1

(5y)2 = 2x − 1

x2 − 2x + 1 = 0

(x−1)2 = 0

x = 1, y = 0

 b log(x + y) = 0 ⇒ x + y = 1 ⇒ y = 1 − x 

 2log x = log(y + 5) ⇒ x2 = y + 5 

x2 = 1 − x + 5

x2 + x − 6 = 0

(x + 3) (x − 2) = 0

x = 2 y = −1 

(x cannot be negative)

Exercise 5J
1 f  (x) = ex : domain is x ∈  

range is y ∈ , y > 0

f  −1(x) = ln x : domain is x ∈ , x > 0

range is y ∈ 

0 2

2

4–2–4 x

y

4

–4

–2

y = ex

y = lnx

2 f  (x) = ax  y = ax

Inverse : x = ay, y = log
a
x

   ∴ f  −1(x) = log
a
x

   f  o f  −1 (x) = f (log ax) = alog ax

   ∴ alog ax = x

3 

0 2

2

4 x

y

4

–2

g(x) = |lnx|

f(x) = –lnx

 4 

0 2

2

4–2–4 x

y

4

–4

–2

f(x) = |lnx|

g(x) = ln|x|

5 

0 2

2

64 x

y

–2

–4
y = log3(x – 3)

0 20

2

40 x

y

–2

–2

y = log3(x) – 3

6 a y = ln (x − 1) − 1

 x − 1 > 0 ∴ x > 1

 domain : x ∈ , x > 1

 asymptote : x = 1

 x-intercept 0 = ln (x − 1) − 1

ln (x − 1) = 1

 (e + 1, 0) x −1 = e

x = e + 1 

0 2

2

4 x

y

–4

–2

e + 1

 b y = log
3
 (9 − 3x) + 2

 9 − 3x > 0

 9 > 3x

 x < 3

 domain : x ∈ , x < 3

 asymptote : x = 3

 x-intercept 0 = log
3 
(9 − 3x) + 2

−2 = log
3
 (9 − 3x)

3−2 = 9 − 3x

3 9 1

9

80

9
x = − =

x = 80

27
 80

27
0,( )

 y-intercept y = log
3
 9 + 2 = 4(0, 4)

0 3 x

y

5

80
27

translation of 
3

0

⎛

⎝
⎜

⎞

⎠
⎟

translation of 
0

3−
⎛

⎝
⎜

⎞

⎠
⎟
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Exercise 5K
1 a y = 

3

2
 ex

2
 

d

d

2
y

x 2
 = 

3

2
 (2xex

2

) = 3xex
2

b y = 
3 1

5

e
x

 = −5e(3x−1) 
d

d

y

x
 = 15e−(3x−1) = 15

3 1
e

x −

c y = e4x−1 + 4 
d

d

y

x
 = 4e4x−1

d y = ex + 1

ex  = ex + e−x 
d

d

y

x
 = ex − e−x = e

e

x − 1

x

e y = e−(1−3x) 
d

d

y

x
 = 3e−(1−3x)

f y = 2e x  
d

d

y

x
 = 2

1

2

1

2x x
x

x

−⎛
⎝⎜

⎞
⎠⎟

=e e

2 a y = xex  
d

d

y

x
 = ex + xex

b y = 
x

x

2

e
 = x2e−x 

d

d

y

x
 = 2xe−x − x2e−x = −2

2
x x

x
e

c y = 
e

2x

x
 = e2x x

−
1

2  
d

d

y

x
 = 2 2

1

2 2
3

21

2
e ex xx x

− −−  

= − =
−

−2

2

4

2

2

1

2

2

3

2

2 2

3

2

e e e e
x x x x

x x

x

x

d y x x= e  
d

d

y

x
 = 

1

2

1

2 ex x
−

 + x x x1

2

1

2 e
−

= 
e 1

2
e

x
x

x2
+

3 a y = 
e

2x

x   
d

d

y

x
 = − = −−

2 2
1

2

3

2

4

2

2 2

x xx x x

x

x x

e e2 1

2

e e

b y = −1
2

x
x

e
 

d

d

y

x
 = =− − − − −e e

e e

x x

x x

x x x x( ) ( )2 1 2 1
2

2

2

c y =
+
e

3

1

x

x
 

d

d

y

x
 = − =+

+

+

+

( )

( )

( )

( )

1 3

1

2 3

1

3 3

2

3

2

x

x

x

x

x x x
e e e

d y = +

−

1

1

e

e

x

x   
d

d

y

x
 = =− − + −

− −

( ) ( )( )

( ) ( )

1 1

1

2

1
2 2

e e e e

e

e

e

x x x x

x

x

x

4 a y =
+

x
x

x

e

e1

  
d

d

y

x
 =

+ + −

+

( ) ( ) ( )

( )

1

1
2

e e e e e

e

x x x x x

x

x x
 =

+

x
x x x

x

e e e

e

+ + 2

2
1( )

  =
+

e e

e

x x

x

( + 1 + )x

( )1
2

b y = (1 + ex)2 
d

d

y

x
 = 2ex (1 + ex)

c y = + −1 e x = (1 + e−x)
1
2

 
d

d

y

x
 = 

1

2
(1 + e−x)−

1
2 (−e−x) = −

+

−

−

e

e

x

x
2 1

d y = +
−

x
x

x

e

e
 = ex(x + ex)

 
d

d

y

x
 = ex(1 + ex) + ex(x + ex)

 = ex(1 + x + 2ex)

e y = 
e e

e e

x x

x x

+

−

−

−

 
d

d

y

x
 = 

( )( ) ( ) ( )

( )

e e e e e e e e

e e

x x x x x x x x

x x

+ − − + +

−

− − − −

− 2

 = 
−

− −

4

2
( )e e

x x

5  f  (x) = x ex −3 ≤ x ≤ 3

a f  (x) = x ex + ex

 ex(x + 1) = 0  ∴ x = −1  y = −e−1

 ∴ one stationary point at −( )−1 1,
e

 f  (x) = ex + ex (x + 1)

 f   (−1) = e−1 > 0 minimum

b For point of  infl exion f  (x) = 0

 ∴ e x(x + 2) = 0 ∴ x = −2 y = −2e−2

 x −3 −2 −1

f"(x) −e−3 < 0 0 e−1 > 0

 ∴ change of  sign

 ∴ point of  inflexion at −⎛
⎝⎜

⎞
⎠⎟

−2 2

2
,

e

 

0 21

20
30

3–2–3 –1 x

y

50
40

(–2,      )–2
e2

(–1,      )–1
e

10

c At point of inflexion −⎛
⎝⎜

⎞
⎠⎟

−2 2

2
,

e

 f  (−2) = −e−2 = − 1

2
e

 Equation of tangent: y + −⎛
⎝⎜

⎞
⎠⎟

−2 2

2
,

e
 = − 1

2
e

 (x + 2)

                   y = − 1

2
e

 (x + 4)

d y = 0, x = − 4 (− 4, 0)

e y-intercept = 0 4

2
, −⎛

⎝⎜
⎞
⎠⎟e

 area = 
1

2

4 84
2 2

× × =
e e

Exercise 5L
1 a  y = 53x 

d

d

y

x
 = (3 ln 5) 53x

b y = ln(4x + 1) 
d

d

y

x
 = 

4

4 1x +

2 a y = 1 + 2 ln x 
d

d

y

x
 = 

2

x

b y = 
1

ln x
 = (ln x)−1 

d

d

y

x
 = − −( n )l x

x

2 1  = 
−1

2
x x(ln )



Worked solutions: Chapter 5© Oxf ord University Press 2012: this may be reproduced f or class use solely f or the purchaser’s institute 7
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Exercise 5M
1 a  y = x2 ln x 

d

d

y

x
 = x2 1

x( )  + 2x ln x  = x + 2x ln x

b y = xax       
d

d

y

x
 =  (x ln a)ax + ax = ax(x ln a + 1)

2 a y = ln
1
x( )  = −ln x 

d

d

y

x
 = 

−1

x

b y = ln x2 = 2 ln x 
d

d

y

x
 = 

2

x

c y = 
ln x

x
 

d

d

y

x
 = 

x x

x

x

x

1
x( ) − −=

ln
ln

2 2

1

3 a x y = e x

 y ln x = x

 y = x

xln
 

d

d

y

x
 = 

ln
ln

(ln ) (ln )

x x
x x

x x

− ( ) −=
1

1
2 2

b y = x2 x

 ln y = 2x ln x

 
1
y  

d

d

y

x
 = 2x 1

x( ) + 2 ln x

 
d

d

y

x
 = x2 x (2 + 2 ln x)

4 a y = e x (x − 1)

 
d

d

y

x
 = e x + e x (x − 1) = xe x

 
d

d

y

x
 = 0   if    x = 0   ∴ only one stationary point

b 
d

d

2
y

x 2  = xe x + e x

 if  x = 0, 
d

d

2
y

x 2  = 1 > 0  ∴ minimum at (0,−1)

c (1, 0)

d 

0 2

2

4–2–4 x

y

4

–2

5 a x  
 b f  (−x) = ln (1 + (−x)2)

  = ln(1 + x 2) = f  (x)

 ∴ the y-axis is a line of  symmetry

 c f  (x) = ln (1 + x2)

 f  (x) = 
2

1

x

x+ 2
 = 0 if  x = 0

 f  (x) = 
(1 2

(1

2

(1

)2 2+

+ +

− −x x x

x

x

x

2

2 2

2

2 2

2( )

) )
=

 f  (0) = 2 > 0 ∴ minimum at (0, 0)

 f  (x) = 0 ⇒ x = ± 1

x −2 −1 −0 1 2

f′ (x)
−6

25
 < 0 0 2 > 0 0 0 

−6

25
 < 0

 ∴ change of sign

 ∴ point of infl exion at (−1, ln 2) and (1, ln 2)

d 

0 2

(–1, In2) (1, In2)

2

4–2–4 x

y

4

e At (1, ln 2), f  (1) = 1

 tangent: y − ln 2 = x − 1

y = x − 1 + ln 2        (A)

 normal: y − ln 2 = − (x − 1)

 y = − x + 1 + ln 2       (B)

 At (1, ln2), f  (−1) = − 1

 tangent: y − ln 2 = − (x + 1)

y = − x − 1 + ln 2  (C)

 normal: y − ln 2 = x + 1

y = x + 1 + ln 2   (D)

 

(–1, In2) P

(0, In2 + 1)
Q

S
(0, In2 – 1)

A

D

C

B

R (1, In2)

 Angles are 90º since gradients are ±1

  A and C intersection: 

x − 1 + ln2 = − x − 1 +ln2

 2x = 0

 x = 0 (0, ln 2 − 1)

  B and D intersection: 

− x + 1+ ln2 = x + 1 + ln2

  x = 0 (0, ln2 + 1)

 PQ = 
1

1

⎛

⎝
⎜

⎞

⎠
⎟ , QR = 

1

1−
⎛

⎝
⎜

⎞

⎠
⎟ , RS = 

−
−

1

1

⎛

⎝
⎜

⎞

⎠
⎟

 SP  = 
−1

1

⎛

⎝
⎜

⎞

⎠
⎟

 ∴ PQ = QR = RS = SP = 2

 ∴ PQRS is a square, area 2

Exercise 5N
1 a arc length = r θ = 

5

4
,  

 sector area = 
1

2
 r 2 θ = 

25

8

b arc length = 
4 5

12

×
 = 

5

3
,  

 sector area = 
1

2
  16  

5

12
 = 

10

3
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c arc length = 5.4 (2π  1.3) � 26.9 cm

 sector area = 
1

2  5.42 (2π  1.3) � 72.7 cm2

2 Area = OPQ  OAB = 
1

2 × 92 × 0.8  
1

2
 × 52 × 0.8

 = 0.4 (81  25) = 22.4 m2

 Perimeter = 5  0.8 + 9  0.8 + 4 + 4 = 19.2 m

3 Length =  AB + AC + BC + 3  
1

3
 perimeter of  

circle

 = 7.5 + 7.5 + 7.5 + 2π  7.5

 � 69.6 cm

4 a Arc length = 5000 stadia

  r  
7 2

180

.
 = 5000 ∴ r = 

5000 180

7 2

×
.

 stadia

 circumference = 2π r = 2π  
5000 180

7 2

×
.

 stadia

  = 2  
5000 180

7 2

×
.

  185 m 

= 46250 km

b Error = 
46250 40008

40008

−
  100% = 13.5%

5 Let AB = x and BC = y, so AC = x y2 2+
 Crescent APBA  + BQCB = semicircle ABA 

+ semicircle BCB

  (semicircle ACA  ABC)

 = 
x 2

2
 + 

y2

2
  

2
 (x2 + y2) +  ABC

 = 0 +  ABC

 =  ABC

Review exercise

1 9 6

3 4

2 2 2 3

5 2
6

n n

n n

+ −

−

×

× ×
 = 

3 6

3

4 4 2 4

5 2 4
2

n n

n n

+ −

−

×

×
 = 

3 3

3

4 4 2 4

5

n n

n

+ −×

 = 
3

3

6

5

n

n
 = 3n

2 
8 4

16

2 3

3

3 2

4

+
 = 

4 38

8 2

+ =

3 a 9x − 12(3x) + 27 = 0

 (3x)2 − 12(3x) + 27 = 0

 (3x − 9) (3x − 3) = 0

 3x = 9 or 3x = 3

 x = 1 or x = 2

b 3x − 9

3
x
 = 8

 (3x)2 − 8(3x) − 9 = 0

 (3x − 9) (3x + 1) = 0

 3x = 9 or 3x = −1

 x = 2

4 a log
a
 x + log

a
 3 − log

a
 7 = log

a
 12

 log
a
 
3

7

x
 = log

a
 12

 3x = 84

 x = 28

✗

b log
4
 x − log

4
 5 = 

5

2

 log
4
 
x

5 2

5=

 4
5

2

5
= x

 
x
5

 = 32 x = 160

c log
3
 x − 6

3
log x

 = 1

 (log
3
 x)2 − log

3
 x − 6 = 0

 (log
3
 x − 3) (log

3
 x + 2) = 0

 log
3
 x = 3 or log

3
 x = −2

 x = 33 or x = 3−2

 x = 27 or 
1

9

d log
7
 x + 2log 7x = 3

 log
7
 x + 2

7
log x

 = 3

 (log
7
 x)2 − 3log

7
 x + 2 = 0

 (log
7
 x − 1) (log

7
 x − 2) = 0

 log
7
 x = 1 or 2, so x = 7 or 49

5 a xy = 81 3log
x
 y = 1 ∴ x = y3

 y 4 = 81  ∴ y = 3, x = 27

b y log
2
 4 = x 2x + 4y = 512

 2y = x 2x + 22y = 512

   2
x
 + 2x = 512

    2x
 = 256

    ∴ x = 8 y = 4

c ln 8 + ln(x − 6) = 2 ln y  2y − x = 2

 ln 8 (x − 6) = ln y2   x = 2y − 2

   8 (x − 6) = y2

   8 (2y − 8) = y2

  y2 − 16y + 64 = 0

 (y − 8)2 = 0 ∴ y = 8 x = 14

6 a log y + log 
1

y
 = log 1 = 0

b 
log log

log log

x x

xx

5 2

3

−
+

 = 
3

3 5

6

7

log

. log

x

x
=

c ln (ln x2) − ln (ln x) = ln ln

ln

x

x

2⎛
⎝⎜

⎞
⎠⎟  = ln 2

7 log
2
 x + log

2
 x2 + log

2
x3 + ... + log

2
xm = 3m (m + 1)

log
2
 x (1 + 2 + 3 + ... + m) = 3m (m + 1)

log
2
 x m m

2
1( )+( ) = 3m (m + 1)

log
2
 x = 6

x = 26 = 64

8 y = 5e2x + 8e−2x 
d

d

y

x
 = 10e2x − 16e−2x

d

d

2

2

y

x
 = 20e2x + 32e−2x = 4 (5e2x + 8e−2x)

 = 4y
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9 y = e3x (2 + 5x)

d

d

y

x

2

2  = e3x (5) + 3e3x (2 + 5x) = e3x (11 +15 x)

d

d

y

x

2

2  = e3x (15) + 3e3x (11 +15 x) = e3x (48 +45 x)

d

d

2

2

y

x − 6 
d

d

y

x
 + 9y =  e3x (48 + 45x − 6 (11 + 15x) 

+ 9 (2 + 5x)

 = e3x (48 + 45x − 66 − 90x + 18 + 45x)

 = 0

10 ex − e−x = 4

(ex)2 − 4ex − 1 = 0

ex = 
4

2

16 4± +
 = 2 5±

ex > 0∴ ex = 2 + 5   ∴ x = ln 2 5+( )
ex + e−x = 2 5 1

2 5
+ +

+

= 
2 5

2 5

2

1±

±

( ) +
 = 4 4 5

2 5

5 1+

+

+ +

= 4 5

2 5

10+

+
 = 

2 5

2 5

2 5+( )
+

5 ex + e−x = 2 5

11 f  (x) = 
4

1
2

e

e

x

x
( )+

f  (x) = 
(

(

) ( )

)

e e e e e

e

x x x x x

x

+ − +

+

1 4 4 2 1

1

2

4

 = 
4 1 8

1

2 2

3

e e e

e

x x

x

(

(

)

)

+ −

+

 = 
4 4

1

2

3

e e

e

x x

x

−

+( )

f  ′(0) = 0 ∴ stationary point at (0, 1)

 f  ′(x) = 
4 4

1

2

3

e e

e

x x

x

−

+( )

  f  (x) = 
e e e e e e e

e

x x x x x x x

x

+( ) −( ) − +( ) −( )
+( )

1 4 8 3 1 4 4

1

3
2

2
2

6

 = 
4 16 4

1
4

e e e

e

3 2x x x

x

− +

+( )

  f  (0) = 
4 16 4

16

− +
  0 so (0, 1) is a maximum point

 Points of  infl exion: f  (0) = 0

 ⇒ 4e3x − 16e2x + 4ex = 0

 ⇒ 4e2x − 16ex + 4 = 0

 ⇒ e2x − 4ex + 1 = 0

 ⇒ ex = 
4 12

2

±

 = 2 ± 3

 ⇒ x = ln(2 ± 3)

12 a f  (x) = (ln x)2 x ∈ , x > 0

 b f  (x) = 2 ln x

x

  f (x) = 2 2 ln
x

x x  = 
2 2

2

− ln x

x

 c f  (x) = 0 ln x = 0 x = 1    (1, 0)

 f  (1) = 2 > 0 ∴ minimum at (1, 0)

 f  (x) = 0  ln  x = 1 x = e (e, 1)

x 2 e 3

f ″(x) 0.153 > 0 0 −0.0219 < 0

  change of sign

   point of  infl exion at (e, 1)

 d f  (e) = 
2
e  y − 1 = 

z
e  (x − e)

 y x= −2 1
e

e 

0

2

e x

y

1

–1
–2

 1 12= −
e

x

 2 2=
e

x

 ∴ x = e

 area = 1

2
2( )( )e e=

13 Radius of  sector = AN = a 3, 

area of  sector = 
1

2

 r 2 θ = 
1

2
a2  3  

p
3

 = 
pa2

2

  S
1
 = 
pa2

2
  area  ADE

 = 
pa2

2
  

1

2
 r 2 sin 60

 = 
pa2

2
  

1

2
 3a2  

3

2

 = 
pa2

2
  

3 3

4

2a
 = 

a2 2 3 3

4

p-( )

 

AE

AC
 = 

r

a2  = 
3

2
, so 

AM

AN
 = 

3

2

  AM = 
3

2
  a 3 = 

3

2

a

  S
2
 = 

1

2
 AM2 θ   AFG

 = 
1

2  
9

4

2a
  3   

1

2
 AM2 sin 60

 = 
3

8

2pa
  

1

2
  

9

4

2a
  

3

2

 = 
a2 6 9 3

16

p-( )
 = 

3 2 3 3

16

2a p-( )
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 Similarly S
3
 = 

1

2
 AC2 θ  

1

2
 AC2 sin 60

 = 
1

2
 

2
3 3

4

aæ ö÷ç ÷ç ÷ç ÷è ø  
p
2
  

1

2
 

2
3 3

4

aæ ö÷ç ÷ç ÷ç ÷è ø  
3

2

  S
3
 = 

1

2  
27

16

2a
  
p
3
  

1

2
  

27

16

2a
  

3

2

 = 
a2

64 (18π  27 3) = 
9

64

2a
 (2π  3 3)

  Hence S
1
, S

2
, S

3
 form a geometric series 

with r = 
3

4
.

 Total area = 
a

r1-  = 
a2

4
 (2π  3 3) = a2 (2π  3 3)

14 Area required =  area of  regular hexagon of  side 

8 cm  6  area of  sector of  circle 

of  angle 120°  central circle

 = 6  area of  equilateral triangle  6  
pr 2

3
 

  πr2 (r = 4)

 = 6  
1

2
  2r  2r sin 60°  3π r2

 = 6  
1

2
  64  

3

2
  3π  16 

 = 96 3  48π
 = 15.5 cm2
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1

Answers
Skills check
1 Write in ascending order: 85, 88, 91, 94, 95, 96, 

97, 103, 103, 107, 110, 114

 a Median is between 96 and 97 = 96.5 kg

 b Mode = 103 kg (most frequent)

 c Mean = total ÷ number of  observations

  = 1183 ÷ 12

  = 98.6 kg

 d Range = 114 − 85 = 29 kg

 e Lower quartile = 
13

4
th observation

   
1

4
91 3 kg

  3

4
Upper quartile 13th observation´

   =

=

9

4

3

4

3

4

th observation

103 + ´

   = 106 kg

 f IQR = 106 − 91.75 = 14.25 kg

2 a 
8 7 6

3!

8
8 7 56

3

 b  Total number of  ways − number of  ways 

where all 3 have brown eyes

  =
⎛

⎝
⎜

⎞

⎠
⎟ −

⎛

⎝
⎜

⎞

⎠
⎟ =

20

3

12

3
920

Exercise 6A
1 a  Discrete (as they are asked for an answer in 

whole minutes)

 b 

3020 4010 7060 9050 80

Nu
m

be
r o

f s
tu

de
nt

s 50
40
30

10
20

0

Time spent studying
maths (minutes)

t

y

Exploring randomness6
2 a Continuous

 b 5 + 4 + 3 + 2 + 3 = 17

 c 

3020 4010 706050

Nu
m

be
r o

f t
ea

ch
er

s 5
4
3

1
2

0

Age in years

x

y

3 a Continuous

 b 
Mass (kg) Number of chickens

1 ≤ w < 2 8

2 ≤ w < 3 24

3 ≤ w < 4 50

4 ≤ w < 5 14

 c 8 + 24 + 50 + 14 = 96

4 a Continuous

 b 
Time to get home (mins) Number of students

5 ≤ t < 10 1

10 ≤ t < 15 2

15 ≤ t < 20 4

20 ≤ t < 25 4

25 ≤ t < 30 2

30 ≤ t < 35 2

35 ≤ t < 40 1

40 ≤ t < 45 1

 c 5 mins

5 a First diagram = D

  Second diagram = A

  Third diagram = C
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2

Exercise 6B
1 a 1 goal (highest frequency of  7)

 b 170 ≤ h < 180 (highest frequency of  10)

2 a 
t (minutes) Frequency CF

0 ≤ t < 1 8 8

1 ≤ t < 2 11 19

2 ≤ t < 3 10 29

3 ≤ t < 4 7 36

4 ≤ t < 5 8 44

5 ≤ t < 6 4 48

6 ≤ t < 7 1 49

7 ≤ t < 8 1 50

50

 b y

t43 5 6 7 80

10

20

40

50

30

1 2

Waiting time (minutes)

Cu
m

ul
at

ive
 fr

eq
ue

nc
y

   % waiting longer than 5 minutes 

 
6

50
100% 12%= ´

 c Estimates from table and graph:

  Mean ≈ 2.8 mins, Median ≈ 2.6 mins

  Modal interval is 1 ≤ t < 2 mins

3 a 
Height (m) Frequency

0 ≤ h < 5 15

5 ≤ h < 10 20

10 ≤ h < 20 15

20 ≤ h < 30 10

60

 b 
Height (m) CF

5 15

10 35

20 50

30 60

 c y

x20 300

10

20

40

50

60

30

10

Height (m)

Cu
m

ul
at

ive
 fr

eq
ue

nc
y

 c Number less than 18 m = 47

  13

60
% 18m 100% 22%

 d Mean ≈ 11.0 m

  Median ≈ 9 m

  Modal class is 5 ≤ h < 10 m

4 a Mode = 3

  Median = 3

 b Use: 30 +

8

+3

2
=a a

  or 30 +

8

3+ 6

2
=a

  Both give a = 6

  This makes the set bimodal at 3 and 6.

5 a Series is ln a + 
1

2
 ln a + 

1

4
 ln a + 

1

8
 ln a + . . . 

  This is a GP with common ratio r = 
1

2

   Since |r| < |, this converges with sum 

= 
ln

11
1

2

A a

r -
 2 ln a 

 b Mean 
( )

1
1

1
2 ln 1

(1 )

1
ln 1

2ln 12
1

1 2

2

n

n

n

r

n

r
a A r

n r n

a
a

nn

-

-

æ ö÷ç - ÷ç ÷÷ç æ öè ø ÷ç ÷ç ÷÷çè ø

å

 c Need 2ln 1
1

2n

a

n

æ ö÷ç ÷ç ÷÷çè ø
 < 0.01 ln a

  1

2
1 0.005n

æ ö÷ç ÷ç ÷çè ø  n

  ⇒ n = 200

Exercise 6C
1 Arrange in order: 30, 45, 55, 60, 65, 65, 70, 75, 75, 

110, 120, 125

 a Range = 125 − 30 = 95 cm

 b Median = 6
1

2
th reading = 

65 70

2
 = 67.5 cm

 c LQ = 
13

4
th reading = 55 + 

1

4
 × 5 = 56.25 cm

 d UQ = 9
3

4
th reading = 75 + 

3

4
 × 35 = 101.25 cm

 e IQR = 101.25 − 56.25 cm

2 a From graph, median = 75 cm

 b 77.5 − 72 = 5.5 cm

 c  50% of  the boxers have a reach with a 

maximum difference of  5.5 cm

3 y

x20 40 50300

10

20

40

30

10

Length (mm)

Cu
m

ul
at

ive
 fr

eq
ue

nc
y
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4 a y

t10 15 200

20

40

80

100

60

5

Time (minutes)

Cu
m

ul
at

ive
 fr

eq
ue

nc
y

  i From graph, median = 11 cm

  ii IQR = 13.7 − 8.1 = 5.6 mins

 b 24 + 36 + p = 92 ⇒ p = 32

  24 + 36 + p q p q q+ = ⇒ + = ⇒ =100 40 8

5 a From graph, number of  students = 1100

 b  Lower quartile = 
4200

4
th = 1050th 

observation ≈ 39

  Upper quartile = 3150th observation ≈ 64

   Middle 50% lie between 39 and 64 

⇒ = =a b39 64,

 c Number getting more than 80 ≈ 4200 − 3900

  = 300

  % awarded grade 7 ≈ 
300

4200
 × 100 %

  = 7.1%

6 a 23 mins

 b IQR = UQ − LQ = 31 − 16 = 15 mins

 c 37 mins

Exercise 6D
1 a b

a b

a b
+ +

− + − + + + +

= ⇒ + =

=

15

6

3 3 1 0 4 4

6

7

3

3 3

2 2( ) ( )

 Solve to fi nd that either 2, 1 or 1, 2a b a b .

 Given that     1, 2a b a b .

2 a Mean 
1 2 3 4 4

4 4
1

a a a a a
a

  Variance = 
−( ) + −( ) + + + =2 1 1 2

4

10

4

2 2 2 2

2 5.

 b Mean = a a+ + = +1 3 4

  Variance = 2.5

3 a Mean = 9.4

  Standard deviation = 1.41

 b IQR = 10 − 9 = 1

4 
2 3 6 9

6
6

36 20 16

x y

x y x y      (1)

2 2 2 2 2 2
2 6 3 6 6 6 9 6 6 6

6
10

x y

 2 2

2 2

16 9 9 6 6 60

6 6 60 34 26

x y

x y

  

(2)

 From 

2 2

2 2

1 , 16 , so

6 10 26

12 36 100 20 26

y x

x x

x x x x

 

⇒ − + =
⇒ − + =
⇒ +( )( ) =

2 32 110 0

16 55 0

5 11 0

2

2

x x

x x

x x −
 x is positive, so x = 11 and ∴ y = 5 (from (1))

 The last 2 score sums are 5 and 11

 ∴ score sums are 2, 3, 5, 6, 9, 11

 Range = 11 − 2 = 9

 IQR = 9.5 − 2.75 = 6.75

5 a Mean 4 2 1 2 4 3

5

11 3

5

k k k k k

k

b Variance 

 

=

=

∑ ∑−
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

−( ) + + +( ) + +( ) +
−

+⎛
⎝

x x

k k k k k k

2 2

2 2 2 2 2

5 5

4 2 1 2 4 9

5

11 3

5
⎜⎜

⎞
⎠
⎟

− +=

2

2
234

25

56

25

96

25
k k

c Mean 11 3 11 7
2

5 5

k k

d The variance will be unchanged as the spread 

of  the data about the mean is unaffected.

6 a Mean 1

1

2

2 1

2

1

n

nr a
a

n n

a a

n n

r n

n n n n an

Exercise 6E
1 a 4

2
P 2, 4, 6, 8

b 1

4
P 3, 6

c 1

4
P 4,8

d ( ) 3

4
P 1, 2, 3, 5, 6, 7

e 3

8
P 1, 2, 3,

2 30
150

1

5

3 a 1

2
P A

 b 4 2

6 3
P B

 c 10 5

12 6
P A B

 d 4 1

12 3
P A B

 e P 10A′∪ = =( )B
12

5

6

5 a 27 3

36 4
P A

b 18 1

36 2
P B
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c 27 3

36 4
P A B

d 18 1

36 2
P A B

e 18 1

36 2
P A B

Exercise 6F
1 

French Malay

25

15 – x x 13 – x

15 13 5 25

28 20 8

− + + − + =
⇒ − = ⇒ =

x x x

x x

∴P (French and Malay) = 
8

25

2 

Golf Piano

32

11 7 9

x

a P (golf  but not piano) = 
11
32

b P (piano but not golf  ) = 
9
32

3 

33 3

5

2
2 1

24
30

100A B

C

a 33
100

0.33

b 24
100

0.24

c 30
100

0.3

4 a P P P PX Y X Y X Y

  

1 1 1

4 8 8

1

4

b P X ∪( ) = − ∪( ) =Y X Y′ 1
3

4
P

5 a P P P P

0.2 0.5 0.1 0.6

A B A B A B

b P A ∪( ) = − =B ′ 1 0 6 0 4. .

c P P PA B A B B′ ′ ′∪( ) = ( ) + ( ) − ∩( )P A

 

0.8 0.5 P P

0.5 0.5 0.5 0.1 0.6

B A B

Exercise 6G

1 P (Sophie and Jerome selected) = 

8

2

10

4

æ ö÷ç ÷ç ÷ç ÷çè ø
æ ö÷ç ÷ç ÷ç ÷çè ø

 = 
2

15

2 a P (two lines) 

3

2 3 3

8 7 568

2

b P (two different pieces) 

3 5
2

1 1 2 3 5 15

8 7 288

2

3 a 7 6 5 7

12 11 10 44
P R, R, R

b P(not all same color) 

= 1 P R, R, R P Y,Y,Y

 = 7 5 4 3

44 12 11 10
1

 = 
35

44

4 a P (all orange) = 

5

3 10 2

455 9115

3

b P (all different colors) 

 = 

4 5 6

1 1 1 120 24

455 9115

3

c P (at least one green) = 1 − P (no green) 

 = 

11

2 55 11

455 9115

3

5 a i  P(Bob scores on 1st shoot) 

= P (Bill misses) × P (Bob hits)

  = 0.7 × 0.25 = 0.175

  ii  P (Bill scores on 3rd shoot) = P (Bill 

misses, Bob misses, Bill misses, Bob 

misses, Bill hits)

  = 0.7 × 0.75 × 0.7 × 0.75 × 0.3 ≈ 0.0827

  iii  P (Bill scores on nth shoot) = P (Bill 

misses, n times, Bob misses, n −1 times, 

Bob hits)

  = 
1

0.7 0.75 0.25
n n

b   P (Bill wins) =  0.3 + 0.7 × 0.75 × 0.3 + 0.7 

× 0.75 × 0.7 × 0.75 × 0.3

 = 0.3 
2

1 0.525 0.525 3

 = 0.3 × 
1

1 0.525

  0.3

1 0.525
p  p − 0.525 p = 0.3

  ⇒ p = 0.3 + 0.525 p
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c P (Bob wins) = 1 − P (Bill wins)

 = 1 − p

 = 1 − 
0.3

1 0.525
 ≈ 0.368

Exercise 6H
1 a P P P PA B A B A B

 = 0.4 + 0.6 − 0.7

 = 0.3

b A UB

 P A ∩( ) = ( ) ∩( )B A A B′ −P P

 = 0.4 − 0.3 = 0.1

c P 1 P 0.7A B A B

2 P 160 180 P 180 P 160h h h

 = 0.75 − 0.2 = 0.55

3 a P P P PA B A B A B

 = 0.6 + 0.55 − 0.2 = 0.95

b P A B′ ∩( ) = ( ) − ∩( )B A BP P

 = 0.55 − 0.2 = 0.35

 c P A B A B A B

B A

∪( ) ∩( )⎡⎣ ⎤⎦ = ∩( )
+ ∩( )

\ P

P

′

′

 = 0.35 P PA A B

 = 0.35 + 0.6 − 0.2 = 0.75

4 a P(A ) = 0.5 + 0.2 = 0.7

b P P P PA B A B A B

 ∴ 0.85 0.7 P 0.2B

 ∴ P 0.35B

c P A B B A B′ ∩( ) = ( ) − ∩( )P P

 = 0.15

5 

a x b

A UB

 P PA B x x

x x

But >, ,0  so P PA B x x

= P PA B A B

6 

a y

c

x
w z

b

UA B

C

 P A B C x y z w

 = x y w x y z

  2w x z x y z w

 = P P PA B C

  − +( ) + +( ) + +( ) −⎡⎣ ⎤⎦x y w x x z x

 = P P P P

P P

A B C A B

A C B C x

 = P P P P P

P P

A B C A B A C

B C A B C

7 

 

A

B
U

 
P \ P P P PB A B A B A B A

 = P B A B A( ) + ( ) − = ( ) + − ( ) −P P P′ 1 1 1

 = P PB A

Exercise 6I
1 a i 0.21

 ii 0.19 + 0.14 = 0.33

b 1200 × 0.21 = 252

2 a 27

100
0.27

b No. If  it was fair we would expect around 16 

or 17 occurrences of  each number. The spinner 

appears to be biased towards 1.

c 0.15 × 3000 = 450

3 a P 5,10 34 68 102 51

100 500 250

b 6 21 65 63 68 42 265 53

500 500 100
P 2, 4, 6, 8,10,12

c P 2, 4, 6, 8,10,12, 5 5( ) += =26 34

500

299

500

4 a 4 2

10 5
P 2, 3, 5, 7

b 6 3

10 5
P 2, 3, 5, 7, 4, 8

c 5 1

10 2
P 3, 6, 9, 4, 8



Worked solutions: Chapter 6© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

WORKED SOLUTIONS

6

Exercise 6J
1 a 

A

4

T 27

15 – x x 20 – x

  15 20 23x x x   35 23x  12x

  20 8

27 27
P \ xT A

 b P A T∪( ) + += =3 12

27

23

27

8

 c P
P

P
T|A

T A

A
( ) ∩( )

( )= = = =
12

27
15

27

12

15

4

5

2 a 

A

U

B

  P A′ ′∩( ) = − ∪( )
⇒ ∪( ) = − =

B A B

A B

1

1 0 35 0 65

P

P . .

  P P P PA B A B A B

  = 0.25 + 0.6 − 0.65

  = 0.2

 b 0.2 1

P 0.6 3
P | P

A B

B
A B

 c P P
P

B A
B A

A
′ ′ ′ ′

′ −
| .

.

.

.
( ) ∩( )

( )= = = =0 35

1 0 25

0 35

0 75

7

15

3 P(roller | skateboard) = 
P roller  skateboard

P skateboard

  0.39 13

0.48 16

4 a P(even | not mult. of  4) = 
P(even  not mult. of 4) 

P not mult. of 4

  = 

2
P 2,22 18

6 6 3

8 8

 b 

2
P 5 15 28

5P 15 5

8

P 15| 5
x

x

 c 

3
P 5 and 15 38

5P 15 5

8

P 5| 15
x x

x

 d    
P 10 20 and 5 25

P 5 25

P 10 20|5 25

x x

x

x x

  = 

2
18

4 2

8

5 P(laptop | desktop) = 
P laptop  deskt p  

P desktop

( ) .

.

and o

( ) = =0 61

0 95

61

95

6 P(Spanish | Tech) = P Spanish  Tech

P Tech

and( )
( ) = =0 1

0 6

1

6

.

.

7 a  P and PU V U V    ( ) = ∩( ) = 0

(mutually exclusive)

 b 
P

P
P | 0

U V

V
U V

 c P or P P 0.63U V U V

8 P(passed 2 | passed 1) = 
P 1and 2 0.35

P 1 0.52
0.673

 ∴ 67.3% of  those who passed the fi rst also passed 

the second.

9 P(white on 2nd | black on 1st) 

= P black and  white  

P black on 

( )1 2

1

st nd

st( )

 = 
0.34 34
0.47 47

10 a P(male ∩ left handed) = 5 1
50 10

 b P(right handed) = 
43
50

 c  P(right handed | female) 

= 

11

P(right handed and female) 1150

13P female 13

50

11 P(other is male | one is male) = P both male  

P one is male

( )

( )

  = 
( )

1

4
P not 2 females

  = 

1
14

3 3

4

Exercise 6K
1 P 0.24 0.4 0.6 P PA B A B

 ∴
∩( ) = ( ) × ( )

∴

A B

B C B C

B C

   

    

and independent

P P P

and not inde

0 15. ≠
ppendent

2 2 1

52 26
P P Red QueenA B

 

   

4 1 1

52 2 26
P P

and independent

A B

A B

 6 3

52 26
P P red face cardB C

 1 12 6 3

2 52 52 26
P P

and are independent

B C

B C

 

4 1

52 13

P P Queen and face card

P Queen

A C

 4 12

52 52
P PA C

  = 1

13

3

13

1

13
× ≠

 and are not independentA C
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3  A UB

 a P A ∩( ) = ( ) − ∩( )B A A B′ P P

  P P PA A B

  = ( ) − ( )( )P PA 1 B

  = ( ) ( )P PA B′

  ∴ A Band are not independen′ t

 b P A′ ∩( ) = ( ) − ∩( )B B A BP P

  P P PB A B

  P 1 PB A

  P PA B

  and are independentA B

 c P A B A B′ ′∩( ) = − ∪( )1 P

  = ( ) + ( ) − ∩( )⎡⎣ ⎤⎦1− P PA B A BP

  = ( ) ( ) + ∩( )1 − −P PA B A BP

  1 P 1 PA B

  P PA B

  ∴ A B′ ′and are independent

4 
P 3 1 1

P 4 3 4
P | P

B A

A
B A B A

 P P P PA B A B A B

 5 1

6 3
P PB A B

 5 1 1 5 1 1 3

6 3 4 6 3 4 4
P PB B

 1 3 1

3 4 4
P P P

and independent

A B A B

A B

5 a P P PA B A B

  
P 0.18 2

P 0.45 5
P 0.4

A B

A
B

 b P A ∩( ) = ( ) − ∩( )
= − =

B A A B′ P P

0 45 0 18 0 27. . .

 c P A B A B′ ′ ′ ′∩( ) = ( ) × ( )
= × =

P P

0 55 0 6 0 33. . .

6 a P P P PA B A B A B

      5

8
3 P Pa A B

  2 25

8
2 3 0 16 24 5 0a a a a

  ⇒ = ⇒ = =( )( )4 5 4 1 5

4

1

4
a a a a− − 0 or

  Since P(A) and P(B ) must be 1

4
1, P ,A

  1

2
P B

7 a 1 1 1

2 6 12
P T, 6

 b 1 1 1

2 2 4
P H, even

 c 1 1 1

2 3 6
P H, 3 or 6

8 a 1 1

2 2
P , , , even 1 1 1x x x

 b P orx x, , x, 0 15 1 1 2

10

1

5
( ) = × × × =

 c P(divisible by 4) = P(last 2 digits divisible by 4)

  = P(x, x, 0, 0) + P(x, x, 0, 4)

       + P(x, x, 0, 8) + ... 

+ P(x, x, 9, 6)

  = 25 1

100 4

9 Since there is a large number of  integers, can 

assume P(odd) = P(even) = 
1

2

 Suppose we select n. Then 1

2
P even

n

n

 ∴ P(at least one odd) = 1

2
1

n

 Need 1

2
1 0.92

n

 ⇒ 1

2
0.08

n

 n log 0.5 > log 0.08

 ⇒ n > 3.64 ∴ need to select 4 integers

10 P(Julia fails to score a winner) = 0.45

 ∴ P(Julia fails n times in a row) = ( )0.45
n

 ∴ P(at least one winner in n shots) = 1 0.45
n

 1 0.45 0.999
n

 0.45 0.001
n

 log 0.001

log 0.45
n  8.65n

 ∴ Julia needs to hit 9 shots

Exercise 6L
1 P(Rain, not late) = 0.2 × 0.6 = 0.12

2 P(Correct diagnosis) = 0.85 × 0.98 + 0.15 × 0.12

  = 0.851

3 P(1 Score out of  2) = 0.75 × 0.15 + 0.25 × 0.8

  = 0.3125

4 a P B′( ) = × + ×1

3

2

5

2

3

1

2

  
2 1

15 3

  7

15
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 b P A B′ ′ ×∪ = + ×( ) 2

3

1

3

2

5
1

  
2 2

3 15

  
12 4

15 5

5 a P(orange, orange, orange) = 18 17 16

30 29 28

  3 17 4

5 29 7

  = 
204

1015

 b P(at least one purple) = 1 − P(all orange)

  = 
204

1015
1  = 

811

1015

 c  P(more orange than purple) 

P o, o, o P o, p, o

P o, o, p P p, o, o

  
204 18 12 17 18 17 12

1015 30 29 28 30 29 28

     
12 18 17

30 29 28

  204 459 663

1015 1015 1015

6 a 26 25 24 2

52 51 50 17
P R, R, R

 b 13 12 11 11

52 51 50 850
P H,H,H

 c P(all same suit) = 
52 12 11 22

52 51 50 425

 d P(faces in same suit) = 12 2 1 1

52 51 50 5525

Exercise 6M
1 a P(even) = 

1 4 1 3

2 9 2 5

  = 2 3 47

9 10 90

 b P(fi rst box | even) = 
P first box even

P even

  = 

1 4
202 9

47 47

90

2 a P(defective) = 0.6 × 0.05 + 0.4 × 0.02 = 0.038

 b P(fi rst machine | defective) P f d

P d

0.6 0.05 0.03

0.038 0.038

  = 0.789

3 a P(V) = 0.6 × 0.35 + 0.4 × 0.75 = 0.51

 b P V′ =|G 0.25( )

4 a P(BB from 2nd box) = 
16 13 12 14 12 11

30 20 19 30 20 19

  = 4344

30 20 19
0.381

 b P( 1st box W | both from 2nd box W) 

 = 
P WWW

nd

( )
( )P WW box2

  

14 8 7

30 20 19 784 49 7

1456 91 1316 7 6 14 8 7

30 20 19 30 20 19

5 a 

B

B'

2
3

1
3

A'

A

A'1
4

A5
6

1
6

3
4

 b i 2 5 1 3 5 1

3 6 3 4 9 4
P( )A

   = =20 + 9

36

29

36

  ii P(B|A) = 

2 5

P 3 6 20

29P 29

36

B A

A

  iii P(B ′|A′ ) = = =∩( )
( )

×

× × ×

P

P

B′ ′
′
A

A

1

3

1

4

2

3

1

6

1

3

1

4

3

7

6 a 
1 2 1 1 1 1 5

2 3 2 6 3 12 12
P 6

 b P(unbiased | not 6) = 
( )

( )
P unbiased and not 6

P not 6

  = 

1 5

2 6 5

71 5 1 1

2 6 2 3

7 a P(non-smoker) = 0.18 × 0.1 + 0.82 × 0.8

  = 0.674

 b  P(lung problems | heavy smoker) 

= 
P lung problems and heavy smoker

P heavy smoker

  = 0.18 0.7

0.18 0.7 0.82 0.05
0.754

8 a 1 2 1 3 1 3

3 3 3 8 3 5
P R

  = + + =2

9

1

8

1

5

197

360

 b 

1 3

3 5P 1 360 72

P 5 197 197197

360

P | C R

R
C R

9 a P(on time) =  0.45 × 0.95 + 0.2 × 0.90 

+ 0.35 × 0.80

  = 0.8875

 b P(A | on time ) P  and on time 

P on time

0.45 0.95

0.8875
0.482

A

 c P(B | late) = 
P  and late  0.2 0.1

P late 1 0.8875
0.178

B
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10 a 5 4 5 5 10 6

15 14 11 15 14 11

10 5 6 10 9 7

15 14 11 15 14 11

P Jar 2, B

  = 
1330

15 14 11
19

33

 b P(Jar 1 = PP | Jar 2 = P) = 
P PPP

P Jar 2 P

   = 

5
15

P B

4 6

14 11

1

   = 
5 4 6 6

980 49

 c  P(Jar 1  = BB | Jar 2 = P) 

= 
P BBP

P Jar 2 = P

10 9 4

15 14 11

980

15 14 11

   = 
18

49

11 a P(male) = 0.1 × 0.6 + 0.65 × 0.7 + 0.25 × 0.3

  = 0.59

 b P(management | male) P
P

male and management

male

  0.1 0.6

0.59
0.102

 c P(marketing | female) 
P

P
female and marketing

female

  0.25 0.7

1 0.59
0.427

12 P(second machine | D) 
P second machine and D

P D

 0.35 0.97

0.5 0.96 0.35 0.97 0.15 0.94

 0.353

13 P(320, 320 | S = 160) 

= P 320,320,160

P S =160

 = 

8

20

2

× ×

× × + × × + × × +

7

19

12

18

12

20

11

19

10

18

1

20

8

19

11

18

8

20

12

19

11

18

8

20
×× ×7

19

12

18

 
672 28

4104 171

14 4 4 3

11 11 11
P S 0.9 0.6 0.2 0.6

15 P(vowel) = 
3 2 1 3 4 2

7 6 5 7 6 5

4 3 2 4 3 3

7 6 5 7 6 5

  = 90 3

7 6 5 7

Review exercise
1 Mode = 6, so smallest set is 6, 6, x, y

 Median = 7, so set is 6, 6, 8, y

 Meen = 8, so 
6 6 8

4
8 20 32

y
y

 ∴ set is 6, 6, 8, 12

✗

2 A and B independent 

 1

3
P | P PA B B B

 Let P :

P P P P

A x

A B A B A B

 11 1 1

12 3 3
x x

 
2 1 11

3 3 12
x

 2 7

3 12
x  7

8
x

3 From graph:

 a Median = 68 kg

 b Middle 50% = 61 − 77 kg

 c There are 36 students

4 a 
12

220
3

 b Probability = 1 − P (both on committee)

  = 

10

1
10 11

220 2212

3

1 1

 c P(2 girls, 1 boy) + P(3 girls)

   

5 7 5

2 1 3

220 220

   
80 4

220 11

5 a 

X

Y

does not
invest

dividend

no dividend
dividend

no dividend

1
3

3
7

4
7 3

5

2
5

5
9

1
9

 b P(dividend) = 
1 3 5 3

3 7 7 5

  = 
1 1 10

7 3 21

 c P(  Y | dividend) = 

5 3
P  and dividend 9 5

P dividend 10

21

Y

  = 
7

10
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WORKED SOLUTIONS

10

6 P(1st G | 2nd G) = 
P GG

P 2nd G

( )
( )

  = 

5 4

12 11

3 5 4 5 5 4

12 11 12 11 12 11

  = 20 20 4

15 20 20 55 11

7 a P(prime) 6 1

36 6

 b P(even) 27 3

36 4

 c P(multiple of  3) 20 5

36 9

 d P(divisible by 6 | even) 
P

P
divisible by 6 and even

even

  

15

536

3 9

4

8 a i mean = 540

30
18

mi

n

  ii Variance = 

22
mi mi

n n

  = − = − =

∴ =

9990

30
18 333 324 9

3

2

SD
b No, as 95% of  the students should get marks 

within 2 standard deviations of  the mean, i.e. 

between 12 and 24, and 99.7% within 3 standard 

deviations of  the mean, i.e between 9 and 27.

9 a 
3 1

2

n

 b  There are n number of  the form 3k as k runs 

from 1 to n. But every other one is even, so 

number of  odd numbers is 1

2

n

 Hence P(divisible by 3) = 

1

12
3 1 3 1

2

n

n

n n

Review exercise

1 Mean height = 
23 168 17 171 8 163 20 177

68

   = 170.8cm

2 a 10!

3!3!2!
50400

 b P S                  
9!

15120 32!3!2!
50400 50400 10

 c P                   consonant( )

  

9! 9!

3!3!2! 3!3!
50400 50400

1

  
5040 10080

50400 50400
1

  15120 7

50400 10
1

3 a 
10 10 5 1

10 10 10 2

 b P(abc divisible by 7) 
142 71

1000 500

 c P(abc = perfect square) = 
2P ,1 31x x

  = 
31

1000

4 Probaility = 1 − 0.93 × 0.93

  = 0.1351

5 a Mean = 337.5 cm

 b Standard deviation = 132.64 km

6

7

8 a Mean = 4.69

  Standard deviation = 0.552

 b 
RBC CF

3.4 0

3.8 7

4.2 22

4.6 58

5.0 80

5.4 107

5.8 120

  Median = 60th observation = 4.64

  c  Number of  children with 

RBC > 5.5 ≈ 120 − 110 = 10

9 a P(all stats books in fi rst 6 places) 

14!

7!4!3!
20!

6!7!4!3!

  = 
14!6! 1

20! 38760

 b P(all calculus books together) 

14!

6!4!3!

20!

6!7!4!3!

  14!7! 7

20! 38760

10 a  P(Keith wins bet i.e. A winning)

4 3 4

11 11 11
0.4 0.55 0.75

  ≈ 0.568

 b P(A played a higher rank | A lost) = 

4
0.6

11
1 0.568

  = 0.505
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WORKED SOLUTIONS

Answers
Skills check

1 a y = x lnx 1d

d

y

x x
x  + lnx = 1 + lnx

b y = 
e

2 3

2

x

x

−

−

 
d

d

y

x
 = 

( ) ( )

( )

2 2 1
2

2

2

1

2
2 3 2 3

1

2− −
⎛
⎝
⎜

⎞
⎠
⎟

−

− −x x

x

x xe e+ −

 

= −

−

− −
4 2

2 2

2 3 2 3

3

2

( )

( )

x

x

x x
e e+

 

=
− −

−

e
2 3

3

2

9 4

2 2

x
x

x

( )

( )

c y = x4 − 1
4

x
 d

d

y

x
 = 4x3 + 4x−5 = +4 3 4

5
x

x

2 a y = 3x − 2 y2 = x2 − 2x + 4

 x2 − 2x + 4 = 3x − 2

 x2 − 5x + 6 = 0

 (x − 2)(x − 3) = 0

 x = 2 or 3 (2, 4) or (3, 7)

b y = 1 − x 2 1y x

 1 − x = 2 1x +  (1)

 (1 − x)2 = 2x + 1

 1 − 2x + x2 = 2x + 1

 x2 − 4x = 0

 x(x − 4) = 0

 x = 0 or 4

 Check in (1)

 if  x = 0, LHS = 1 RHS = 1 

 if  x = 4, LHS = −3 RHS = 3 

 ∴ x = 0  (0, 1)

c y = 6

x
 + 3x y = x3 − 5x

 6

x
 + 3x = x3 − 5x

 6 + 3x2 = x4 − 5x2

 x4 − 8x2 − 6 = 0

 x = −2.948 or 2.948

 (−2.95, −10.9) or (2.95, 10.9)

3 s(t) = 3t4 − t3 + t

v(t) = s′(t) = 12t3 − 3t2 + 1

a(t) = v ′(t) = 36t2 − 6t

The evolution of calculus7
Exercise 7A
1 − 2x dx = − x2 + c

2 3x8 dx = x
9

3
 + c

3 − 5x4 dx = − x5 + c

4 
5

1

x
 dx = x−5 dx = 

− −
x

4

4
 + c = 

−1

4
4

x
 + c

5 x 3dx = x
3
2  dx 

5
22

5
x c

6 
1

3
x

 dx = 3

2

1

x
 dx = x

−3
2  dx = 

1
2 22

x
x c c

7 
2x

x
 dx = 2x

1
2  dx = 

2

3

2

4

3

2

3

3
2x c x c+ = +

8 − x

x

54

3
7

 dx = −
−

1
7

7

4x dx = − ( ) +
− −1 4

7 3

3
4x c

3
44

21
x c

Exercise 7B

1 a 5 2

2

1

5
x

x
−⎛

⎝⎜
⎞
⎠⎟

 dx = 5 2 21

5
x x−( )− dx

 = + +5 1
3

3 5

x

x
c

b (x + 3)(2x − 1)dx = (2x2 + 5x − 3)dx

 = + − +2 5
3 2

3 2
3x x x c

c 
x

x

2

4

1−
 dx = (x−2 − x−4)dx 

 = −x −1 + 
x

−3

3
 + c = 

1

x
 + 

1

3
3

x
 + c

d 
2

1

x
x  dx = (x2 + 2 + x−2)dx

 = 
3

3

x  + 2x − 1

x
 + c

e 
( )( )x x

x

+ −3 4
5

 dx = (x−3 − x−4 − 12x−5)dx

 = + + +− − − −
x x x c

2 3 4

2 3

12

4

 = − + + +1 1 3

2 3
2 3 4

x x x
c
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f x
x

−⎛
⎝⎜

⎞
⎠⎟

5

3
 dx =

11
2 3( 5 )x x  dx

 = 
3
22

3
x  − 

2
3 3

2
5x c

 
23
322 15

3 2
x x c

2 
d

d

y

x
 = (3x2 − 4) (2, −1)

y = x3 − 4x + c

−1 = 8 − 8 + c ∴ c = −1

y = x3 − 4x − 1

3 f  ′(t) = t + 3 − 
1

2
t

      1, 1
2

−( )
f  (t) = 

t
2

2
 + 3t + 

1

t
 + c

− 
1

2
 = 

1

2
 + 3 + 1 + c ∴ c = − 5

f  (t) = 
t

2

2
 + 3t + 

1

t
 − 5

4 d

d

y

x
 = (2x + 3)3 = 8x3 + 3(2x)2(3) + 3(2x)32 + 33

= 8x3 + 36x2 + 54x + 27

y = 2x4 + 12x3 + 27x2 + 27x + c

z = 2 − 12 + 27 − 27 + c ∴ c = 12

y = 2x4 + 12x3 + 27x2 + 27x + 12 = 
4(2 3) 15

8

x

5 
d

d

A

x
 = (2x + 1)(x2 − 1) = 2x3 + x2 − 2x − 1

A = +x x
4 3

2 3
 − x2 − x + c

0 = 
1

2
 + 1

3
 − 1 − 1 + c ∴ c = 

7

6

A = 
x x

4 3

2 3
+  − x2 − x + 

7

6

6 
d

dt

s
 = 3t − 

8

t
2

s = +3

2

8t

t

2

 + c

1.5 = 1.5 + 8 + c ∴ c = −8

s = +3

2

8t

t

2

 − 8

7 
d

d

2

2

y

x
 = 6x − 1 

d

d

y

x
 = 3x2 − x + c

4 = 12 − 2 + c ∴ c = − 6
d

d

y

x
 = 3x2 − x − 6

y = x3 − x
2

2
 − 6x + c

0 = 8 − 2 − 12 + c ∴ c = 6

y = x3 − x
2

2
 − 6x + 6

8 a(t) = 6t + 1

v(t) = 3t2 + t + c

2 = c ∴ v(t) = 3t2 + t + 2

s(t) = t3 + 
t

2

2
 + 2t + c

1 = c ∴ s(t) = t3 + 
t

2

2
 + 2t + 1

Exercise 7C
1 (3x − 1)7 dx = 

( )3 1

24

8
x c− +

2 −2 2 1x  dx = −
1
22(2 1)x  dx

= 
− +

( ) +2 2 1

2
3

2

3

2( )x c  = 
− + +2 2 1

3

3

2( )x c

3 
1

4 1
5

( )x −
 dx = (4x − 1)−5 dx

= 
( )

( )

4 1

4 4

4
x c−

−

−

+  = −

−
+1

16 4 1
4

( )x
c

4 2

34 −x
 dx =

1

42(3 )x  dx

= 
2 3

3

4

3

4
( )−

−
+x c  = 

− − +8 3

3

4

3

( )x c

5 
1

3

32

(2 5 )

1

x

x  dx =
1 1

3 32(2 5 ) (1 ) dx x x

  = + +−

−

−
−( )

2 2 5

5
2
3

1

4

3

2

3

4

3
( ) ( )x x c  

  = − +− − −3 2 5

5

3 1

4

2

3

4

3
( ) ( )x x c

6 
2
34 2 3 6(3 2) dx x x  

=
21
32 d4(2 3 ) 6(3 2) xx x

= − +−

−

+

( ) ( )
4 2 3

3
3
2

6 3 2

3
5
3

3

2

5

3
( ) ( )x x c

= − +− − +8 2 3

9

6 3 2

5

3

2

5

3
( ) ( )x x c

Exercise 7D

1 − 5e −2x dx 
2

5e

2

x

c

2 
1

3 2
e

x +
 dx = e −3x −2 dx

= 
3

1
e −3x −2 + c
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3 e d
e e

x

x
x3 2

2
−

⎛

⎝
⎜

⎞

⎠
⎟  = ( )e e d

x
x x3 12− − −

  = 3 3e
x

 + 2e −x −1 + c

4 3x dx = 
3

3

x

c
ln

+

5 1

3
2x

 dx = 23 x  dx = − +
−

3

2 3

2x

c
ln

6 41−x dx = − +
−

4

4

1 x

c
ln

7 max+b dx Let u = ax + b

d

d

u

x
 = a ∴ dx = 

du

a

max+b dx = mu 
d 1u

a a
 mu du

= +1

a

m

m

u

c
ln ( )

1

ln ( )a m
 max+b + c

Exercise 7E

1 
1

3x
 dx = 

1

3
ln|x| + c

2 −
6

x
dx = −6ln|x| + c

3 1

2 3x
 dx = − 1

3
ln|2 − 3x| + c

4 5

3 5x
 dx = −ln|3 − 5x| + c

5 −2(4 + 3x) −1 dx = 2

3
 ln|4 + 3x| + c

Exercise 7F

1 
3

1
3 1

12 1

1 3 1 27 1 3

1

38

2

2

2 2 3 2

3

3

1

3

x x
x

x

x
+⎛

⎝⎜
⎞
⎠⎟

= −⎡

⎣
⎢

⎤

⎦
⎥ = − − +

= − +

=

d

2 
2

0
3 4 1dx x = 3 =

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

+

( )
( )4 1

3
2

0

2

4 3
2

x

23
2

0

1

2
(4 1)x

= 1

2
(27 − 1) = 13

3 
2

−1

−2e1−3x dx = ⎡⎣ ⎤⎦
−

−

2

3

1 3

1

2

e x

= 2

3
 (e −5 − e4) = 2 1

3
5

( )− e

e

9

4 

3

1
3.2x+1dx 

31

1

3

ln 2
2x

= 
3

2ln
 (16 − 4) = 36

ln 2

5 
0

−2

2(1 − 3x)5dx 
06

2

2

3(6)
(1 3 )x

61

9
1 7

= 13072

6 
4

1

1 dx
x

x  = 

4

1

1
2( 1)dx x

41
2

1

2x x

  = (4 − 4) − (2 − 1) = −1

Exercise 7G

1 
0

−1

(2r − 1)4dx = ⎡
⎣⎢

⎤
⎦⎥

−

−

( )2 1

10

5

1

0

r

= 1

10
 (( −1) − ( −3)5) = 242 121

10 5

2 Not possible, s ≠ 0
3 Not possible, x ≠ ± 1, 1 ∈ [0, 2]

4 
1

0

dx

x( )2 1
3+
 = 

1

0
(2x + 1) −3dx

= − +⎡⎣ ⎤⎦ = −
⎡

⎣
⎢

⎤

⎦
⎥

−

+

1

4

1

4

1

2 1
2 1 2

0

1

0

1

2
( )

( )
x

x

1 1 2

4 9 9
1

5 Not possible, x ≠ − 1

6 
1

0

3 2

3 4 1
d

x x
x  = [ln|3x + 4| − 2ln|x + 1|]

1

0

= (ln7 − 2 ln2) − (ln4 − 2 ln1)

= ln7 − ln4 − ln4
7

16
ln

7 
1

−1

e

e
d

x

x
x+ 4

 = 
1

−1

(1 + 4e −x)dx

= −⎡⎣ ⎤⎦
−

−
x x4

1

1

e

= (1 − 4e−1) − (−1 − 4e)

= − +2 44

e
e

8 
2

0
10xdx 

2

0

1

ln10
10x

1

ln10
(100 1)

99

ln10
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Exercise 7H
1 y = x4 − x = x(x3 − 1)

 
x

y

O 1

0

−1

(x4 − x)dx = x x
5 2

5 2
1

0

−⎡

⎣
⎢

⎤

⎦
⎥

−

5 2 10

1 1 70

1

0
(x4 − x) dx = −⎡

⎣
⎢

⎤

⎦
⎥

x x
5 2

5 2
0

1

1 1 3

5 2 10

∴ area 7 3

10 10
 = 1 sq. unit

2 y = x2 − 2x − 3 = (x − 3)(x + 1)

 

x

y

O 3–1

A = 
-1

−3
(x2 − 2x − 3)dx

= − −⎡

⎣
⎢

⎤

⎦
⎥

−

−
x x x

3

3

2

3

1

3

1

3
1 3  − ( − 9 − 9 + 9)

= 32

3
 sq. units

3 
1

−1

(x2 − 2x − 3) dx 
3

1

2

1
3

3x x x

1 1 16

3 3 3
1 3 1 3

∴ required area = 32

3

16

3
+  = 16 sq. units

4 
3

ln3

e d e

e

e

ln3

3

3

x x−( ) = −⎡⎣ ⎤⎦
= − − +
= + −

3 3

9 3 3 3

3 3 12

3

x x

ln

ln

 
ln3

0

e d e

3
0

ln3x x−( ) = −⎡⎣ ⎤⎦
= − −
= − −

3 3

3 3 1

3 3 2

x x

ln

( ln )

 ∴ area = e3 + 3ln3 − 12 + 3ln3 − 2
 = e3 + 6ln3 − 14

5 y = x4 + 3x3 − 3x2 − 7x + 6

 

x

y

O 1–2–3

−2

−3
(x4 + 3x3 − 3x2 − 7x + 6)dx 

= + − − +⎡

⎣
⎢

⎤

⎦
⎥

−

−
x x xx x

5 4 2

5

3

4

7

2

3

3

2

6

32

5
12 8 14 12

243 243 63

5 4 2
27 18

= −12.4 − ( −10.35) = −2.05
1

−2
(x4 + 3x3 − 3x2 − 7x + 6)dx

= + − − +⎡

⎣
⎢

⎤

⎦
⎥

x x xx x
5 4 2

5

3

4

7

2

3

2

1

6
−

1 3 7

5 4 2
1 6  − ( −12.4) = 14.85

area = 2.05 + 14.85 = 16.9 sq. units

6 y = 4 x  x = 0, x = 4

A = 
4

0
(4 − x)

1

2  dx 
43

2

0

2

3
(4 )x

 
3
22 16

3 3
(0 4 )  sq. units

7 
2

1 1
x

y  x = 
1

2
, x = 5

A = 

5

1
2

(x−2 + 1) dx = +⎡
⎣⎢

⎤
⎦⎥

−1

1
2

5

x
x

1 1

5 2
5 2

= 6.3 sq. units

8 y = 2x x = 1, x = 2

A =
2

1
2x dx = [ ]1

2
2 1

2

ln

x

1 2

ln 2 ln 2
(4 2)  sq. units

9 y = 2e −x+1 − 1 x = 0, x = 3

A = 
3

0
|2e−x+1 − 1|dx = 3.32 sq. units

10 
1

2x
y  x = −1, x = 2

A =
2

−1

1

2x +
 d In | |x x  = ⎡⎣ ⎤⎦−

+ 2
1

2

= ln4 − ln1 = ln4 = 2ln2 sq. units



Worked solutions: Chapter 7© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute 5

WORKED SOLUTIONS

11 
2

3 4x
y  x = 1, x = 3

3

1

2

3 4− x
 dx = 2

4−
 In |3 4 |  x⎡⎣ ⎤⎦1

3

= − 1

2
(ln9 − ln1) = − 1

2
ln9 = −ln3

∴ area = ln3 sq. units

12 y = −x3 + 6x2 + x − 30 x-intercepts: −2, 3, 5
3

−2
(−x3 + 6x2 + x − 30)dx

= 
− + + −⎡

⎣
⎢

⎤

⎦
⎥

−

x xx x
4 2

4 2
2 303

2

3

81 9

4 2
54 90 4 16 2 60

= − 51.75 − 42

= − 93.75
5

3
(− x3 + 6x2 + x − 30)dx = − + + −⎡

⎣
⎢

⎤

⎦
⎥

x xx x
4 2

4 2
2 303

3

5

625 25

4 2
250 150 51.75  

= − 43.75 + 51.75 = 8

∴ area = 93.75 + 8 = 101.75 sq. units

13 
2 0 1

2 1

x x
y

x x

Area = 
1

0
x2dx +

2

1
(2 − x)dx

= ⎡
⎣⎢

⎤
⎦⎥

+ −⎡
⎣⎢

⎤
⎦⎥

x xx
3 2

3 2
0

1

1

2

2

1 1 5

3 2 6
(4 2) 2  sq. units

14 
2

0 1

1

x x
y

x x

Area =
1

0
x

1
2dx +

2

1
x2 dx

= ⎡
⎣⎢

⎤
⎦⎥

+ ⎡
⎣⎢

⎤
⎦⎥

2

3 3

3

2

3

0

1

1

2

x x

2 8 1

3 3 3

= 3 sq. units

Exercise 7I
1 y = x2 + 1 y = 1, y = 10

1x y  A =
10

1

1
2( 1)y  dy 

103 3
2 2

1

2 2

3 3
( 1) (9)y

= 18 sq. units

2 y = x  y = 0, y = 4

x = y2

A = 
4

0
y2 dy =

⎡

⎣
⎢

⎤

⎦
⎥ =y

3

3

64

3
0

4

 sq. units

3 y = 4 − x  y = 0, y = 2

y2 = 4 − x

x = 4 − y2

A = 
2

0
(4 − y2) dy = −

⎡

⎣
⎢

⎤

⎦
⎥4

3

3
0

2

y y

8 16

3 3
8  sq.units

4 y = 4 − x2 y = 3, y = 4

 
x

y

3

4

O

x2 = 4 − y

x = ( )4
1
2− y

A = 2 
4

3
( )4

1
2− y dy 

43
2

3

2

3
(2 4 )y

4 4

3 3
(0 1)  sq.units

5 y = 
1

4x
 y = 

1

2
 y = 2

− x + 4 = 
1

2
y

 x = 4 − 1

2
y

A = 

2

1
2

 
2

1 d4
y

y  = 
2

1
2

14
y

y

1

2
8 (2 2)

= 4 1
2
 sq. units

Exercise 7J
1 

x

y

y = – x

y = 2 – x2
2

–2

O

2 − x2 = −x

x2 − x − 2 = 0

(x − 2) (x + 1) = 0

x = 2 or − 1

Area = 
2

−1
(2 − x2 + x) dx

= − +⎡

⎣
⎢

⎤

⎦
⎥

−

2
3 2

3 2
1

2

x x x

8 1 1

3 3 2
4 2 2

= 
9

2
 sq. units
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WORKED SOLUTIONS

2 

O x

y

y = x2 y = x3

–1
1

x3 = x2

x2 (x − 1) = 0

x = 0 or 1

A = 
1

0
(x2 − x3)dx = −⎡

⎣
⎢

⎤

⎦
⎥

x x
3 4

3 4
0

1

1 1 1

3 4 12
 sq. units

3 

x

y

y = 2 – x
y = 4 – x2

4

–2

O 2–2

4 − x2 = 2 − x

x2 − x − 2 = 0

(x − 2) (x + 1) = 0

x = −1 or 2

Area = 
2

−1
(4 − x2 − (2 − x)) dx = 

2

−1
(2 – x2 + x)dx

= 9

2
 sq. units (see qn. 1)

4 

x

y

y = xy = –x
2

1

–1
O 1

(1, 1)

–1

y = x
2
3

Area = 2
1

0

2
3( )dx x x  = −⎡

⎣
⎢

⎤

⎦
⎥2 3

5 2

5

3

2

0

1

x x

3 1 1

5 2 5
2

5 

x

y

y = 16 – x2

y = x2– 4x
16

–5
O 4–2–4

16 − x2 = x2 − 4x

2x2 − 4x − 16 = 0

x2 − 2x − 8 = 0

(x − 4) (x + 2) = 0

x = 4 or − 2

A = 
4

−2
(16 − x2 − (x2 − 4x)) dx

= 
4

−2
(16 − 2x2 + 4x) dx

4
3 2

2

2

3
16 2x x x

128 16

3 3
64 32 32 8

= 72 sq. units

6 

x

y

y = x4 – 2x2

y = 2x2

O 2–2

x4 − 2x2 = 2x2

x4 − 4x2 = 0

x2 (x2 − 4) = 0

x2 (x − 2) (x + 2) = 0

x = 0, ± 2

A = 
2

−2
(2x2 − (x4 − 2x2)) dx = 

2

−2
(4x 2 – x 4)dx

= −⎡

⎣
⎢

⎤

⎦
⎥ = −( ) − +( )

−

−4 32 32 32 32
3 5

3 5 3 5 3 5
2

2

x x

= 128

15
 sq. units

7 2x3 + 5x2 + x − 2 = 8 − 4x − 20x2 − 8x3

10x3 + 25x2 + 5x − 10 = 0

2x3 + 5x2 + x − 2 = 0

x = − 2, −1, 
1

2

Area = 
 −1

−2
(10x3 + 25x2 + 5x − 10)dx

+ 
−1

1
2

(−10x3 − 25x2 − 5x + 10)dx

= + + −⎡

⎣
⎢

⎤

⎦
⎥

−

−
5 25 5

4 3 2

2 3 2
10

2

1

x x x x  

+ − − +⎡

⎣
⎢

⎤

⎦
⎥

−

−

5 25 5

2 3 2

3 2

10
1

1
2

x x x x
4

5 25 5

2 3 2
10  − 200

3
40 10 20

+ 
5 25 5

32 24 8
5  − − + − −( )5 25 5

2 3 2
10

20 10 305 20 1265

3 3 96 3 96

= 13.2 sq. units (3 sf )
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WORKED SOLUTIONS

8 x4 − 4 
1

1 x
 (x > 0)

(x4 − 4) (1 + x) = 1

x5 + x4 − 4x − 5 = 0

x = 1.449

A =  
1.449

0

41

1
4 d

x
x x  = 5.41 sq. units

9 

x

y

y = e1–x – 1

O

x = 4

0.4755

y = √x

A = 
4

0.4755
( x  − e1−x + 1) dx = 7.00 sq. units

10 y = x2 x = y
4

a
y 

1
2 dy = 

a

0
y 

1
2 dy

43 3
2 2

0

2 2

3 3

a

a

y y

4
3
2 − a

3
2 = a

3
2

2a
3
2 = 8

a
3
2 = 4

a = 4
2
3

11 

x

y

y = x2

y = 2 – x
O 1–2

x2 = 2 − x

x2 + x − 2 = 0

(x + 2) (x − 1) = 0

x = −2 or 1

A = 
1

0
x2 dx + 

2

1
(2 − x) dx

A = x xx
3 2

3 2 3
0

1

1

2

2 4 2 21 1
2

⎡

⎣
⎢

⎤

⎦
⎥ + −⎡

⎣
⎢

⎤

⎦
⎥ = + − − −( )( )

= 
5

6
 sq. units

12 

x

y

y = e–x y = ex

O 1–1

Area = 2
1

0
e −x dx

 = 2 −[ ]e−x
0

1

 

 = 2 (−e −1 + 1) = 2 1 1−( )
e

 or 1.26 sq. units 

13 y

xO 31

y = 
1
x

y = x
2
3

A = 
1

0
x

2
3 dx + 

3

1

1

x
 dx

= ⎡
⎣⎢

⎤
⎦⎥

+ [ ]3

5

5
3

0

1

1

3
x xln| |

= 
3

5
(1 − 0) + ln3 − ln1

= 
3

5
 + ln3 sq. units

Exercise 7K
1 v(t) = t (t − 4)

 

t

v(t)

O 4

distance = |
4

0
(t2 − 4t) dt|

= −⎡
⎣⎢

⎤
⎦⎥

t t
3

2

3
2

0

4

= − = =−64 32 32

3 3 3
32 m

2 v(t) = 5 + 4t − t2 = (1 + t) (5 − t)

 

t

v(t)

O 5–1

a distance = 
1

0
(5 + 4t − t2)dt

= + −⎡

⎣
⎢

⎤

⎦
⎥5 2 2

0

1
3

3
t t t

= 5 + 2 − 1 20

3 3
= m
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WORKED SOLUTIONS

b distance = 
5

1
 (5 + 4t − t2) dt 

+ |
6

5
(5 + 4t − t2) dt|

 = + −⎡

⎣
⎢

⎤

⎦
⎥ + + −⎡

⎣
⎢

⎤

⎦
⎥5 2 5 22

1

5

2

5

6
3 3

3 3
t t t tt t

 =  125 20

3 3
25 50  +  (30 + 72 − 72) 

 − + −( )25 50 125

3

 
80 10

3 3
 = 30 m

3 a(t) = 1 − e –2t 0 ≤ t ≤ 3
v (t) = t + 

1

2
e −2t + c

v(0) = 0 ∴ 0 = 
1

2
 + c ∴ c = − 

1

2

v (t) = t + 
1

2
 e –2t − 1

2

distance = 
3

0
t tt+ −( )−1

2

1

2

2e d  

   = 
2

3

2

0

1 1

4 22
e tt t = 3.25 m

4 v(t) = 10 + 5 e −0.5t

a a(t) = −2.5e −0.5t < 0 ∴ always negative 

b distance = 
2

0
(10 + 5e −0.5t ) dt

= 26.3 m

Exercise 7L
1 y = (x − 1)2 − 1 = x2 − 2x

v = π 
1

0
(x2 − 2x)2 dx = π 

1

0
(x4 − 4x3 + 4x2) dx

= − +⎡

⎣
⎢

⎤

⎦
⎥p x xx

5 3

5 3

4

0

1

4  

= 
8

15
 cu. units or 1.68 cu. units

2 y = 1 + x

v = π 
2

0
(1 + x )2 dx = π 2 (1 + 2 x  + x) dx

= + +⎡

⎣
⎢

⎤

⎦
⎥p x x x4

3 2

3
2

0

2
2

= + ( ) +( )p 2 2 2 24

3
 = + ( )( )p 4 2 24

3

4

3
 (3 + 2 2 ) cu. units or 24.4 cu. units

3 
2

2

xy  x2 = 2y 

v = π 
2

0
2y dy 

2
2

0
y  = 4π cu. units 

4 22y x x  y2 = 2x − x2

v = π 
2

1
(2x − x2) dx = −⎡

⎣⎢
⎤
⎦⎥

p x x2

1

2
3

3

8 1 2

3 3 3
4 1  cu. units 

5 y = 
3
2x  x = 

2
3y  x2 = 

4
3y

v = π 
3

1

4
3y  dy 

37
3

1

3

7
y

7
33

7
(3 1) = 16.1 cu. units 

6 2

12
36xy x  y xx2

2

144
36 2= −( ) = −x x

2 4

4 144

v = π 
6

0

x x x
2 4

4 144
−⎛

⎝
⎜

⎞

⎠
⎟d  = −⎡

⎣
⎢

⎤

⎦
⎥p x x

3

12 720

5

0

6

= π (18 − 10.8)

= 7.2π cu. units

Exercise 7M
1 y = x y = 

x

2

v = π 
5

2

2
2

4
dxx x = π 

5

2

3

4

2
x

 dx 

5
3

2

4

x
 

125 117

4 4
2  cu. units

2 

x

y

–4

O 41

x − 4 = x2 − 4x

x2 − 5x + 4 = 0

(x − 1)(x − 4) = 0

x = 1 or 4

v = π 
4

1
((x2 − 4x)2 − (x − 4)2)dx 

= π 
4

1
(x4 − 8x3 + 16x2 − x2 + 8x − 16) dx

= π 
4

1
(x4 − 8x3 + 15 x 2 + 8x − 16) dx

4

4 3 2

1

5

5
2 5 4 16x x x x x

1024 1

5 5
512 320 64 64 2 5 4 16

108

5
 cu. units
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WORKED SOLUTIONS

3 

x

y

y = x
y2 = 2x

2

O 2

x2 = 2x x(x − 2) = 0

x = 0 or 2 y = 0 or 2 

v = π 
2

0
y y2

2
2

2
−

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝
⎜

⎞
⎠
⎟  dy

v = π 
2

0
y yy2

4

16
−

⎛
⎝⎜

⎞
⎠⎟ d

v y y= −
⎡
⎣⎢

⎤
⎦⎥ = −( ) =

3 5

3 20 3

32

20

16

150

2

8  cu. units

4 y

x

1

–1
O 1

y = 2x – 1

y = x
1
2

y = 2x − 1 
1
2y x

1

2

yx      x = y2

x y2 1

4

2

= +( )    x2 = y4

v = π 

1

−1

( )y + 1

4

2

 dy − π 

1

0
y4 dy

=
⎡

⎣
⎢

⎤

⎦
⎥

+

−

p ( )y 1

12

3

1

1

 −
⎡

⎣
⎢

⎤

⎦
⎥p y

5

5
0

1

8 1 7

12 5 15
 cu. units

Review exercise
1 d

d

y

x
 = ax + 

2

b

x
 (−1, 2) ( −2, 0) = stationary point

when x = −2, d

d

y

x
 = 0 ∴ − 2a + 

4

b  = 0 

∴ b = 8a (1)

y cax b

x
= − +

2

2

(−2, 0) 0 = 2a + 
b
2 + c (2)

(−1, 2) 2 = 
2

a
 + b + c (3)

(2) − (3) − 2 3

2 2

a b  b = 8a

∴ −2 3

2
4a a ⇒ − 4 = 3a − 8a ⇒ −4 = −5a 

✗

4

5
a  

32

5
b  

8 16 24

2 5 5 5
2 bc a

22 32 24

5 5 5x
y x

2 

x

y

y = x2

O 1

y = √x

Area = 
1

0

1
22( )dx x x

= −⎡

⎣
⎢

⎤

⎦
⎥ = − =2

3 3

2

3

1

3

1

3

3
2

0

1
3

x x  sq. units

3 

3.1149 x

y

O 0.7459

v = π 
3.1149

0.7459
( )1 3 2 2

2

2+ − − ( )⎛
⎝⎜

⎞
⎠⎟

x x x
x

d

= 41.3 cu. units

4 a 
2

1

x x
x x

+ −⎛
⎝⎜

⎞
⎠⎟

1 1

2 4
d  = 

2

1
(x + x−2 − x−4) dx

 = − +⎡

⎣
⎢

⎤

⎦
⎥ = − +⎡

⎣
⎢

⎤

⎦
⎥

−
−

x x x

x x
x

2 3 2

32 3 2

1 1

3

1

1

2

1

2

 
1 1 1 1 41

2 24 2 3 24
2 1

b 
4

1

5 4
4

x

x

−  dx = 
4

0

3 1
2 2(5 4 )dx x x

 
4

5 1
2 2

1

2 8x x  
5 1
2 2(2(4) 8(4) ) − (2 − 8)

 = (64 − 16) − ( − 6) = 54

c 
2

1

1

3
d

x
x = 2

1[ ln |   3|]x  = ln1− ln2 = −ln2

d 
e

1

1

1 4
d

x
x = 

1

4
 [ln |1 4 |]1

e− x  

 = 
1

4
 (ln |1 − 4e| − ln3)

 = 
1

4
 (ln(4e − 1) − ln3) = − −( )1

4

4 1
3

ln e
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WORKED SOLUTIONS

Review exercise
1 v(t) = t3 − 4t = t(t2 − 4) = t(t − 2) (t + 2)

 

t

v(t)

O 2

2

0
(t3 − 4t)dt = +⎡

⎣
⎢

⎤

⎦
⎥

t t
4

4
2 2

0

2

 = 4 − 8 = −4

3

2
(t3 − 4t)dt = −⎡

⎣
⎢

⎤

⎦
⎥

t t
4

4
2 2

2

3

 
81 25

4 4
18 ( 4)

∴ total distance = + =4 25

4

41

4
m

2 v(t) = t3 − 3t2 + 2

 

t

v(t)
(0, 2)

(2, 2)

O 1

1

0
(t3 − 3t2 + 2) dt = − +⎡

⎣⎢
⎤
⎦⎥

t t t
4

4

3 2
0

1

= 
1

4
 − 1 + 2 = 

5

4

2

1
(t3 − 3t2 + 2) dt = − +⎡

⎣⎢
⎤
⎦⎥

t t t
4

4

3 2
1

2

5

4

5
4

(4 8 4)

∴ total distance = + =5

4

5

4

5

2
m

3  

x

y

O 1–1 √3–√3

y = x2 − 4 + 
3

2
x

x2 − 4 + 3

2
x

 = 0

x4 − 4x2 + 3 = 0

(x2 − 1)(x2 − 3) = 0 x = ± 1, ± 3

3

1
x x

x

2 4 3
2

− +( )d  = − −⎡
⎣⎢

⎤
⎦⎥

x

x
x

3

3

34
1

3

= 
1

3
( 3 4 3 3) 4 3  = − +4 3 20

3

∴ total area = 2 4 3 8 320

3

40

3
−( ) = −  sq. units

4 a 
3

4
6

2

x

x

+
 dx = 3x2 + 

6
2

x
 dx = x3 − 

6

x
 + c

b 1 1 d
x x

x x x  = x x
x

2 1
2

−⎛
⎝⎜

⎞
⎠⎟
d  = + +x

x
c

3

3

1

c 
2 3

1

x
 dx = 

3

1
 ln |2 − 3x| + c

d 2

1 4
d

x
x = 

1

22(1 4 ) dx x  = 
2

4

1 4

1

2

1
2

−
− +( )x c

= − − +1 4x c

e 3 32e e dx x x = 
3 32e e d

x
x x

 = 
− −2

3

3e x
 + 3 3e

x

 + c = + +− −2

3

3 33e ex x c

5 2

2

2 1 2 3

x
x x x

2x2 − x

4x

4x − 2

2

∴ 2 3

2 1

2

2 1

2

2x x

x x
x+

− −
= + +

2

1

2 3

2 1

2
x x

x

+
−

 dx = 
2

1

2

2 1
2 d

x
x x

= + + −⎡
⎣⎢

⎤
⎦⎥

x x x
2

2
2 2 1

1

2

ln

= (2 + 4 + ln3) − (
1

2
 + 2 + ln1)

= 
7

2
 + ln3

6 

x

y

y = 5

O–1

y = 
1

1x +   ∴ x + 1 = 
1

y
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WORKED SOLUTIONS

x = 
1

y
 − 1

5

1

1 1 d
y

y = 
5

1
ln y y

 = (ln5 − 5) − (ln1 − 1)

 = ln5 − 4

∴ area = 4 − ln5 sq. units 

7 

x

y

1

O–1

A = 
0

−1
(x + 1)

1
2 dx 

03
2

1

2

3
( 1)x

= 
2

3
 sq. units

8 

x

y

O a

a

0
(3ax − 3x2 ) dx = 4

3

2

2
3

0

4ax x
a

−⎡

⎣
⎢

⎤

⎦
⎥ =

3

2

3
3 4a a− =

3

2
4a  a3 = 8 ∴ a = 2

9 

x

y
y = 3–x y = 3x

2

3

1

O 1–1

v = 2π 
1

0
(3−x)2 dx = 2π 

1

0
3−2x dx

12

0

2

2 ln 3
3 x

2

ln 3
(3 1)

8

ln 3 9

8

9 ln 3
 cu. units
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WORKED SOLUTIONS

1

Answers
Skills check
1 Using Δ’s CFE and CBA, 

EF CF

6.5 CB

Using Δ’s CDF and BAF, 
4 6.5

CF BF

4 6.5

CF CB CF

CB CF 6.5 CB CB

CF 4 CF CF
1 1.625 2.265

EF 1 51

6.5 2.625 21
EF 2.48 m

Exercise 8A
1 a ˆBAC 90º 28º 62º

 
AB

8
sin28º AB 8sin28º 3.76 cm

 
BC

8
cos28º BC 8cos28º 7.06 cm

b 2 2 2QR 7 4.2 QR 31.36 5.6 cm

 
4.2

7
ˆ ˆsinPRQ PRQ 36.9º

 ˆQPR 90º 36.9º 53.1º

2 BT

AB
tan BT 30tan52.3º 38.8 m

3 
15

cos 15cos1.23 5.013r r  . . .

arc length = 2πr = 31.50 . . .

15 31.50 . . . 2.10 radians

4 
0.3 m

1.5 m
a

A

O

B

i

 0.3

1.5
cos 1.369. . .

2 2.738. . .

 = 2 – 2.738 . . . = 3.544

Area 1

2
AOB (1.5)(1.5)sin2.738. . .

 = 0.4409 . . .

Area major sector 21

2
AOB 1.5 (3.544...) 3.987...

Ancient mathematics 
and modern methods

Cross-sectional area of  milk  = 0.4409…+3.987. . .

= 4.428…

∴ Volume of  milk = 4.428… × 3 = 13.3 m3

Exercise 8B
1 a sin144 sin36

b cos210 cos30

c tan 230 tan50

d 
7

8 8
sin sin

e 7

3 3
tan tan

f 7

6 6
cos cos

2 

13

12

5

x

y

i

 12 5

13 12
cos tan

3 

4

5
3

x

y

i

 5 4

4 5
sec cos

 
3 3

4 5
tan sin

4 a 2 + 4cosθ
 i max value = 6 when θ = 2π
 ii min value = –2 when θ = π
b 5 − 3sinθ
 i max value = 8 when 3

2

 ii min value = 2 when 
2

c 2sinθ −1

 i max value = 1 when 
2

 ii min value = −3 when 3

2

d −2cosθ −3

 i max value = −1 when θ = π
 ii min value = −5 when θ = 2π

8
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Investigation – trigonometric 
identities
1 a 

1

tan(90 )

sin cos(90 ), cos sin(90 ),

tan

b sin

cos
tan

c 2 2sin cos 1

e 2 2tan 1 sec

f 2 2cot 1 csc

Investigation – exact values 
of sin, cos and tan
1 a 2 2

4 2 4 2 4
sin cos tan 1

 b 3 1

3 2 3 2 3
sin cos tan 3

  1 3 1

6 2 6 2 6 3
sin cos tan

Exercise 8C
1 1

4 2
sin

2 2 1 15 15

16 16 4
cos 1 sin 1 cos

sin 1

cos 15
tan

2 12

13
cos 0 ( lies in 2nd quadrant)

2 2 144 25 5

169 169 13
sin 1 cos 1 sin

sin 5

cos 12
tan

3 3 1

2 3 63

1

6 2

sin arcsin arctan sin

sin (QED)

4 
2 2sin 1 cos sin (1 cos )

1 cos sin sin (1 cos )

 = 
2 2sin 1 2cos cos

sin (1 cos )

 = 2 2cos 2(1 cos ) 2

sin (1 cos ) sin (1 cos ) sin
(QED)

5 
2 2sin cos sin cos

cos sin cos sin
tan cot

 1

cos sin
sec csc (QED)

(sin cos )(tan cot ) (sin cos )sec csc

 sin sec csc cos sec csc

 = sec csc (QED)

6 
2 2 2 2

2 2

2 2 2cos cos cos sin

sin sin
cot cos cos

 = 
2 2 2 2

2 2

cos (1 sin ) cos cos

sin sin

 = 4 2cos csc (QED)

Exercise 8D
1 a sin75 sin(30 45 )

 = sin30 cos 45 cos30º sin 45º

 = 1 1 3 1

2 22 2

 = 1 3

2 2

b tan 60 tan 45

1 tan 60 tan 45
tan15 tan(60 45 )

 = 
3 1

1 3

c 1 1

cos(60 45 ) cos 60 cos 45 sin 60 sin 45
sec105

 = 1 2 2 2 2

1 1 3 1 1 3 3 1

2 22 2

2 a 1

2
cos70 cos10 sin70 sin10 cos60

b 

tan30 tan 45
tan75 tan(30 45 ) 1 tan30 tan 45

tan 45 tan30tan15 tan(45 30 )

1 tan 45 tan30

 = 

1 1
1 1

3 3
1 1

1 1
3 3

 = 

2
2

2 4

2

1 31 3 1 3

43 1 3 13 1

3 24

25 2
sin 0

2

2 24 49 7 24

25 625 25 7
cos 1 cos tan

3 4 3

5 2 5 4
sin cos tan

24 3
tan tan 7 4

24 31 tan tan
1

7 4

tan( )

 

75
75 328

100 100 4

28

4 
1

1 1 tan tan tan tan

tan( ) tan tan 1
tan tan

cot( ) A B A B
A B A B

A B

A B

 

1
1

cot cot 1tan tan
1 1 cot cot

tan tan

(QED)A BA B
A B

B A

5 a sin( ) sin cos cos sin

cos cos cos cos

A B A B A B
A B A B

 
sin sin

cos cos
tan tan (QED)A B

A B
A B

b sin cos sin cosA A B B

 

sin sin sin cos cos sin

cos cos

A B A B A B

A B

 

sin cos cos sin

sin sin cos cos

A B A B

A B A B

 sin cos (QED)A B A B
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6 a 1 3

4 5
Let arctan and arctan

 Then 1 3

4 5
tan and tan

 tan tan

1 tan tan
tan

  

1 3 17

4 5 20
1 3 17

1
4 5 20

1

 
5

4 4
or .

 
5 3

4 4 4
But 0 or , so 0

 
1 3

4 4 5 4
i.e. arctan arctan (QED).

 b Let arctan (4) = 

 Then tan  = 4 = 
1

tan

 2
2

 Similarly if  5

3
arctan , then 

2

 
5

3 2 2
arctan (4) arctan

 

 4

 
3

4

Exercise 8E
1 a sin sin cos cos sinA B A B A B

 Let A B

 sin 2 sin cos cos sin

 sin 2 2sin cos (QED)

 b cos cos cos sin sinA B A B A B

 Let A B

 cos2 cos cos sin sin

 
2 2cos2 cos sin (QED)

 c tan tan

1 tan tan
tan A B

A B
A B

 
tan tan

1 tan tan
Let , tan2A B

 2

2 tan

1 tan
tan2 (QED)

2 4 7

5 25
cos cos

3 24

5 25
sin sin

cos( ) cos cos sin sin

 
4 7 3 24

5 25 5 25

 
100 44 4 44

125 125 5 125
or or

3 
2

21 1 7

3 3 9
cos , cos2 2cos 1 2 1A A A

2

2 7 17

9 81
cos4 2cos 2 1 2 1A A

4 
tan 3 tan 3

3 3 1 3 tan 1 3 tan
tan tan

 = 
2

2

tan 3

1 3tan
(QED)

5 a 2 2 2 1

2
2cos sin cos 1 cos2 1 1A A A A

 
1

2
cos2 3A

b 
2 24 2 1

4
cos cos cos2 1A A A

c 
2 24 2 1

4
sin sin 1 cos2A A A

6 a 

2

2

2 2 2

2 2

2 2

2

2sin

cos

1 tan 1 cos2 1 tan 1 1 2sin

1 tan 2sin

sec 2sin

2tan (QED)

 b 2 2 21 tan 1 cos2 sec 1 2cos 1

 2

21

cos
2cos

 2 (QED)

7 a 
2 2

2 2

21 cos 2 1 (1 2sin ) 2sin

1 cos 2 1 (2cos 1) 2cos
tan QEDA A A

A A A
A

 b 

2

2 2 22

22 2 2

2

sin
1

1 tan cos sincos
sin1 tan cos sin

1
cos

A
A A AA

AA A A
A

  = cos 2

1
cos2 QEDA A

 c 22

sin 2 2sin cos 2sin cos

1 cos2 2sin1 1 2sin

A A A A A
A AA

  = cos

sin
cot QEDA

A
A

 d cos3 cos( 2 )

cos cos2 sin sin 2

A A A

A A A A

 
2cos 2cos 1 sin 2sin cosA A A A A

 
3 22cos cos 2sin cosA A A A

 
3 22cos cos 2cos 1 cosA A A A

 
3 32cos cos 2cos 2cosA A A A

 
34 cos 3cos QEDA A

Exercise 8F
1 a 

i

–3
–2
–1

3
2
1

0

g(i)
g(i) = csc i

r–r 2r–2r
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2 a 

x

–3
–4
–5

–2
–1

3
4
5

2
1

0

y
y = 5cos 2x

r–r 2r–2r

 b 

x

–1

1

0

y

r–r 2r–2r

y = cos (x +    )
r
2

 c 

x

–4

4

0

y

21–2 –1

y = 4cos (rx)

 d 

x

–2

4

2

0

y

2r–2r –r

y = 2cos (4x + r) + 1

r

3 a 

x

–2
–1

–3

2
1

3

0

y

2r–2r –r

y = 3sin x

r

 b y = sin 3x

x

–1

1

0

y

2r–2r –r r

 c y = 3sin 3x

x

–3

3

0

y

2r–2r –r r

 d y = 3(1 + sin (3x))

x

3

6
y

2r–2r –r r0

4 

x

–2

2

0

y

y = f(x)

y = g(x)

r
2

r

 f  (x) = g (x), 1 solution

5 a f  (x) 4 sin cos 2sin 2x x x

  f  (x) is odd, period

  

x

–1

–2

2

1

0

y

r
2

3r
2

2rr

 b g (x) = 1 – 2sin2 x = cos2 x

  g (x) is even, period = 

  

x

–1

1

0

y

r
2

3r
2

2rr

 c h (x) = x sin x

  h (x) is even, not periodic

  

x

–5

2

0

y

r
2

3r
2

2rr

Exercise 8G

1 i 
12

7sin 6 3f x x

  a 
2

6 3

12

amplitude 7 period

phase shift

  b min. value 4, max. value 10

   

xO

–4

10

y

r
3

2r
3

r
3

–
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 ii 
2 4

–3sin 2 5 3sin 2 5f x x x

  a 2

2

4

amplitude 3 period

phase shift

  b min value 8 max value 2

   

xO
–2
–4
–6
–8

2

y

2rr–r

2 220sin 120V t t

 a max 220  b min 220

 c amplitude 220 d 2 1

120 60
period

 e V t

  

t

–220

220

0

v(t)

1
60

2
60

3 sinh t a b t c d

 a 14.4 1.2

2
6.6a

  14.4 1.2

2
7.8d

  2

6
12

b
b

  
6

( ) 6.6sin 7.8h t t c

  (8.25) 14.4h

  
6

14.4 6.6sin 8.25 7.8c

  
6 6 2

sin 8.25 1 8.25c c

  8.25 3 5.25c c

  
6

6.6 5.25 7.8a b c d

 b 

t

16

12

8

4

4 8 12 242016

h(t)

  6
( ) 6.6sin 5.25 7.8h t t

  6
1.2 6.6sin 5.25 7.8t

  6
sin 5.25 1t

  6 2
5.25t

  5.25 3t

  2.25t

  First low tide is at 02:15

c Points of intersection: (0.086757,5), (4.413243,5),

(12.086757,5), (16.413243,5)

 
4

( ) 5 for 0 0.086757,

4.413243 12.086757, and 16.413243 2

h t t

t t

 

Time intervals are: 00 : 00 to 00 : 05, 04 : 25 to12 : 05

and 16 : 25 to 24 : 00

4 ( ) sin[ ( )]f x a b x c d

12.75 10.65

2
1.05a

12.75 10.65

2
11.7d

2 2

365
365

b
b

2

365
( ) 1.05sin 11.7f x x c

On 21 June, 172, (172) 12.75x f

2

365
12.75 1.05sin 172 11.7c

2 2

365 365 2
sin 172 1 172c c

365

4
172 80.75c c

2

365
1.05 80.75 11.7a b c d

On 4 July, 185, (185) 12.72

12.7 hours

x f

Exercise 8H

1 a 
2 2

2 4 2
cos arcsin cos

b 1 1 1

2 2 2
sec arctan . Let arctan tan

 2 2 5 5

4 2
sec 1 tan sec

 1 5

2 2
sec arctan

c 3 1

2 3 2
cos arcsin cos

d 5 5

6 6
tan arctan

 e 3 2

4 2 4
arccos sin arccos

 f 7 1

6 2 6
arcsin sin arcsin
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2 a 1 1

2 2 6 3 2
sin arcsin arccos sin sin 1

b 
3 3 4

5 5 5

4 4 3

5 5 5

Let arcsin sin , cos

arccos cos , sin

 

3 4

5 5

4 4 3 3 7

5 5 5 5 25

cos arcsin arccos cos

cos cos sin sin

c Let 3 3

4 4
arctan , tan

 

2

3 2 tan

4 1 tan

3
3 16 242

9 2 7 7
1

16

tan 2arctan tan 2

3 a Let 

2

2

2

sin

cos 1

1

arcsin sin cos 1

tan

tan(arcsin ) (QED)

a

a
a

a

a a a

a

b Let arcsina = θ and arccosa = ϕ
  sinθ = a cosϕ = a

 cos(arcsina + arccosa) = cos(θ + ϕ)

 = cosθ  cosϕ − sinθ  sinϕ
 2 21 ( ) 1a a a a

 = 0 (QED)

c Let arccosa = θ ∴ cosθ = a, 2sin 1 a

 tan(arccosa) = 
2sin 1

cos
tan a

a
 (QED)

Exercise 8I
1 3sinx = 2tanx −π ≤ x ≤ π

 3sinx 2sin

cos

x
x

 3sinx cosx − 2sinx = 0

 sinx(3cosx − 2) = 0

 sinx = 0 or 2

3
cos x

 x = 0, ±π  or x = ±0.841

2 cotθ + sinθ = 6 [0, π]

 cos

sin
sin 6

 Using GDC: θ = 0.170

3 3cos2θ = 2cos2θ [−π, π]

 3(2cos2θ − 1) = 2cos2θ

 4cos2θ = 3 3 32

4 2
cos , cos

 5

6 6
,

4 142

cos
3tan 18 0

 3(sec2θ − 1) − 14secθ + 18 = 0

 3sec2θ − 14secθ + 15 = 0

 (3secθ − 5) (secθ − 3) = 0

 5

3
sec or 3

5 sinx − cosx = 1 0 ≤ x ≤ π
 2

2 2 2
2sin cos 2cos 1 1x x x

 2

2 2 2
2sin cos 2cos 0x x x

 
2 2 2

2cos sin cos 0x x x

 
2 2 2 2

cos 0 or sin cos tan 1x x x x

 
2 2 2 4

orx x

 
2

orx

6 cosθ + sinθ = 2 −π ≤ θ ≤ π
 1

sin
sin 2

 1 + sin2θ = 2sinθ
 sin2θ − 2sinθ + 1 = 0

 (sinθ − 1)2 = 0

 sinθ = 1 ∴ 
2

7 sin 3cos

sin cos
7x x

x x

 sinx − 3cosx = 7sinx − 7cosx

 4cosx = 6sinx

 ∴ 4 2

6 3
tan x

 a 
2

2 tan

1 tan
tan2 x

x
x

  
4

4 9 123
4 3 5 5

1
9

 b 
2

2 tan
2

1 tan
2

tan

x

x
x

  
2

2 tan
2 2
3

1 tan
2

x

x

  2

2 2
2 2tan 6tanx x

  2

3 2
tan 3tan 1 0x x

  3 9 ( 4) 3 13

2 2 2
tan x

8 
2

sin2 sinx x x x  0 ≤ x ≤ 2π

 From graph, x = 0, π, 5.17, 2π

9 −5x 2cos8x = tanx 
2

0 x

 Using GDC, x = 0, 0.294, 0.536, 1.02, 1.32
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Exercise 8J
1 a 

2 2 2

2 2 2

5 4.44 8

2 5 4.44

QR 5 8 2 5 8cos30 19.17...

QR 4.44

cosQ 0.4342 ...

ˆ ˆPQR 11.6 PRQ 34.3

b 

2 2 2

2 2 2

4 6.67 5

2 4 6.67

XZ 4 5 2 4 5cos95 44.48...

XZ 6.67

cosZ 0.6650...

ˆ ˆXZY 48.3 YXZ 36.7

c 
2 2 2

2 2 2

4 8 5

2 4 8

8 5 4

2 8 5

cosA 0.859375

ˆBAC 30.8

cosC 0.9125

ˆ ˆACB 24.1 ABC 125

2 
2 2 23.9 2.3 4.5

2 3.9 2.3
cosA 0.01393...

A 89.2 , largest angle 89.2

3 
2 2 23 4 2

2 3 4
cosP 0.875

P 29.0 , smallest angle 29.0

4 

2 2

2

2 2 2 5

2 2

2

8

3

13 8
5

13 3 3
133

2 5
3

2 1 5 2 cos60

4 4 1 25 5

3 24 0

3 8 3 0

2 1 , cosB 0.8461...

ˆˆABC 32.2 ACB 87.8

x x x

x x x x
x x
x x

x

x

5 2 2 2

2 2 2

2 2 2

2 2 2 2

ˆIn ABC, 2 cos ABC

ˆIn ABD, 2 cos BAD

ˆ ˆBAD 180 ABC

ˆ ˆ ˆcos BAD cos 180 ABC cos ABC

ˆ2 cos ABC

2 QED

p a b ab

q a b ab

q a b ab

p q a b

Exercise 8K
1 a 

AC 10

sin125 sin30

AB 10

sin25 sin30

ˆACB 180 30 125 25

ˆACB 25

AC 16.4 cm

AB 8.45cm

 b 
RP 7

sin95 sin 45

QR 7

sin95 sin 45

ˆPQR 95

RP 9.86cm

QR 6.36 cm

 c sin sin 40

7 9
sinA 0.4999...A

   A = 29.996° or 150.004° (only the acute angle 

is possible as this angle is opposite side 7 and 

therefore smaller than 40°)

  ˆ ˆBAC 30.0 ABC 110

  AC 9

sin110 sin 40
AC 13.2cm

2 sin Q sin15

80 150

PQ 150

sin157.07 sin15

sinQ 0.1380

Q 7.934

R 180 15 7.93 157.07

PQ 225.84 km

 extra distance travelled 230 225.84

4.16... km

 time lost 4.16..

400
hours 0.0104.. hours

37 sec (nearest second)

3 

250
36°

32° 112° 68°

A

BCD

 
250

AC

CD 269.63..

sin36 sin32

In ABC,

sin68 AC 269.63...

CD 299 length of lake 299 m (nearest m)

4 
MC 15

sin116 sin 41

MC 15

sin23 sin 41

MA

8.93...

ˆ ˆln MBC, MBC 116 , BMC 41

MC 20.5 m

MB 8.93m

ln ABM, sin64 MA 8.03 m

5 

27 m

27 m

31 m

55°

B

C

C'

A

 sinC sin55

31 27
sinC 0.9405

C 70.1 or 109.9

A 55 , C 70 or A 15 , C 110

Exercise 8L
1 2 2 2

1 1

2 2

PR 10 13 2 10 13cos125 418.129...

PR 20.448..

Area 10 13sin125 15 20.448sin70

197 sq.units



Worked solutions: Chapter 8© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

WORKED SOLUTIONS

8

2 
52 cm

104 cm
20°

B

C A

 sin B sin20º

104 52

sinB 0.68404...

B 43.16.. or 136.83...

C 116.83.. or 23.16...

 1

2

2

1

2

1

2

Area 52 104sin116.83.. 2412.7...

Area 52 104sin23.16.. 1063.49...

difference 1349 or 1350 cm 3sf

3 

5

O
7

5

5

X

Y

Z

a

b

 
2 2 2

2 2 2

5 5 3

2 5 5

5 5 7

2 5 5

In OXY,cos 0.82

34.915 ...

In OYZ,cos 0.02

...88.854

 2

1 1

2 2
Area OXYZ 5 5sin34.915 5 5sin88.854

19.7 cm

4 

2 2 2

12

12

6.928 8.402 15

2 6.928 8.402

In ABC, tan60 AC 6.928

In ABD, tan55 AD 8.402

ˆIn ACD, cosCAD 0.9138...

ˆCAD 156

AC

AD

 21

2
Area CAD 6.928 8.402 sin156 11.8 m

5 a 2 2 2

2 2

1 2 1 3 3

2 3 2 2 4

1 1

2 6 4

area POQ sin

area ROS sin

r r r

r r

 b 
2

2 2 21 2 13 13

2 3 4 3 4 12
area 4 3 13rr r r

 c 
2

2 2 21 1 1

2 6 4 12 4 12
area 3rr r r

 d 
2 2

2 2

12 12

12 4

shaded area 4 3 3 3

3 3 3 3 1 3 QED

r r

r r

Review exercise
1 22 2

22

2 2

2 2

2

1 2

2 2 11 1

1 2

2 11

2 1 1

1 1

sin 2sin cos 2 QED

cos 2cos 1 2 1 1

QED

t t
tt t

tt

t t
t t

✗

 
2

2 2

2 2

2

2 3 1

1 1

22

2 2 3

2

3

3 sin cos 1 0 2

1

2 3 1 1

2 2 3 0

2 3 0

tan 0 or tan 3

0 or or

0, or 2

t t
t t

t t t

t t

t t

2 a 

3 2 1 2 6 2

2 2 2 2 4

sin165 sin 120 45

sin120 cos45 cos120 sin45

 b 
tan 60 tan 45

1 tan 60 tan 45

3 1

1 3

tan105 tan 60 45

 c 
5

12 6 4 6 4 6 4

3 2 1 2 6 2

2 2 2 2 4

cos cos cos cos sin sin

 d 
2

2

2

2 tan
8

4
1 tan

8

8 8

8 8

2 4 4 2 8

2 2 88

8

tan

1 tan 2tan

tan 2tan 1 0

1 2 since tan 0tan

tan 2 1

3 a 1 1 cos

sin1 tan cos sin
1

cos

cos 1

cos sin 1 tan
QED

 b cos cos cos sin sin

cos cos cos cos

cos cos sin sin

cos cos cos cos

1 tan tan QED

A B A B A B
A B A B

A B A B
A B A B

A B

 c 

2

2 2

cos3 cos 2 cos cos2 sin sin 2

cos 2cos 1 sin 2sin cos

2cos cos 2sin cos

A A A A A A A

A A A A A

A A A

  

2

2 2

2

sin3 sin 2 sin cos2 cos sin 2

sin 2cos 1 cos 2sin cos

2sin cos sin 2sin cos

4 sin cos sin

A A A A A A A

A A A A A

A A A A A

A A A
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 3 2

2

cos3 sin3 2cos cos 2sin cos

4 sin cos sin

A A A A A A

A A A

 

2 2

2

2 2

2cos 1 sin cos 2sin cos

4 sin cos sin

cos 4 sin cos 4 sin cos sin

cos 1 4 sin cos sin 1 4 sin cos

cos sin 1 4 sin cos QED

A A A A A

A A A

A A A A A A

A A A A A A

A A A A

 d 22sin 2 1 2sin 2sin 2 cos2

sin 4 QED

 e 2

2

2

1 2cos2 cos 4 1 2cos2 2cos 2 1

2cos2 1 cos2

2cos2 1 2cos 1

4 cos cos2 QED

A A A A

A A

A A

A A

4 a 3 3 4

5 5 5

1 1 3

2 2 2

3 1

5 2

4 1 3 3 4 3 3

5 2 5 2 10

Let arcsin , sin , cos

arccos , cos , sin

cos arcsin arccos cos

cos cos sin sin

 b 3 3 4

5 5 5

3

5

4 3 24

5 5 25

Let arccos cos , sin

sin 2arccos sin 2 2sin cos

2

 c 
4

4 4 3

5 5 5

4

5 4

4 4

3 4 22

5 2 5 2

7 2

10

arctan 1

let arccos cos , sin

sin arctan 1 arccos sin

sin cos cos sin

5 

x

C

0

y

y = g(x)

r
B

r
B

–

6 2

2

2
2 2 2 2 2

Let arcsin ,sin ,cos 1

arccos ,cos ,sin 1

sin arcsin arccos sin

sin cos cos sin

1 1 2 1 QED

x x x

x x x

x x

x x x x x

 

2

2

2

1 1 16

4

1 17

4

1

4

arcsin arccos arcsin 1

sin arcsin 1 2 1

1 2 1

2 2 0

arcsin acute 0

arcsin 1 acute 1 0

1

0 1

17 1 QED

x x x

x x

x x

x x

x x x
x x

xx
x

x

7 tan

tan

tan tan

tan tan

tan tan

tan

2 2

1 2

4

2

1

x y x y
x y

x y

+ =

=

( ) +
−

⎛
⎝⎜

⎞
⎠⎟

+
− 22

1

2 1 2

1 2 1 2

x y

x y x y
y x x

y

tan

tan tan tan tan

tan tan tan

tan

=

+ = −
+ = −

=
( )

∴

11 2

1 2

1
2

1

1
2

1

1 22

2

2

−
+

−
−

+
−

= − −=

tan

tan

tan

tan
tan

tan

tantan

x
x

x
x

x
x

xy ttan

tan tan

tan tan

tan tan
tan

x
x x

x x
x x

y

1 2

1 2

1 2

2

2

2

− +

− −
+ −

( )=∴ QED

Review exercise

1 cos cos cos cos sin sin

cos cos sin sin

2sin sin (QED)

A B A B A B A B

A B A B

A B

 

2

2

2

2

sin3 sin 1

Let 3 ,

cos2 cos 4 2sin3 sin

cos2 cos 4 2

cos2 2cos 2 1 2

cos2 2cos 2 1 2

2cos 2 cos2 3 0

2cos2 3 cos2 1 0

cos2 1

2

x x

A x B x

x x x x

x x

x x

x x

x x

x x

x

x

x

2 a sin sin 1.1 arcsin 1.1 sin

cos sin 2 1.8 arccos 1.8 sin 2

y x y x

y x y x

 b Using GDC, 0.619, 0.546

or 1.09, 0.216

x y

x y
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10

3 a 

1

2

ˆ ˆADB 110 ABO 180 15 110 55

ˆOBC 180 70 55

ˆABC 55 55 110

 b AB 0.6

sin55 sin15
In ABC, AB 1.90 m

 c 0.3 m 0.3 m

15°
O

B

X

CA

  

OX

1.598...

AX 1.898 0.3 1.598...

tan15

OX 0.428m

radius 0.428m

4 a 2 3sin

4 3cos

4

3

, 0 2

For vertical asymptotes,

4 3cos 0

cos no solution

no vertical asymptotes QED

x
x

f x x

x

x

 b 2 2

7 7
0 , 0,f

 c 3.87 5.55p q

 d 

x
–1
–2

1
2
3

0

y

6QP3

(2.77, 2.56)

(4.44, –0.279)

2
7

 e Points of intersection at 0.510,

3.53, 3.99, 5.49

for 0.510 3.53

and3.99 5.49

x

f x g x x

x

 f Max. value of is 2.39

when 1.88

f x g x

x

5 a 

A

D

N

7

5

  2 2 2DN 5 7

DN 74 8.60 cm

 b 

A

D

B

X

C10

3.5

  DX 2 = 102 + 3.52 = 112.25

  

D X

M

4

√112.25

  2 2DM 112.25 4

DM 128.25 11.3cm

 c F

B

M

4

3.5

  BM 2 = 3.52 + 42 = 28.25

  M

N B5

√28.25

  2 2NM 28.25 5

NM 53.25 7.30cm

 d MD

N

7.30

11.3

8.60

  128.25 53.25 74

2 128.25 53.25
cosM

0.6504

ˆDMN 49.4

 e 

2

1

2
area DMN 128.25 53.25sin49.4

31.4 cm

6 a 1

2

1

2

1 1

2 2

Area ABC

lengthof perpendicular fromCtoAB

or area ABC sinC

sinC

sinC QEDab
c

ch

h

ab

ch ab

h
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11

 b 

2 2 2

10

10

17.3 10

26.5

In BCD,tan30 BC 17.3m

In ACD,tan 45 AC 10 m

In ABC,AB 17.3 10 2 17.3

10cos150 700

AB 26.5m

From , sin sin150

3.27 m

BC

AC

ab
c

a h C

h

7 

7

24 – x
3

xi i

B

CA

D

E

 3

7 24

72 3 7

=

=

x
x

x x
−

−
 x = 7.2 cm

 2 2 2

2 2 2

In CDE, CD 7.2 3 42.84,

CD 42.84

In ABC, BC 16.8 7 233.24,

BC 233.24

7
cos 1.141

16.8

Major arc of large circle 7 2 2 28.008...

Major arc of small circle 3 2 2 12.003...

Length of belt 2BC 2CD 28.008 12.003

     = 83.6 cm



Worked solutions: Chapter 9© Oxf ord University Press 2012: this may be reproduced f or class use solely f or the purchaser’s institute 1

WORKED SOLUTIONS

Answers
Skills check

1 a 
1

1

2

2

−

+

tan

tan
 = 

1

1

2

2

2

2

−

+

sin

cos

sin

cos

q

q

q

q

 =
−

+

cos sin

cos sin

2 2

22  = cos2θ − sin2θ
 = cos2θ

 ∴ = −

+
cos

tan

tan
2

1

1

2

2

b 

2

tantan

tan tan1

tan2

tan1

tan 2 tan( )

 ∴ =
−

tan
tan

tan
2

2

1
2

2 a f   (x) = 3e 2x − 2x 2, f  ��(x) = 6e 2x − 4x

b g (x) =  (x + 1) ln (x 2 + 2x + 1)

 = (x + 1) ln (x + 1) 2 = 2(x + 1) ln (x + 1)

 g���(x) 
2( 1)

( 1)

x
x

 + 2 ln (x + 1) = 2 + 2 ln (x + 1)

c 
2

2

2

222

2

e( 1)2 ee

1 1( )

e (2 2 1)

1( )

( ) ( )
xxx

x

x x
x x

x x

x

h x h x

Exercise 9A
Proofs using differentiation from fi rst principles

Exercise 9B

1 a y = cot x 2d

d
csc

y

x
x

b y = csc x 
d

d

y

x
x x=− csc cot

c y = sin 3x 
d

d

y

x
x=3 3cos

d y = tan (5x − 3) 
d

d

y

x
x= −5 5 32sec ( )

e y = cos (8 − 3x) 
d

d

y

x
x= −3 8 3sin( )

f  y x= ( )−
csc

3

4
 

d

d

y

x

x x=− ( ) ( )− −1

4

3

4

3

4
csc cot

g y x= ( )−
cot

7 2

13
 d

d

y

x

x= ( )−2

13

7 2

13

2csc

The power of calculus9
2 a y = sin (x 5 − 3) 

d

d

y

x
x x= −5 34 5cos( )

b y = cos (e x) 
d

d
e e

y

x

x x=− sin( )

c y = csc (x 2 + 11) 2 2d

d
2 csc( 11)cot( 11)

y

x
x x x

d y = cot (4x 3 − 2x 2 + 7x + 17)

 
d

d

y

x
 = −(12x 2 − 4x + 7) csc 2(4x 3 − 2x 2 + 7x + 17)

e y = tan (ln(2x + 1)), 
d

d
ln

y

x x
x= +

+
2

2 1

2 2 1sec ( ( ))

f  y = sec ex +( )1

 d

d
e e e e

y

x

x x x x= + +( ) +( )−1

2
1 1 1

1
2( ) sec tan

 =
( ) ( )

( )
+ +

+

e e

e

x x x

x

sec tane 1 1

12

 =
( ) ( )

( )
+ +

+

e e

e

x x x

x

sin sece 1 1

1

2

2

 g y = sin (cos (tan x))

 
d

d

y

x
 = −sec 2 x sin (tan x) cos (cos(tan x))

Exercise 9C
1 a y = (2x − 1) cos x

 
d

d

y

x
 = 2cos x − (2x − 1) sin x

b y = (3x − x 2) sin 2x

 
d

d

y

x
 = (3 − 2x) sin 2x + 2 (3x − x 2) cos 2x

c y = e 1−x tan x

 
d

d

y

x
 = e 1−x sec2 x − e 1−x tan x = e 1−x (sec2 x − tan x)

d sinx

x
y , 

d

d

cos siny

x

x x x= -

x 2

e 2 3

sin 2

x

x
y , 

d

d

2sin2 2(2 + 3)cos2y

x

x x x= −

sin
2

2x

f  tan

2

x

x
y

 
d

d

y

x
= − + −⎛

⎝⎜
⎞
⎠⎟

−

−
2 22

1
21

2

1

2
x x x x

x
sec ( ) tan

( )
×

 d

d 3

2

y

x
= − +

−

2 2

2 2

2

( ) sec tan

( )

x x x

x
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2 a y = sin 2x  
6

x

 
d

d

y

x
 = 2cos 2x 

3
2cos  = 1

b y = cos 3x  
7

12
x

 
d

d

y

x
 = −3sin 3x 

7 3

4 2
3sin

c y = tan (−x) = −tan x  
5

4
x

 
d

d

y

x
 = −sec 2 x 2 5

4
sec 2

d y = (x − 2) sin x  x = 0

  
d

d

y

x
 = sin x + (x − 2) cos x 

     = sin 0 + (−2) cos 0 = −2

 e y = −3x cos x  
2

x

  
d

d

y

x
 = −3 cos x + 3x sin x 

 
3

2 2 2 2
3cos 3 sin

f y = x 2 tan x 3

4

xx  

  
d

d

y

x
 = 2x tan x + x 2 sec 2 x 

= ( ) +3

2

3

4

9

16

3

4

2

2tan sec

2
3 9

2 8

g y = e x sec x x = 0 
d

d

y

x
  = e x sec x tan x + e x sec x
= sec 0 tan 0 + sec 0 = 1

3 a y = sin2 α + cos2 α = 1 
d

d
0

y

b tan

sin
secy  

d

d
sec tan

y

c y = =
−

2 2

1
2

4
tan

tan

tan  
2d

d
4 sec 4

y

d sin sin 2

cos cos 2
y  

2 sin

2 cos

3
cos

2 2
3

cos
2 2

 
3

2
tany  2d 33

d 2 2
sec

y

x

e 
(sin sin 2 cos ) sec

sin cos
y

 = =−
−

−
−

2 1
2 2 2

sin

sin cos

sin cos

sin cos

 
(sin cos )(sin cos )

sin cos

 y = sin φ + cos φ d

d
cos sin

y

Exercise 9D
1 a y = arccos x ∴ x = cos y

  d
d

sin
x

y
y   ∴ 

d 1

d sin

x

y y

2 2

1 1

1 cos 1y x

 2

1

1

( )

x

f x

b f   (x) = arcsin 3x, 
2

3

1

( )

x

f ' x

c  f   (x)  = arctan (2x + 1), 
2

2

1 (2 1)

( )
x

f ' x  

2

2

1 4 4 1x x

 2

1

2 2 1

( )
x x

f ' x

2 a y = 2x arcsin x

 
2

d 2

d
1

2arcsin
y x

x
x

x

b arc cos

x

xy  

d

d

y

x

x x

x

x

=

−

− −1
2

2

arccos

 
2

2 2

1d

d
1

arccosxy

x
x x

x x

c y = (2x + 1) arctan x

 
2

d

d 1

2 1
arc2 tan

y

x x

xx

d 21 arcsiny x x

 

2

2

1
2 2

1d 1

d 2
1

2 (1 ) arcsin
xy

x
x

x x x

 
2

arcsind

d
1

1
x xy

x
x

e y = (4x 2 + 1) arctan 2x

 
2

2

2(4d

d 1 4

1)
8 arctan 2

xy

x x
x x

 d

d
8 arctan 2 2

y

x
x x

3 a 
d

dx
 (arcsin x + arccos x) 

2 2

1 1

1 1

0

x x

b d

dx
 (arctan x + arctan (−x)) 

2 2

1 1

1 1

0
x x
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c 
d

dx

x

x
x2

2

2
1

arctan arcsin−⎛
⎝⎜

⎞
⎠⎟+

 
2

2 2 2 2

2 2

2 2 (2 )( 1)2 1

( 1)1 +
1

4

( 1)

x xx

xx x

x

 = − −

+

+

+ −

( )
( )

( )
( )

2

1+ x

x

x

x

x x
2

2
2

2 2

1

1

1 4

2

2

2

2

2

 
2

2 2 22

2 1(2

1 + ( 1)( 1)

)
0

x

x xx

4 a x = siny

 
d d 1

d d cos
1 cos

y y

x x y
y

b x + y = tany

 
2d d

d d
1 sec

y y

x x
y

  
d

d

y

x
 (sec 2y − 1) = 1 ⇒ 

d

d

y

x
 tan 2y = 1 ⇒ 

d

d

y

x
 = cot 2 y

c x + sinx = y + cosy

 1 + cosx = 
d

d

y

x
 (1 − siny) 

d 1 cos

d 1 sin

y x

x y

d e sin y = x 2

 e sin y cosy 
d

d

y

x
 = 2x 

sin

d 2

d e cos
y

y x

x y

e cosy = 
x
y  ⇒ y cosy = x

 
d

d

y

x
 (cosy − ysiny) = 1 d 1

d cos sin

y

x y y y

f  ln(xy) = tan 2y ⇒ ln x + ln y = tan 2y

 
2d d1 1

d d
2sec 2

y y

x y x x
y

 2d 1 1

d
2sec 2

y

x y x
y

 
d

d

1

2sec
12

y x
x

y
y

=
−2

 2
2 sec 2

y

xy y x

Exercise 9E
1 a f   (x) = tan 3x P (0, 0)

 f  ��(x) = 3sec 2 3x f  ��(0) = 3

 y = 3x

b f   (x) = sin (2x) − 1  
3

P , y

 2

3
sin 1y  

2

3
1 P

3 2

p
,

3
1−( )

 f��� (x) = 2cos (2x) 
3

1f '

 
2 3

3
1 1y x

 3

3 2
1y x

c 2

2
( ) 2cos e xxf x   P (0, 1)

 f x x x′( ) sin= − ( ) −
2

e2 2   ∴ f  ��(0) = −2

 y = −2x + 1

d f x x
( ) tan= ( )( ) +ln

3
2  P

4

3p
, y( )

 
4

ln tan 2 2y   
4

3
P , 2

 f x

x

x
′( )

sec

tan

=
( )

( )
1 2

3 3

3

  2 2

4 3 4 3

3 1
secf '

 
3 4

2 3
2y x   

3 2

2
2y x

2 a f   (x) = cos (2x)  P(0, 1)

 f  �(x) = −2sin (2x),  f���(0) = 0

 equation of  normal is x = 0

b f   (x) = tan (4x)  
16

P , y

 
4

tan 1y   
16

P , 1

 f  ��(x) = 4sec2 (4x), 2

16 4
4 sec 8f '

 
8 16

1
1y x

 
8 128

1
1y x

c 
2

( ) 2e sinx xf x  P (0, y) y = 0 P (0, 0)

 f  �(x) = e x cos 
2

x  + 2e x sin 
2

x

 f  �(0) = 1  y = −x

d f   (x) = x cos (2x) − 3 
2

P , y

 
2 2

cos 3 3y   
2 2

P , 3

 f  ��(x) = −2x sin (2x) + cos (2x)

 f ′
2( ) = −1   

2 2
3y x

 y = x − π − 3

3 ln (x) = tan y P (1, 0)

2 d1

d
sec

x x

yy   
2

cosd

dx x

yy

At P, d

d

y

x
 = 1 y = x − 1
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4 y + y 2 = sin 2x P (0, −1)

d

d

y

x
 (1 + 2y) = 2cos 2x

1 2 1

d 2 cos 2 2

d
2

x y

y x

2 2

1 1
1 1y x y x

5 y = cos (x 2)

a (0.974, 0.583)

b y = cos (x 2)

 
d

d

y

x
 = −2x sin (x 2)

 x = 0.97407123, 
d

d

y

x
 = −1.5833 …

 y − 0.58264678 = −1.5833 (x − 0.97407123)

 y = −1.58x + 2.12

 y = e
x 2

 − 2

 
d

d
e

y

x
x x= 2

2

 = 5.03136 …

  y − 0.58264678 = 5.03136 (x − 0.97407123)

 y = 5.03x − 4.32

c 

a b

i

 tan α = 5.03136 …

  α = 1.3746

 tan β = 1.5833 …

  β = 1.00747

 θ = π − α − β = 0.760 rads

6 e y = sin x + 1  P (−π, 0)

e
d

d

y y x
x

= −cos  
d

d
cos
e

y
x

x
y= −

At P
d

d

1

e
,

y

x
= =

0
1

Tangent: y = x + π
Normal: y = x − π
Area

1

2
= × ×2

 2

0 (–r, 0)

r

–r

x

y

Exercise 9F 
1 a f  (x) = tan x f ��(x) = sec2 x

 f   ″(x) = 2sec x sec x tan x = 2sec2 x tan x

 f ′′ p
3( ) = =2 2 3 8 32( )

b f   (x) = x sin x, f  ��(x) = sin x + x cos x

  f   ″(x)  = cos x + cos x − x sin x 

= 2cos x − x sin x

  f   ″(0) = 2

c  f   (x) = (x 2 + 1) cos x 

f  �(x) = 2x cos x − (x 2 + 1) sin x

  f   ″(x) = 2cos  − 2x sin x − [+(x 2 + 1) 

cos x + 2x sin x]

 = 2cos x − 4x sin x − (x 2 + 1) cos x

 f   ″(0) = 2 − 1 = 1

d 
2

( ) cos
xf x x  

f  ��(x) 
1
21 1

2 2 2 2
sin cos

x xx x

 
sin cos

2 2

2

x xx

x

f   ″(x) =
− − −( ) − −( )+2

2 2 2

1

2 2 2 2

4

x
x x x x

x
x x

x

x

sin cos sin sin cos

1

2

f   ″(1) =
− −( ) − −( )− +2

3

2

1

2

1

2

1

2

1

2

1

2

4

sin cos sin cos

 

1 1 1 1
sin cos sin cos

2 2 2 2

4

3

 
1 1 1

4 2 2
2sin 2cos

 = − +( )1

2

1

2

1

2
sin cos

e f   (x) = e x sin 2x f  ��(x) = e x (2cos 2x + sin 2x)

  f   ��(x) = e x (−4sin 2x + 2cos 2x + 2cos 2x + sin 2x)

 = e x (4cos 2x − 3sin 2x)

 4 4

4
e (0 3) 3ef

f  f   (x) = 2x sec x, f  ��(x) = 2sec x + 2x sec x tan x

 = 2sec x (1 + x tan x)

  f   ��(x) =  2sec x (tan x + x sec 2 x) 

+ 2sec x tan x (1 + x tan x)

 f   ��(π) = −2(0 + π) + 2(−1)(0) = −2π

2 a  f   (x) = cos x  f  ��(x) = −sin x 

     f   ″(x) = −cos x f   (3)(x) = sin x

 f x

x n k

x n k

x n k

x n k

n( )( )

sin ,

cos ,

sin ,

cos ,

=

− = −
− = −

= −
=

⎧

⎨
⎪⎪

⎩
⎪

4 3

4 2

4 1

4⎪⎪

∈ +k
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b  g (x) = sin 3x g���(x) = 3 cos 3x
g ″(x) = −9sin 3x g (3)(x) = −27cos 3x

 g x

x n k

x n k

x n k

x n

n

n

n

n

n

( )( )

cos

sin

cos

sin

=

= −
− = −
− = −

=

3 3 4 3

3 3 4 2

3 3 4 1

3 3 44k

k

⎧

⎨
⎪
⎪

⎩
⎪
⎪

∈ +

c h (x) = cos (ax + b) h���(x) = −a sin (ax + b)

  h ″(x) = −a 2 cos (ax + b) 

h (3)(x) = a 3 sin (ax + b)

 
h x

a ax b n k

a ax b n k

a ax b n
n

n

n

n
( )( )

sin( )

cos( )

sin( )
=

− + = −
− + = −

+ =

4 3

4 2

4kk

a ax b n k

k

n

−
+ =

⎧

⎨
⎪
⎪

⎩
⎪
⎪

∈ +

1

4cos( )

3 f   (x) = sin 2x an = − ( )f n( )1

8
 n = 1, 2, 3, …

a 1

1

48 2
sina f

 f  ��(x) = 2cos 2x 2

2

8 2
' 2a f

 f   ″(x) = −4sin 2x 
3

4

8 2
" 2 2a f

 f   (3)(x) = −8cos 2x (3)

4

8

8 2
4 2a f

 1

2
2 2 2 4 2, , ,− −

b 1

2
  (1 + 2 − 4 − 8 + 16 + 32 − 64 

− 128 + 256 + 512)

 = 615 615

2

2

2
or

4 a  P(n): f   (x) = sin x ⇒ f   (n)(x) = +( )sin x np
2

, 

n = 0, 1, 2, …

 P(0): f   (x) = sin x

 Assume P(k):    f  (k)(x) 
2

sin
kx

 Prove P(k + 1) f  (k + 1)(x) = +( )cos x kp
2

 
2 2

sin
kx

 
2

sin ( 1)x k

  ∴ P(k) ⇒ P(k + 1) and P(0) is true 

∴ by induction,

 f x x nn n( )( ) sin , , , ,....= +( ) =
2

0 1 2

b P(n): g (x) = cos x ⇒ g (n)(x) ( 1)

2
sin

nx ,  

n = 0, 1, 2, …

 P(0): g (x) 
2

sin x  = cos x

 Assume P(k): g  (k)(x) ( 1)

2
sin

kx

  Prove P(k + 1) g  (k + 1)(x) 
( 1)

2
cos

kx  

( 1)

2 2
sin

kx

 
( 2)

2
sin

kx

  ∴ P(k) ⇒ P(k + 1) and P(0) is true 

∴ by induction,

 g x x nn n( )( ) sin , , , ,....
( )= +( ) =+ 1

2
0 1 2

Exercise 9G
1 

i

100 cm 4 cms–1

250 cm

x

y

d

d

x

t
 = 4 cos = x

250

− =sin
d

d 250

d

dt t

1 x

x = 100 ⇒ cos = =100

250

2

5

4

25 5

21
sin 1

− =21

5

d

d 250t

4
 ∴ = −d

d
cs 1

t
0 0175. −

the angle is decreasing at a rate of 0.0175 cs−1

2 

i
i

z

A

B

200 ms–1 = 12 km min–1y
25 km

160 ms–1 = 9.6 km min–1

x 18 km

a x = 18 − 12t ⇒ 
d

d

x

t
 = −12

 y = 25 − 9.6t ⇒ 
d

d

y

t
 = −9.6

 z 2 = x 2 + y 2 
dd d

d d d
2 2 2

yz x

t t t
z x y

  t = 0.5 ⇒ x = 12, y = 20.2, 

z = =552 04 23 4955. . ...

 23.4955 
d

d

z

t
 = 12(−12) + 20.2(−9.6)

 ∴ 
d

d

z

t
 = −14.4 km min−1 ≈ −240 ms−1

 Approaching each other at 240 ms−1
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WORKED SOLUTIONS

b bearing = π + θ
 ∴ rate of  change of  bearing = 

d

dt

 tan
x

y
 ⇒ sec2q qd

dt
 = −( )y x yx yd

d

d

dt t

2

 t = 1 ⇒ x = 6, y = 15.4, tan = 6

15.4

 sec2
2

1= + ( ) =6

15.4

6829

5929

 6829

5929

d

dt
= − − −15 4 12 6 9 6

15 42

. ( ) ( . )

.

 d

d
c

t
= − −0 466 1. min

  bearing is decreasing at a rate of  0.466 c min−1

3 a 

i

T

C

95 km/h

30 m

x

 d

d
mh

x

t
= −95000 1

 
30

tan
x

 
2 d 1 d

d 30 d
sec

x

t t

  x = 0, θ = 0 ⇒ sec 2 θ = 1 ⇒ 
d 95000

d 30t
 

= 31.667 ch−1

 = 52.8 c min−1 or 0.880 cs−1

b After 1 sec, 95000

3600
x  = 26.338 … m

 26.388...

30
tan 0.8796... sec 2 θ = 1.7737 …

 d 95000

d 30
1.7737...

t

 ∴ 
d

dt
 = 1785.3 c/h = 29.8 c min−1 or 0.496 cs−1 

4 a 

i

6 cm

5 cm5 cm

x

 d

d

x

t
 = −0.05 cms−1

 
d d

d d
(2 ) 2

t t

 sin = x

5

 cos
d

d

1

5

d

dt

x

t
=

 At t = 0, cosθ = 
4

5

 
∴ × −

∴ = −

=d

d

d

d

t

t

1
5

0 05

0 0125

.

.

 ∴ angle is decreasing at a rate of  0.0125 cs−1 

b θ = 30° when equilateral

 ∴ cos 30° 
d

d

d

dt t
= = −1

5
0 01

x
.

 ∴ = −d

dt
0 115.

 ∴ angle 2θ is decreasing at 0.0231 cs−1

5 a 
d

d

v

t
 = −2 cm3 min−1

 
34

3
v r  

2d d

d d
4

v r

t t
r

 r = 12, 
2 d

d
2 4 (12)

r

t
 

1d 1

d 288
cm min

r

t

 = −0.00111 cm min−1

 radius is decreasing at 0.00111 cm min−1

b A = 4πr 2 d d

d d
8

A r

t t
r

 r = 4, −2 = 4π (4)2 d

d

r

t
 ⇒ 

d 1

d 32

r

t
 cm min−1

  d 1

d 32
8 (4)

A

t
 = −1 cm2 min−1,  

decreasing at 1 cm2 min−1,

6 a 

i

R

10 km

x

 
d

d

x

t
 = 1025 km h−1

 sec2 θ 
d

dt
 = 

d

d

x

t

 x = 8, 
4

5
tan  

2 16 41

25 25
sec 1

 
41 d

25 d
102.5

t
 ⇒ 

d

dt  = 62.5 ch−1

 
d

dt
 = 0.01761 cs−1

 = 0.995 deg s−1

 b x = 0, θ = 0, sec2 θ = 1

  
d

dt
 = 102.5 ch−1 = 0.028472 ... cs−1 = 1.63 deg s−1

7 a 

i
2 km z 4 km

x

 d

d

x

t
 = 75 km h−1

 z2 = 4 + x2

 
d d

d d
2 2

z x

t t
z x

 when z = 4, 16 = 4 + x2 12x

 
d

d
4 12 (75)

z

t

 
1d 75

d 2

3
65.0 km h

z

t
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WORKED SOLUTIONS

 b 
2

tan
x

 
2 d 1 d

d 2 d
sec

x

t t

 12, tan 3x , 
2

2sec 1 3 4

 

d 75

d 2
4

t

 d 75

d 8t
 = 9.375 c/h = 0.00260 c sec−1

 = 0.1 deg s−1 (nearest tenth)

8 a 

i
10 m

z
x

 
d

d

z

t
 = 5 ms−1

 10
cos

z

 2

d 10 d

d d
sin

z

t tz

  z = 20, 10 1

20 2
cos , 2 1 3

4 4
sin 1 , 

2

3
sin

 2

d

2 d 20

103 (5)
t  ⇒ 

d

d 4

1

3t
 =  0.144 cs−1 

or 8.27 deg s−1

 b z2 = 100 + x2

 
d d

d d
2 2

z x

t t
z x

 z = 20, x2 = 300 ⇒ 10 3x

 
d

d
20(5) 10 3

x

t

 
1d 10

d 3
5.77 ms

x

t

9 

i

P

R
x

7.5 m

7.5 m
5

1d 4

d 60 15
cs

t

x2 = 7.52 + 7.52 − 2 × 7.52 × cos θ
x2 = 112.5 − 112.5 cos θ

d

d
2

x

t
x  = 112.5 d

d
sin

t

 When height is 5 m, 
2.5

7.5
cos  = 

1

3
, 

2 1 8

9 9
sin 1  

2

3

2
sin

x2 = 112.5 − 112.5 
1

3
 = 75 5 3x

 
d 2

d 3 15

2
10 3 112.5

x

t

1d

d 2

2

3
1.28 ms

x

t

Exercise 9H

1  a sin3x dx 
1

3
cos3x c

b cos(2x +1) dx 1

2
sin(2 1)x c

c  sec23x dx 1

3
tan3x c

d sec2(1 − x) dx = − tan(1 − x) + c

e 5 1 3 5 1

3 5 3
sin d cos

x xx c

f  3 2 7 3 2

7 3 7
cos d sin

x xx c

2 a (1 − 2cos2x) dx = − cos2x dx 
1

2
sin 2x c

b (1 + tan2x) dx = sec2x dx = tanx + c

c cos2x =1 − 2sin2x ⇒ sin2x = 1

2
(1 cos2 )x

 sin2x dx = 
1

2

 (1 − cos2x) dx

 
1 1

2 2
sin 2x x c

 
1 1

2 4
sin 2x x c

d cos2x = 2cos2x − 1 ⇒ cos2 x = 1

2
 (1 + cos2x)

 ∴ cos2x dx = 
1

2
 (1 + cos2x) dx

 1 1

2 2
sin 2x x c

 1 1

2 4
sin 2x x c

e (1 − 2sin2 (2x))dx = cos4x dx 1

4
sin 4x c

f  (2 + 2 tan2(5x)) dx  = 2 sec2 (5x) dx 

= +2

5
tan5x c

g (1 + tan2 x)(1 − sin2 x) dx = sec2x (cos2x) dx

 = 1 dx = x + c

h 4 sin2x cos2x dx = sin2(2x) dx

 = 1

2
 (1 − cos4x) dx

 1 1

2 4
sin 4x x c  1 1

2 8
sin 4x x c

Exercise 9I

1 a (2sinx − 3cosx) dx = −2cosx − 3sinx + c

b (x2  −7sinx) dx 
31

3
7cosx x c
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WORKED SOLUTIONS

c 4 2e
1

3

x x−( )sec  dx = − +4e
1

3

x x ctan

d (1 2 7sin3 )dx x x  

3

2

3

2

7

3
2 cos3

xx x c

 

3

2 7

3 3

2 2
cos3

xx x c

e 5

2

2

3x
x x+( )( )sec d  = + +5

2 3
3ln x tan

x c

f  x

x

x x
+

− ( )( )
1

3

4
sin d   =  1

1

1

3

4
− − ( )( )+x

x xsin d  

= − + + +x x cx
ln| | cos1

4

3

3

4

g 2

2 3
2 5sin cos dx x x x 

2 3 2

ln2 2 2 3
10cos sin

x
x x c

h (3−2x − 11sec2 (11x)) dx 

 
2

3

2ln3
tan (11 )

x

x c

Exercise 9J
1 a f���(x) = 5 − 2cosx f  (0) = 0

 f  (x) = 5x − 2sinx + c

 0 = c ∴ f  (x) = 5x − 2sinx

b f���(x) = 4x − 6sin2x f  (0) = 1

 f  (x) = 2x2 + 3cos2x + c 

 1 = 3 + c ∴ c = − 2 f  (x) = 2x2 + 3cos2x − 2

c f���(x) = 3cosx −2sec2x 
2

3

3

6
f

 f  (x) = 3sinx − 2tanx + c

 
− −= − + ∴ =2

3

3

2

2

3

3

2

3 3 c c

 f x x x( ) sin tan= − −3 2
3

2

d f���(x) = 3x2  − 2ex + cos4x f  (0) = − 5

 f  (x) =x3 − 2ex + 1

4
sin4x + c

 −5 =− 2 + c ∴c = −3

 
3 1

4
( ) 2e sin 4 3xf x x x

e 3
( ) cos(3 ) 4

x
f x x  f ( )

sin
1

3

3
=

 f  (x) = 3ln|x| + 1

3
 sin(3x) −4x + c 

 
sin 3

3
 = 1

3
sin3 − 4 + c ∴ c = 4

 f x x x x( ) sin ( )= + − +3 3 4 4
1

3
ln

f  2 17

3 4
( ) 8 4e x

x
f x x  

1

2
1f

 2 2 17

4
( ) ln 3 4 4 2e xf x x x c

 −1 = −1 + 2 + c ∴ c = −2

 f x x x x( ) ln= − − + −− −7

4
3 4 4 2 22 2 1e

2 a f���(x) = 4sinx 
3

0,f   f  (0) = 1

 f���(x) = − 4cosx + c
1
 

 0 = − 2 + c
1 
 ∴ c

1
 =2

 f���(x) = −4cosx + 2

 f  (x)= −4sinx + 2x + c
2 

 1 = c
2 
 ∴ f  (x)= −4sin x + 2x + 1

b f  �(x) =1+ cosx f���(0) = 3, f  (1) = − cos(1)

 f���(x) = x + sinx + c
1

 3 = c
1
 f���(x) = x + sinx + 3

 
2

2
2

( ) cos 3
xf x x x c

 −cos(1) = 
1

2
 − cos(1) + 3 + c

2
, c = −

7

2

 
21 7

2 2
( ) cos 3f x x x x

c f���(x) = e1−x + sin(1 − x), f���(1) = 2, f  (1) = 2

 f���(x) = − e1−x + cos(1−x) + c
1

 2 = − 1 + 1 + c
1
 ∴ c

1
 = 2

 f���(x)= −e1−x + cos(1 − x) + 2

 f  (x) = e1−x − sin(1 − x) + 2x + c
2

 2 = 1 + 2 + c
2
 ∴ c

2
 = −1

 f  (x) = e1−x − sin(1−x) + 2x −1

d f���(x)  = e2x + sin(2x) + x3 − 2x + 1, f���(0) 

= 2, f  (0) = 2

 f� �(x)=
1

2
 e2x  − 

1

2
 cos(2x) + 

1

4
 x4 −x2 + x + c

1

 2 = 
1

2
 − 

1

2
 + c

1 
 ∴ c

1
 = 2

 f���(x) = 
1

2
 e2x  − 

1

2
 cos(2x) + 

1

4
 x4 − x2 + x + 2

 f  (x) = 1

4
e2x − 1

4
sin2x + 

1

20
x5 − 1

3
x3 + 1

2
x2 + 2x + c

2

 2 = 1

4
 + c

2 2

7

4
c

 

2 5 3 21 1 1 1 1 7

4 4 20 3 2 4
( ) e sin 2 2xf x x x x x x

Exercise 9K

1 a 
2

3

(2x − sinx) dx 
2 2

3

cosx x

 
2 2

1

4 9 2
0

 
2

5 1

36 2

b 

6

2

(5+cosx) dx 2

6

5 sinx x

 = +( ) − +( ) = +5

2

5

6

1

2

5

3

1

2
1
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c 
4

0

(2sec2x + 1) dx 4

0
2 tan x x

 
4 4

2 (0) 2

d 
0

3

(ex + 2sinx) dx = −⎡⎣ ⎤⎦ex x2
0

3cos
p

 3 3(e 1) (1 2) e

e 
−2π

2π
1

4 4
3 cos dx x x 

2

2

3

ln 3 4
sin

x
x

 
2 2

3 3

ln 3 ln 3
1 1  

2 2
3 3

ln 3
2

f 2

0

3
2 sin 2

3 5

e
d

x
x x  

3 2

0

e 1

9 5
cos2

x

x

 = −⎛
⎝⎜

⎞
⎠⎟

− +( )1

9 5

1

9 5

3
2 1 1

e
p

 = − −1

9

2

5

3
2 1( )e
p

g 

4

4

2
1 2sin 2 d

x x x 
2 4

4

4
cos2

xx x

 
2 2

4 64 4 64
0 0  

2

h 
2

0

(2x + 3 cos6x) dx 
12

0
ln 2 2

2 1
sin 6

x

x

 = +
⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

− +( )2

2 2

1

2

12 1
0

ln ln
 = +−2

2 2

12 1 1

ln

i 

8

8

(x 2 + 2 sec 22x) dx 
3 8

8

3
tan 2

x x

 
3 3 3

1536 1536 768
1 1 2

j 
0

π

(16e8x + 9sin 3x) dx 8

0
2e 3cos3x x

 =(2e8π  + 3) − (2 − 3) = 2e8π + 4

Exercise 9L

1 a 2x sinx2 dx = − cosx2 + c

b 3x2 3
3x  dx 

3
3 22

3
( 3)x c

c 
2 2

1 3 2 1 3 2(3 4 )e d ex x x xx x c

d tanx dx = sin

cos
d

x

x
x

= − + +ln cos ln secx c x cor

e 2cos 2x esin2x dx = esin2x + c 

f e
d e

x
x

x
x c

2
= +

g 2x ln 2sin(2x) dx = −cos(2x) + c

h arcsin
(arcsin )

x

x

x x c
1

1

22

2

−
= +d

i 
2

2 arc tan 2 1

241

2
d (arctan 2 )

x

x
x x c

2 a x cosx2 dx 21

2
sin x c

b 35 6 1 dx x x  
4

6 31 3
(

6 4
1)x c  

4
6 31

(
8

1)x c

c 
2

3 12 7( 2)e x xx  = ++ −1

6

3 12 72

e x x c

d 
tan (5 4)

5
d

x x  =  
sin (5 4)

5 cos (5 4)
d

x

x
x

 1

25
ln cos(5 4)x c  or 

1

25
ln sec(5 4)x c

e sin3x ⋅ 3cos3x dx = 
cos 3

3

3 ln 3

x

c

f 
4

4 3

sin
d

x

x
x  = − +4 4cos x c

g 5x cos(5x) dx = +sin( )

ln

5

5

x

c

h 
e e

e e

d
2 2

2 2

x x

x x
x+

−

−

−  = − − +−1

2

2 2ln e ex x c

i 
2

9

arctan
3 d

x

x

x  = ( ) +2

9 3

3
2

arctan x c

j 2 3 23

2
( )cos dx x x x x  = +( ) +1

3

3

2

3 2sin x x c

k 
2

2

arcsin (2 1)
d

x x

x x  = + +1

3

3 2 1arcsin ( )x c

Exercise 9M

1 
0

1

3x2 (x3 − 1)4 dx 
1

3 5

0

1

5
( 1)x  = − =−( )0 1

5

1

5

2 
0

3

2

2
d

1

x

x
x 

3
2

0
ln 1x  = ln10 − ln1 = ln10

3 
0

6

cos sin dx x x   
3 6
2

0

2

3
(sin )x  

= ( ) = =2

3

1

2

1

3 6

3
2

2

2

4 
1

e3

ln
d

x

x
x = ⎡

⎣⎢
⎤
⎦⎥

1

2

2

1

3

(ln )x
e

 = − =1

2

9

2

2 0(lne3)

5 
0

ln2

e

e
d

x

x
x

+ 1

 = +⎡⎣ ⎤⎦ln ( )
ln

ex 1
0

2

 = + − =ln ( ) ln lnlne 2 1 2
3

2

6 
0

6

2tan2x dx 6

0
ln (cos2 )x  = − =( )ln ln1

2
2
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7 
0

1

2 3 23

2
( ) cos dx x x x x  

1

3 2

0

1 3

3 2
sin x x  

= 1

3

5

2
sin

8 
0

3

2 2 1x x x+ d  
3

3
2

0

1 2

ln 2 3
2 1x

 = −⎛
⎝⎜

⎞
⎠⎟

2

3 2
9 2

3
2

3
2

ln
 = −2

3 2
27 2 2

ln
( )

Exercise 9N
1 xex dx = xex − ex dx u = x 

d

d

v

x
 = ex

= xex − ex + c d

d

u

x
 = 1 v = ex

= ex (x − 1) + c

2 (2x + 9) cosx dx 

 = (2x + 9) sinx − 2sinx dx

u = 2x + 9 

d

d

v

x
 = cosx

= (2x + 9) sinx + 2cosx + c d

d

u

x
 = 2 

v = sinx

3 (2 − 5x) sinx dx u = 2 − 5x 

d

d

v

x
 = sinx

= −(2 − 5x) cosx − 5cosx dx d

d

u

x
 = − 5 

v = −cosx
=(5x − 2)cosx − 5sinx + c

4 (3x − 1) e3x dx u = 3x − 1
d

d

v

x
 = e3x

= (3x − 1) 1

3
 e3x − e3x dx d

d

u

x
 = 3

 

v x= 1

3

3e

= 1

3
 (3x − 1) e3x − 1

3
 e3x + c

= − +1

3

3 3 2e x x c( )

5 (4x − 7)e4x − 1 dx u = 4x − 7

= −1

4

4 1e x
 (4x − 7) − e4x − 1 dx d

d

v

x
 = e4x − 1

= −1

4

4 1e x
 (4x − 7) − 1

4
 e4x − 1 + c d

d

u

x
 = 4 

v x= −1

4

4 1e= −1

4

4 1e x
 (4x − 8) + c

= − +−e4 1 2x x c( )

6 3

2

x sin(2x + 3)dx u = 3

2

x  

d

d

v

x
 = sin(2x + 3)

=  − 1

4
 (x + 3) cos(2x + 3) 

+ 1

4
 cos(2x + 3) dx

d

d

u

x
 = 1

2

 

v =  − 1

2

cos(2x + 3)

= − + + + + +1

4

1

8
3 2 3 2 3( ) cos( ) sin( )x x x c

7 3

4 4
cos d

x x x 3

4

xu  
d

d

v

x
 = cos 

4

x

= (3 − x) sin 
4

x  + sin
4

x  dx
d 1

d 4

u

x
 

v = 4sin 
4

x

= − ( ) − ( ) +( ) sin cos3 4
4 4

x cx x

8 x2x dx u = x 
d

d

v

x
 = 2x

2

ln 2

x
x  − 2

ln 2
d

x

x
d

d

u

x
 = 1 

2

ln 2

x

v

2

2 2

ln 2 (ln 2)

x x
x c

= −2

(ln 2)
2

x
( ln )x 2 1

 + c

9 (1 − x)5x dx u = 1 − x

(1 )5

ln 5

x
x  + 5

ln 5
d

x

x d

d

v

x
 = 5x

2

(1 )5 5

ln 5 (ln 5)

x xx c d

d

u

x
 = −1

= +− +5 1 5 1

5
2

x
x c(( ) ln )

(ln )
ln 5

5
x

v

10 
(2 )

7.3

d
x

x x = 1

7
(2 − x)3−x dx u = 2 − x

3 )1

7 ln 3

(2
x

x  3

3

− ⎤
⎦⎥

x

x
ln

d
d

d

v

x
 = 3−x

2

3 )1 3

7 ln 3 (ln 3)

( 2
x xx c

d

d

u

x
 = −1

= +
− − +3 2 3 1

7 3
2

x
x c(( ) ln )

(ln )

 
ln3

3
x

v

11 4 3

5

x
x

x
x⋅

d  = 4
3

5
x x( )x

d u = 4x d 3

d 5

x
v

x

3 1

5 3
ln

5

4
x

x  − 
3 1

5 3
ln

5

4 d
x

x
d

d

u

x
 = 4 

3 1

5 3
ln

5

x

v
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= ( ) − ( ) ( )⎛
⎝⎜

⎞
⎠⎟

4 3

5
3

5

3

5

1

3

5

4
2

x
x

x

⋅ +
ln ln

x

c

=
( )
( )

+
⋅ −( )

( )
4 3 1

5

3
5

3
5

2

x

x

x
c

ln

ln

Exercise 9O

1 x ln x dx = x x
2

2
ln  − x x

2
d u = ln x 

d

d

v

x
 = x

= − +x xx c
2 2

2 4
ln

d 1

d

u

x x

 2

2

xv

2 (3x + 2) ln x dx u = lnx 
d

d

v

x
 = 3x + 2

2
3

2
2 ln

x x x  − 
3

2
2 d

x x d 1

d

u

x x  
2

3

2
2

xv x

= +⎛

⎝
⎜

⎞

⎠
⎟ − − +3

2

3

4

2 2

2 2
x xx x x cln

3 (1 − x)ln x dx u = lnx 
d

d

v

x
 = 1 − x

2

2
ln

xx x − 1
2

−( )x xd d

d

u

x
 = 

1

x  

2

2

xv x

= −⎛

⎝
⎜

⎞

⎠
⎟ − + +x x x cx x

2 2

2 4
ln

4 x ln (4x) dx u = ln (4x) 
d

d

v

x
 = x

= x x
2

2
4ln ( ) − 

2
d

x x d

d

u

x
 = 

1

x  

v x=
2

2

= − +x xx c
2 2

2 4
4ln ( )

= − +x x c
2

4
2 4 1( ln( ) )

5  
5

(3 2) ln d
xx x

5
ln

xu  

d

d
3 2

v

x
x

= −⎛

⎝
⎜

⎞

⎠
⎟ ( )3

2 5

2

2
x xx ln  −  

3

2
2 d

x x d

d

u

x
 = 

1

x  

v xx= −3

2

2

2

= −⎛

⎝
⎜

⎞

⎠
⎟ ( ) − + +3

2 5

3

4

2 2

2 2
x x xx x cln

6 (3 + 4x)ln(3 + 4x)dx

Let u = 3 + 4x, 
d

d

u

x
 = 4

(3 + 4x)ln(3 + 4x) dx = ulnu 
1

4
du

= −⎡

⎣
⎢

⎤

⎦
⎥ +1

4 2 4

2 2
u uu cln  (using result from qn1)

= − +u u c
2

16
2 1( ln )

= + − ++( )
( ln( ) )

3 4

16

2

2 3 4 1
x x c

7 Let t = 4 − 11x,  
d

d

t

x
 = − 11

1

11
(4 )x t  

∴ 5 7 5 4+ = + − = −x t7

11

83

11

7

11
( )

t

(5 + 7x) ln (4 − 11)dx 
1

11
 

7 )

11
ln d

t t t

=
1

121
 (7t − 83) lnt · dt

= −⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢

1

121

7

2

2

83
t t tln  

–  
7

2
83 d

t t

u = lnt 
d

d

v

t
 =7t − 83

d 1

d

u

t t
 

v tt= −7

2

2

83

= −⎛

⎝
⎜

⎞

⎠
⎟ − +

⎡

⎣
⎢

⎤

⎦
⎥ +1

121

7

2

7

4

2 2

83 83
t tt t t cln

= −( ) − −( ) −⎡
⎣⎢

− − + −

1

121

7

2

7

4

4 11 83 4 11 4 11

4 11 83 4 11

2

2

x x x

x

( ) ln( )

( ) ( xx c)⎤
⎦⎥

+

= − +( ) − +( ) −⎡
⎣⎢

1

121

7

2
16 88 121 332 913 4 112x x x xln( )

− − + + − ⎤
⎦⎥

+7

4
16 88 121 332 9132( )x x x c

= + − −( )⎡
⎣⎢

1

121

847

2

2 605 276 4 11x x x) ln( )

− − + ⎤
⎦⎥

+847

4

2 759 304x x c

8 x2lnxdx u = lnx 
d

d

v

x
 = x2

= x x
3

3
ln  – x x

2

3
d d

d

1u

x x
=  

v = x
3

3

= − +x xx c
3 3

3 9
ln
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9 (2 − x + x2) ln(3x) dx u = ln(3x) 
d

d

v

x
 = 2 − x + x2

2 3

2 3
2 ln (3 )

x xx x  − 

2

2 3
2 d

x x x

d

d

u
x x= 1

v x x x= − +2
2 3

2 3

= − +⎛

⎝
⎜

⎞

⎠
⎟ − + −2 3 2

2 3 4 9
x x x cx x x x

2 3 2 3

ln ( ) +

Exercise 9P
1 logx dx u = log x 

d

d

v

x
 = 1

= xlog x − 
1

ln10
dx d 1

d ln10

u

x x
 v = x

ln10
log

xx x c

2 logaxdx u = logax 
d

d

v

x
 = 1

= xlogax − 
1

ln
d

a
x d 1

d ln

u

x x a
 v = x

ln
loga

x

a
x x c

3 arctanx dx u = arctan x
 

d

d

v

x
 = 1

= xarctanx − 
2

1

d
x

x
x 2

d 1

d 1

u

x x
 v = x

21

2
arctan ln 1x x x c

4 arccosx ds u = arccos 
d

d

v

x
 = 1

= x arccosx + 
2

1

d
x

x

x
2

d 1

d
1

u

x
x

 v = x

1
2 21

2
.arccos 2(1 )x x x c

2
arccos 1x x x c

5 2x arctanx dx u = arctanx 
d

d

v

x
 = 2x

= x2 arctanx − 
2

2
1

d
x

x
x 2

d 1

d
1

u

x x
 v = x2

= x2arctanx − 
2

1

1

1 d
x

x

= x2arctanx − x + arctanx + c
= ( x2 + 1 ) arctanx − x + c

6 x2arcsinx dx u = arcsinx
d

d

v

x
 = x2

= 
3

3

x  arcsinx − 
3

2
3 1

d
x

x

x
2

d 1

d
1

u

x
x

 3

3

xv

Let t = 1−x2 
d

d

t

x
 = − 2x 

2

1
d dx x t

x2 = 1− t

1

3
 

3

2
1

x

x
 dx = 

1

3
 

1

2

1 1

2
d

t

t

t  = 
1

6
 

1 1

2 2( )dt t t

= −⎛
⎝⎜

⎞
⎠⎟

+ = −⎛
⎝⎜

⎞
⎠⎟

+−1

6

2

3

1

3

1

3
2

1

2

3

2

3

2

1

2t t c t t c

= − +1

9

1

2 3t t c( )
 = − − − +1

9
1 1 32 2x x c( )

2 21

9
( 2) 1x x  + c

∴ x2arcsinx dx = + + − −x x x x c
3

3

1

9

2 22 1arcsin ( )

Exercise 9Q

1 x2exdx u = x2  d

d

v

x
 = ex

= x2ex − 2xex dx d

d

v
x  = 2x  v = ex

= x2ex − [2xex − 2exdx] v = 2x 
d

d

v
x  = ex

= x2ex − 2xex + 2ex + c d

d

u

x
 = 2 v = ex

= ex(x2 − 2x + 2) + c

2 (x2 + 1) sinx dx u = x2 + 1
 

d

d

v

x
 = sinx

= −(x2 + 1) cosx + 2xcosx dx d

d

u

x
 = 2x 

v =−cosx

= − (x2+1) cosx + 2xsinx − 

2sinx dx

u = 2x 
d

d

v

x
 = cosx

= − (x2+1) cosx + 2xsinx + 

2cosx + c

d

d

u

x
 = 2  

v = sinx

= (1 − x 2)cosx + 2x sinx + c

3 (2x − x2)cosxdx u = 2x − x2 
d

d

v

x
 = cosx

(2x − x2)sinx + (2x − 2)sinxdx
d

d

u

x
 = 2 − 2x 

v = sinx

=  (2x − x2)sinx − (2x − 2)cosx 

+ 2cosxdx

u = 2x − 2

=  (2x − x2)sinx − (2x − 2)cosx 

+ 2sinx +c

d

d

u

x
 = 2

=  (2x − x2 + 2)sinx + 

(2 − 2x)cosx + c
v = − cosx
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4 (1 + x − x2)e2xdx u = 1 + x − x2

d

d

v
x  = e2x

d

d

u
x  = 1 − 2x 

v x= 1

2

2e

= 1

2
  (1 + x − x2)e2x + 

(2x − 1) 
1

2
 e2x dx

u = 2x − 1 

d

d
e

v

x

x= 1

2

2

= 
1

2
  (1 + x − x2) e2x 

+ 
1

4
 (2x − 1) e2x −  

1

2
 e2x dx

d

d

u

x  
= 2

 

v x= 1

4

2e

= 1

2
  (1 + x − x2) e2x + 

1

4
 (2x − 1) e2x − 

1

4
 e2x + c

= 
1

2
 ex  (1 + x − x2 + x − 

1

2
 − 

1

2
) + c

= 
1

2
 ex (2x − x2) + c

5 (2x2 + x + 3) cos (2x) dx u = 2x2 + x + 3 

d

d

v

x
 = cos (2x)

=  1
2
 (2x2 + x +3)sin2x − 

1

2
 (4x + 1)sin2x dx

d

d

u

x
 = 4x + 1 

v = 
1

2
 sin(2x)

=  
1

2
(2x2 + x + 3)sin2x − 

1

2

1

2
(4 1)cos2x x  

2cos2 dx x ]

u = 4x + 1 

d

d

v

x
 = sin2x

d

d

u

x
 = 4 

v = −
1

2
 cos2x

=  
1

2
(2x2 + x + 3)sin2x + 

1

4
 (4x + 1)cos2x − 

1

2
sin2x + c

21 1

2 4
(2 2)sin 2 (4 1)cos2x x x x x c

6 x2sin(1 − 2x)dx u = x2

d

d

v

x
 = sin(1 − 2x)

d

d

u

x
 = 2x 

v = − 
1

2

  cos (1 − 2x)

= 1

2
 x2cos (1 − 2x) − 

x cos (1 − 2x) dx

u = x  
d

d

v

x
 = cos(1 − 2x)

d

d

u

x
 = 1

v = −
1

2
 sin (1− 2x)

=  
1

2
x2cos (1 − 2x)−

1

2
sin(1 2 )x x  + 

1

2
1 2sin ( )− ⎤

⎦⎥x xd

=  
1

2
x2cos(1−2x) + 

1

2
x sin(1 − 2x) − 

1

4
 cos(1 − 2x) + c

21 1

4 2
(2 1)cos (1 2 ) sin (1 2 )x x x x c

7 x23xdx u = x2 
d

d

v

x
 = 3x

2
3

ln 3

x
x

 −  
3

ln 3
2 . d

x

x x
d

d

u

x
 = 2x 3

ln 3

x
v

2

2

3 3

ln 3 (ln 3)

2 .
x x

x x
 − 

2
3

3
2

.
(ln )

x

xd
⎤

⎦
⎥

u = 2x 
d 3

d ln 3

x
v

x
d

d

u

x
 = 2 

2

3

(ln 3)

x

v

= − +x
x x x

x
2

2 3

3

3

3

3

2 3

3

2
ln (ln )

.

(ln )

. + c

=  
3

3

(ln 3)

x

 [x2 (ln3)2 − 2x ln3 + 2] + c

8 (1 + x3) e
x
2  dx u = 1 + x3  d

d

v

x
 = e

x
2

d

d

u

x
 = 3x2 v = 2e

x
2

= 2 (1 + x3) e
x
2  − 6x2 e

x
2  dx

= 2 (1 +  x3) e
x
2  − 12x2 e

x
2  + 

24xe
x
2  dx

u = 6x2 d

d

v

x
 = e

x
2

d

d

u

x
 = 12x v = 2e

x
2

= 2 (1 +  x3) e
x
2  − 12x2 e

x
2  + 

48xe
x
2  − 48e

x
2  dx

u = 24x 
d

d

v

x
 = e

x
2

d

d

u

x
 = 24 v = 2e

x
2

= 2 (1 +  x3) e
x
2  − 12x2 e

x
2  + 

48xe
x
2  − 96e

x
2  + c

=  e
x
2 [2x3 − 12x2 + 48x − 94] 

+ c

9 (x3 + x2) sin5x dx u = (x3 + x2) 
d

d

v

x
 = sin5x

d

d

u

x
 = 3x2 + 2x 

1

5
cos5v x
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= 1

5
 (x3 + x2)cos5x + 

(3x2 + 2x) 1

5
 cos5x dx

u = 3x2 + 2x 
d

d

v

x
 = 

1

5
 cos5x

d

d

u

x
 = 6x + 2 

v = 
1

25
sin5x

= 1

5
 (x3 + x2)cos5x + 

1

25
 (3x2 + 2x)sin5x − 

(6x + 2) 
1

25
 sin5x dx

= 1

5
 (x3 + x2)cos5x + 

1

25
(3x2 + 2x)sin5x + 

1

125
(6x + 2) cos5x − 

6

125
 cos5x dx

u = 6x + 2 
d

d

v

x
 = 

1

25
sin5x

du = 6

v = 
1

25
cos5x

= 1

5
 (x3 + x2)cos5x + 

1

25
(3x2 + 2x)sin5x + 

1

125
(6x + 2) cos5x − 

6

125
 sin5x + c

= 
1

125
 (−25x3 − 25x2 + 6x + 2)

cos5x + 
1

625
 (75x2 + 50x − 6)sin5x + c

10 x4cosx dx 

= x4 sin x −  4x3sinx dx

u = x4 d

d

v

x
 = cosx

d

d

u

x
 = 4x3 v = sinx

=  x4 sinx + 4x3cosx − 

12x2cosx dx

=  x4 sinx + 4x3cosx − 12x2sinx 

+ 24xsinx dx

= x4 sinx + 4x3cosx − 12x2sinx 

− 24xcosx + 24cosx dx

= x4 sinx + 4x3cosx − 12x2sinx 

− 24xcosx + 24sinx + c

=  (x4 − 12x2 + 24) sinx + 

(4x3 − 24x)cosx + c

11 x5 e2xx dx u = x5 d

d

v

x
 = e2x

d

d

u

x
 = 5x4 v = 

1

2
 e2x

 = 1

2
x5e2x −  5

2
x4e2xdx 45

2
u x

d

d

v

x
 = e2x

d

d

u

x
 = 10x3 v x= 1

2

2e

 = − +1

2

5

4

5 2 4 2x xx xe e  5x3e2xdx u = 5x3 d

d

v

x
 = e2x

d

d

u

x
 = 15x2 v x= 1

2

2e

 = − +1

2

5

4

5

2

5 2 4 2 3 2x x xx x xe e e

 − 15

2

2 2x xxe d

215

2
u x

d

d

v

x
 = e2x

d

d

u

x
 = 15x v x= 1

2

2e

 = 
1

2
 x5e2x − 

5

4
x4e2x + 

5

2
x3e2x

 − 
15

4
x2e2x + 

15

2
xe2xdx

u = 
15

2
x d

d

v

x
 = e2x

d

d

u

x
 = 

15

2

 v x= 1

2

2e

= 
1

2
x5e2x − 

5

4
 x4e2x + 

5

2
x3e2x − 

15

4
x2e2x + 

15

4
xe2x − 

15

4
 e2x

= 
e

2

8

x

 (4x5 − 10x4 + 20x3 − 30x2 + 30x − 15) + c

Exercise 9R

1 sinxex dx u = sinx d

d

v

x
 = ex

d

d

u

x
 = cosx v = ex

= exsinx − excosx dx u = cosx d

d

v

x
 = ex

d

d

u

x
 = �sinx v = ex

= exsinx − excosx − sinxex dx

2 sinxex dx = ex(sinx − cosx) + c

 sinxexdx = − +1

2
ex x x c(sin cos )

2 e2x cosx dx u = e2x 
d

d

v

x
 = cosx

d

d

u

x
 = 2e2x v = sinx

= e2xsinx − 2e2xsinx dx u = 2e2x d

d

v

x
 = sinx

d

d

u

x
 = 4e2x v = −cosx

= e2xsinx + 2e2xcosx − 4e2x cosx dx

5 e2x cosx dx = e2x (sinx + 2cosx)

�� e2xcosx dx = + +1

5

2 2e x x x c(sin cos )
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3 cos 3xe4x dx u = cos3x d

d

v

x
 = e4x

d

d

u

x
 = −3sin3x v = 

1

4
e4x

 cos3xe4x dx = 1

4
e4xcos3x 

    + 
4

3sin3xe4x dx

u = 
4

3
sin3x

d

d

u

x
 = 

4

9
cos3x

d

d

v

x
 = e4x

v = 
1

4
e4x

= 1

4
e4xcos3x + 

16

3
e4xsin3x − 

16

9
cos3xe4xdx

16

25
 cos3xe4xdx = +e

4

16
4 3 3 3

x

x x( cos sin )

cos3xe4xdx = + +1
e

25

4 4 3 3 3x x x c( cos sin )

4 sin( )2x
x

x
e

d  = sin2x � e−x dxu = sin2x  
d

d

v

x
 = e−x

d

d

u

x  = 2cos2x v = −e−x

 = −e−xsin2x + 2cos2xe−x dx u = 2cos2x d

d

v

x
 = e−x

d

d

u

x
 = −4sin2xv = −e−x

= −e−xsin2x − 2e−xcos2x − 4sin2xe−x dx

5
sin 2

d
x

x

e
x = −e−x(sin2x + 2cos2x)

� sin 2
d

x

x

e
x = + +− −1

5
2 2 2e x x x c(sin cos )

Exercise 9S

1 2 dx x x u = x + 2 dx = du

= ( )u u u− 2
1

2 d

= u u u
3

2

1

22−( )d

= − +2

5

4

3

5

2

3

2u u c

= − +2

15

3

2 3 10u u c( )

= + − +2

15
2 3 4

3

2( ) ( )x x c

2 3 1 2 dx x x u = 1 − 2x

x = 
1

2
 (1 − u) dx = − 

1

2
du

= 3

2

1

2
1

1

2( )− ( )−u u ud

3

4
 u u u

1

2

3

2−( )d

= −( ) +−3

4

2

3

2

5

3

2

5

2u u c

= −( ) +−3

60
10 6

3

2

5

2u u c

= −( ) +−u u c
3

2

10
5 3

= +( ) +− −( )1 2

10

3

2

2 6
x x c  = �� 1

5
 ( )1 2

3

2− x  (1 + 3x) + c

3 2
5 3 4 dx x x u = 3 � 4x  

x = 
1

4
 (u � 3) dx = 

1

4
 du

= 5

16 4

2

1

2

6 9( )u u uu− + d

= 
5

64
 u u u u

5

2

3

2

1

26 9− +( ) d

= − +( ) +5

64

2

7

12

5

7

2

5

2

3

26u u u c

= − +( ) +1

448
10 84 210

7

2

5

2

3

2u u u c

= − + +u u u c

3

2

224
5 42 1052( )

= +( )3 4

3

2

224

x
 (5(9 + 24x + 16x2) − 42(3 + 4x) + 105) + c

= − + ++( )
( )

3 4

3

2

224
24 48 80 2x x x c

4 3 3 dx x x

=  u = x + 3 dx = du

=  
1
3( 3) du u u 

4 1
3 3( 3 )du u u

7 4
3 33 9

7 4
u u c

4

33

28
(4 21)

u u c

4
33

28
( 3) (4 9)x x c

5 2 4 1dx x x u = x + 1 dx = du

x = u − 1

= ( )u u u u2

1

42 1− + d  = u u u u
9

4

5

4

1

42− +( )d

= − + +4

13

8

9

4

5

13

4

9

4

5

4u u u c

= − + +4

585

5

4
245 130 117

u u u c( )
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= +4

585
1

5

4( )x  (45u2 − 130u + 117) + c

= + − + +4

585
1 45 40 32

5

4 2( ) ( )x x x c

6 x x x3 5 1− d u = 1 – x dx = – du

x = 1 – u

= – ( )1 3 3 2 3
1

5− + −u u u u  du

= – u u u u u
1
5

6
5

11
5

16
53 3− + −( ) d

= − + − + +5

6

15

11

15

16

5

21

6
5

11
5

16
5

21
5u u u u c

= – 
5

3696

6
5 2 3616 1008 693 176u u u u c( )− + − +

= – 
5

3696
1 616 1008 1 693 1 2

176 1 3 3

6
5 2

2 3

( ) ( ( ) ( )

( ))

− − − + − +

− − + − +

x x x x

x x x cc

= – 
5 1

3696

6

5

125 150 165 1762 3( )
( )

− + + + +x x x x c

Exercise 9T

1 cos3 x dx =  (1 – sin2 x) cos x dx

 = (cosx – sin2 x cos x) dx

 = sin sinx x c− +
1

3

3

2 cos4 x dx = (cos2 x)2 dx

 = 
1 2

2

2
+( )cos x

 dx

 = 
1 2 2 2

4

2+ +cos cosx x
 dx

 = 
1

4

1

2

1

4

1 4

2
2+ + +( )cos cosx x⋅  dx

 = 
3

8

1

2

1

8
2 4+ +( )cos cosx x  dx

 = + + +3

8

1

4

1

32
2 4x x x csin sin

3 sin5

5

x x( ) =d  1 2

2

5 5
− ( )⎛

⎝⎜
⎞
⎠⎟ ( )cos sinx x xd

= sin cos sin cos sinx x x x x

5 5 5 5 5
2 2 4− +( ) dx

= − + − +5
5

10

3 5 5

3 5cos cos cosx x x c

4 48 26cos ( )x xd = 48 22 3(cos ( ))x xd

= 48 1 4

2

3
+( )cos x xd

= 6 1 3 4 3 4 42 3( cos cos cos )+ + +x x x  dx

=  (6 + 18cos4x + 9(1 + cos8x) 

+ 6cos4x(1 − sin24x)) dx

= ( cos cos cos sin )15 24 4 9 8 6 4 42+ + −x x x x  dx

= 15 6 4 8 49

8

1

2

3x x x x c+ + − +sin sin sin

Exercise 9U 

1 4 2− x xd  x = 2sin	 dx = 2cos 	 d	

4 – x2 = 4 – 4 sin2	 = 4 ( 1 – sin2	) = 4 cos2 	

4 22− =x cos	

4 2− x xd  = 2 cos	. 2 cos	 d	 = 4 cos2	 d	

 = 2 (1 + cos2	 ) d	 

 = 2	 + sin2	 + c

 = 2	 + 2sin	cos	 + c

	 = arcsin 
x

2
 cos	 = 1 12

2 2

4

4

2
− = − = −sin q x x

4 2 42 2

2 2
− = + − +x x x cx xd arcsin

2 1

1
2x

x
−
d  x = sec	 dx = sec	 tan	 d	

 x2 – 1 = sec2 	 – 1= tan2	
 x 2 1− = tanq

  
1

1
2x

x
−

d  = 
1

tan
sec tan

q
q q qd

 = sec 	 d	

 = ln sec	 + tan	 | + c

 = ln x x c+ − +2 1

3 x x2 9+ d  x = 3tan 	 dx = 3 sec2	 d	

x2 + 9 = 9(tan2	 + 1 ) = 9sec2	
x 2 9+  = 3sec	

x x2 9+ d  = 3 sec	 3 sec2	 d	

 = 9 sec3	 = 9  sec 	 sec2 	 d	

Using integration by parts:

 u = sec	 d

d

v

q
q= sec2

 d

d

u

q
q q= sec tan  v = tan	
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sec3	 d	 = sec	 tan	 – sec	 tan2 	 d	

 = sec	 tan	 – sec	 (sec2 	 – 1) d	

 = sec	 tan	 – sec2 	 d	 + sec	 d	

2 sec3 	 d	 = sec	 tan	 + ln| sec	 + tan	|

� sec3 	  d	 = 
1

2
 sec	 tan	 + 

1

2
 ln sec 	 + tan 	|+ c

� x 2 9+ dx = 
9

2
 sec	 tan	 + 

9

2
 ln| sec	 

       + tan	 |ln + c

x 2 9+  dx = 
1

2
 x x 2 9+  + 

9

2
 ln x x2

9

3

+ +  + c

= 
1

2
 x x 2 9+  + 

9

2
 ln x x2 9+ +  + k

4 3

36
2− x

 dx x = 6sin	  dx = 6cos	 d	

 36 – x2 = 36 (1 – sin2	�) = 36 cos2 	

 36 2− x  = 6cos	

 3

36
2− x
 dx = 

3

6 cosq
 . 6cos	 d	 = 3 d	

 = 3	 + c
 = 3 arcsin 

x

6
 + c

5 3 162x −  dx x = 4sec	 dx = 4 sec 	�tan	 d	
 x2 – 16 = 16 (sec2	 – 1 ) = 16 tan2	 

 x 2 16−  = 4 tan	

3 162x −  dx = 12 4tan . sec tanq q q  d	

 = 48 2sec tanq q  d	

 = 48 12sec (sec )q q − d	

 =  
3(48sec 48sec ) d	 

(see qn. 3 for  sec3	�)

 = 48 
1

2

1

2
sec tan ln sec tan− +( )  

  – 48 ln |sec	 + tan	| + c

 = 24 sec	�tan	 – 24 ln |sec	 + tan	| + c

 = 6x 
1

4
 x 2 16−  –24 ln 

x x

4

16

4

2

+ −
 + c

 = 
3

2
 x x 2 16−  – 24 ln |x + x 2 16−  + k

6 5

121
2x +

 dx x = 11tan	 dx = 11sec2	 d	

       x2+ 121 = 121(tan2	�+ 1) = 121sec2	
       x 2 121+  = 11sec	

5

121
2x +

 dx = 
5

11secq
. 11sec2	 d	

 = 5sec	 d	

 = 5 ln|sec	 + tan	|+ c

 = 5 ln x x2
121

11

+ +  + c

 = 5 ln x x2 121+ +  + k

7 
2

81 4
2− x

dx x = 
9

2
 sin	 dx = 

9

2
 cos	 d	

 81 –  4x2 = 81 – 81sin2	�= 81cos2	

 81 4 2− x  = 9cos	

2

81 4
2− x
 dx = 2

9

9

2cos
cos

q
q  d	 = 1d	

 = 	 + c

 = arcsin 
2

9

x
 + c

8 3 752x −  dx = 3 x 2 25−  dx 

x = 5sec 	
dx = 5sec	�tan	 d	
x2 – 25 = 25(sec2 	�– 1) = 25 tan2 	

3 752x −  dx = 3  5 tan	���5 sec	�tan	 d	

 = 3  25 sec	�tan2	�d	

 = 3  25 sec	 (sec2	 – 1) d	

     (see qn 3 for sec3 d	 )

=  25 3 1

2

1

2
sec tan sec tan

sec tan

+ +

− +

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

ln

ln

 + c

= 
25 3

2
sec tan sec tanq q q q− + +( )ln c

= 
25 3

2

25

5

25

5

2 2x

s

x x x c− + −− +⎛
⎝⎜

⎞
⎠⎟

ln

= 
3

2

25 3

2

2 225 25x x x x k− − + − +ln

9 7

7 28
2

7
x

x
+

=d 1

4
2x

x
+

d

x = 2tan	  dx = 2sec2	 d	
x 2 2 24 4 1 4+ = + =(tan ) secq q

x 2 4+ = 2sec	
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7

7 28
2x +

 dx = 7 
1

2
2

secq
 sec2	�d	

 = 7 sec	�d	

 = 7  ln |sec	 + tan 	| + c

 = 7  ln x x2
4

2

+ +  + c

 = 7  ln x x2 4+ +  + k

Exercise 9V
1 

x

y

x

P

r0

P(x, sinx)

A = (
 – 2x) sinx

Max. area = 1.12 when x = 0.71046

length = 
 – 2x = 1.72

height = sinx = 0.652

2 A (1, –1 )  P (x, cosx)

AP = ( ) (cos )x x− + +1 12 2

Min. distance = 1.11 ( at the point (1.78, –0.025))

3 a 

A

O

CB

1010

a
2

a
2 a

2

 In Δ AOC, angle AOC = 
 – �
 area Δ AOC = 

1

2
 .10.10 sin (
 – �)

 = 50 sin �
 Similarly, area AOB = 50sin �
 In Δ BOC, angle BOC = 2
 – 2�

 area BOC = 
1

2
 � 10.10 sin (2
 – 2�)

 = –50 sin2�
� � area ABC = 50 sin� + 50 sin� – (–50sin2�)

 A (� ) = 100 sin� + 50sin2�
 = 100 sin� + 100 sin�cos�
 A (�)  = 100(1 + cos�) sin�

 b For maximum area, � = 1.05

4 a t = 2
15

2g sin
 we require t  to be a minimum 

 	 = 0.785 = 
4

 b 	 = 0.7854 l = 
15

cosq

 = 21.213m (nearest mm )

5 a d (t ) = sin 
p t

6
( ) + cos 

p t

6
( )

 v (t ) = 
6

 cos 
p t

6
( ) –

6
 sin 

p t

6
( )

 a (t ) = 
−p 2

36
 sin 

p t

6
( ) −p 2

36
 cos 

t

6
( )

 ��a (t ) = 
−p 2

36
 d (t )

��acceleration is proportional to displacement.

 b  Max. speed = 0.740 ms�1 when t = 4.50 s (velocity 

in negative and a minimum at this time).

6 Min. height = 1.82 m when x = 1.31 m

 � the fi rst pole is nearer to the point of  minimum 

height.

Exercise 9W

1 a 

–
x

y

1

–1

r–r 0r
2

r
2

r
3

y = cos(x)

 
−
p
2

−π

cosx dx = 2sin x

 = sin 
−( )2

 – sin (–
�)

 = –1 – 0 = –1

 

p

3

−p
2

cosx dx = 3

2

sin x  = sin p
3

( ) – sin 
−( )p
2

 = 
3

2
+ 1

 � total area = 2 + 
3

2

 b 

x

y

1

–
0r

4
r
4

y = sec2(x)

 Area = 2

0

4
sec2x dx

 = 2 4

0
tan x

 = 2 tan 
p

4
 = 2
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c 

–
x

y

1

–1

0r
2

r
2

y = 2sin(2x)

r
6

– r
3

 

2

0

x x x 0

sin 2 d cos2

 = − + −( )cos cos0 2

3
 = − + = −−( )1 1

2

3

2

 0

6

0
2 sin 2  d cos  2x x x

 = − +cos cos
3

0 = − + =1

2

1

2
1

 area = 2

d 

x

y

1

–1

0 r
2

r
3

y =     cos(3x)
1
3

5r
8

2r
3

 
5

18

p

p
2

2
5
18

1 1

3 9
cos3 d sin3[ ]x x x

 = −( )1

9

3

2

5

6
sin sinp p  = − − = −( )1

9

1

2

1

6
1

 

2

3

p

p
2

2
3

2

1 1 1 3

3 9 9 2
cos 3 d sin  3 sin2 sin[ ]x x x

 = − − =( )( )1

9

1

9
0 1

 area = + =1

6

1

9

5

18

e 

x

y

0–r

y = 4tan(   )
x
2

r
2

– r
3

–

 
−
p

3

−
p

2

4 8
2 2

2

3

tan dx xx( ) ⎡
⎣⎢

⎤
⎦⎥

=
−

−

ln sec
π

π

 = −− −( ) ( )⎛
⎝⎜

⎞
⎠⎟

8
4

ln sec ln secp p
6

 = − ( )⎛
⎝⎜

⎞
⎠⎟

8 22

3
ln ln

 = = − = − ( )8 8 42

3

3

2

3

2
ln ln ln

 area = ( )4 3

2
ln

2 a y

1

0 r
2

1
2

r
3

y = cos(x)

xx

 Area = 
0

3

cos x xd − p
6

 3
0

6
sin x

 = − −sin sin
3 6

0  

 = −3

2 6

p

b y = tan(2x)

x

y

0 r
4

r
6

√3

 Area = 
p 3

6
−  

0

2
tan  2  dx x

 = − ( )⎡
⎣⎢

⎤
⎦⎥

p 3

6

1

2
2

0

6

ln sec x
π

 = − −⎡
⎣⎢

⎤
⎦⎥

3

5

1

2 3
ln sec ln sec 0

 3 1

6 2
ln2 ln1  

 3 1

6 2
ln2

c 

x

y
1

–1

–2

–3

–r 0

2r
3

–

r
2

–

3√3
2

y = –

y = 3sin(   )
x
2

 3 3
2

3

2
sin x = −

 sin x

2

3

2
= −

 x

2 3
= − p

 x = − 2

3

p

 
0

−2

3

3 
π

π

sin d

 0

2
 
x x = −

= − −

( )⎡
⎣⎢

⎤
⎦⎥

( )⎡
⎣⎢

⎤
⎦⎥

−

−

6

6

2

3

2
3

0

cos

cos cos

x

 = − − = −( )6 1 31

2

 Area = − = −⎛
⎝⎜

⎞
⎠⎟

2p
3

3 3

2
3 3 3p
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 d 

x

y

1

2

3

0r
6

r
24

r
4

r
6

y = 2cos(2x –     )
r
6

y = √2

  2 2 2
6

cos x − =( )p

2
6 4

x − =

2
12

x = 5

x = 5

24

Area = 
0

5

24 2 2 2
6

5

24
cos x − −( ) ( )dx

= − −( )⎡
⎣⎢

⎤
⎦⎥

( )sin 2 2
6 24

24

x
0

5

5

π

= − − −( ) ( )sin sin
4 6

2

24

5

 = −+2 1

2

5 2

24

 e tan x
3

1

3
=

x

3 6
= p

x = p
2

 Area = −p

2 3
 

0

2 tan x

3
dx

= − ⎡
⎣⎢

⎤
⎦⎥

p
p

2 3 6
3ln sec x

0

2

= − −⎛
⎝⎜

⎞
⎠⎟

p p

2 3 6
3 ln sec ln sec  0

= −p

2 3

2

3
3 ln

3 Area =

2.51327

0
 cos cosx x x

2
2−( ) d  = 2.38

4 
d

d

y
x

x= sec2

p
4 d

 ,1 2( ) =dy
x

Tangent: y − 1 = 2 x −( )p
4

y x= − +2 1
2

p

if  y = 0, 2 1x = −p
2

  x = −p
4

1

2

Area =

0

p

4 tan x xd 1

2
− ( )1

2

= − = − −⎡⎣ ⎤⎦ln ln sec ln secsec x
0

4 1

4 4

1

4

p p  0

= − = −ln ln2 21

4

1

2

1

4

5 Area =
0

2.57915

2 12
4

sin x x− −
−

e
x

d
 = 1.55

6 y y
x

x= =
+
8

4 4
2

2

 a 8

4 4
2

2

32 4 2 4

+
= ⇒ = +

x

x x x

  x x4 24 32 0+ − =
  x x2 28 4 0+( ) −( ) =

  x x2 4 2= = ±,  (2, 1), (−2, 1)

 b, c Area =
−2

2 8

4 4
2

2

+
−⎛

⎝⎜
⎞
⎠⎟x

x xd

= −( )⎡
⎣⎢

⎤
⎦⎥−

8

2 2 12

3

2

2

arc tan x x

= − − − +

= − − − +

( ) ( )( )
( ) ( )
4 1 4 1

4

2

3

2

3

4

2

3 4

2

3
4

 arc  arctan tan

p p

= −2 4

3
p

Exercise 9X

1 a v = 
 
2

0

cosx dx 2

0
2

sin sin sin 0x

 v = 


b v = 
 
2

0

sec2x dx 4

0
4

tan tan tan 0x

 v = 


c v = 
�
5

b

6

cos2x 2dx 
2

 

5

b

6

(1 + cos2x) dx

 

5

6

6

1

2 2
sin 2x x

 5 5

2 6 2 3 6 2 3

1 1
sin sin

 5

2 6 4 6 4

3 3  2

2 3 2

3

 
3 4

3

d v = 
 

2

3

3

sin2x dx 
2

 

2

3

3

(1 − cos2x) dx

 

2
3

3

1

2 2
sin 2x x

 2 1 4 1 2

2 3 2 3 3 2 3
sin sin

 2

2 3 4 3 4

3 3

 
2 3 2

3
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2 a v = 

0

1

sin2y dy = 
2

 
0

1

(1 − cos2y) dy

 
1

0

1

2 2
sin 2y y  

 1

2 2
1 sin 2 0

 1

2 2
1 sin 2

b y = arcsinx, 0 ≤ x ≤ 1

 ⇒ x = siny, 0 ≤ y ≤ 
2

 v = π 2

0

sin2y dy = 
2

 
2

0

(1 − cos2y) dy

 
2

0

1

2 2
sin 2y y  

 1

2 2 2
sin (0)  

 
2

4

3 b 

x

y

1

–1

r
0 r

3
r
2

y = sin(x)

y = sin(2x)

 v = 

3

0

(sin2 2x − sin2x) dx

3

0

1 1 1 1

2 2 2 2
cos 4 cos2 dx x x

2

3

0

(cos2x − cos4x) dx

3

0

1 1

2 2 4
sin 2 sin 4x x

1 2 1 4

2 2 3 4 3
sin sin

2 4 8 16

3 3 3 3

 c 

x

y = arctan x

y

1.16295

2.314420

y = e  –1
x
3

 v = 
 
0

2.31442

(arctan ) ( ) .x x
x

2 23 1 2 35− −( ) =e d

 d y = arctanx � x2 + 1 x = tany

 y = e
x

3  − 1 e
x

3  = y + 1 x = 3 ln(y + 1)

 v = 

0

1.16295

((3ln (y + 1))2 − tan2y) dy = 4.18

Exercise 9Y
1 

0 21–1 3 64 x

y

–5
–4

–2
–3

–1

1

5

(x − 4)2 + (y + 3)2 = 4

(y + 3)2 = 4 − (x − 4)2

 23 4 ( 4)y x

 23 4 ( 4)y x

V = π
2

6

− − − −( ) − − + − −( )( )3 4 4 3 4 42

2

2

2

( ) ( )x x xd

 = 
 
2

6

212 4 ( 4) dx x

 =�12
 
2

6

24 ( 4) dx x

Let x − 4 = 2sinθ dx = 2cosθ dθ
x = 2 ⇒ sinθ�=�-1�θ�=�-

2

x = 6 ⇒ sinθ�=�1�⇒�θ�=�
2

24 ( 4) 2cosx

v�=�12π
2

2
−

2cosθ�2cosθ�dθ

=�24
� 2

2
−

(1 + cos2θ)�dθ

2

2

1

2
24 sin 2

v�=�24
2

2 (x − 4)2 + (y + 3)2 = 4

 (x − 4)2 = 4 − (y + 3)2

 x y− = ± − +4 4 3 2( )

 x y= ± − +4 4 3 2( )

v = 

�5

�1

4 4 3 4 4 32

2

2

2

+ − +( ) − − − +( )( )( ) ( )y y yd

= 

�5

�1

216 4 ( 3) dy y

Let y + 3 = 2sinθ� dy�=�2cosθ�dθ

y�=�-�5�⇒�sinθ�=�-1�⇒�θ�=�
2

y�=�-�1�⇒�sinθ�=�1�⇒�θ�=�
2

24 ( 3) 2cosy

v = 16
 
2

2
−

2cosθ�2cosθ�dθ�=�32
�2(see qn.1)
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3 

0 2

2

31–2–3 –1 x

y

3

1

–3

–1
–2

x2 + y2 = 9

y2 = 9 − x2

v = 

�3

3

(9 − x2) dx

3

3

3

3
9

xx

27 27

3 3
27 27v

v = 36

4 

0 2

2

31–2–3 –1 x

y

3

1

–3

–1
–2

4x2 + 9y2 = 36

4x2 + 9y = 36

 
2 24

9
4y x

v = 

�3

�3

4
4

9

2−( )x xd

3
3

3

4

27
4

xv x

= 
�[(12 − 4) − (−12 + 4)] = 16


5 x y2 29 9

4
= − , v = 
 

�2

2

 
29

4
9 dy y

2

2

33

4
9v y y


 [(18 − 6) − (−18 + 6)] = 24


Review exercise
1 a 2 3 sin

2sin 2 3 cos

f x x x

f x x x x

 b e cos3

e cos3 e sin3 3

x

x x

g x x

g x x x

  = −( )ex x xcos sin3 3 3

 c 
2

2tan 1

2 2
tan

x
x

h x x x

  

3 2

3 2

2 2 31 1

2 2

2sin cos

2 cos

sin 2

2 cos

( ) sec tan 2

x x x
x x

x x
x x

h x x x x x

✗

2 sin y x+ =e2 1 ⇒ ⋅ + ⋅ =cos y y x′ e2 2 0.

 ⇒ = −y
x

y
′ 2

2
e

cos

 ⇒ = = = −−m y′( )
cos

0 2
2

0

0
e

 : 0 2 0 2T y x y x

3 
m

4

4

2

4

3 1

2 2

sec d tan tan tan

tan 1 2

mx x x m

m

 
3

tan 1 3 1 tan 3m m m

4 a 2 5 2x xx−( ) =e d  Let 2 5 2

2 21

2

x u

x v

x u

vx x

− =
=

⇒
=
=e d d

d d

e ,

  2 5

2

2x x− −e  e2x dx = − − +

= − +

⎛
⎝⎜

⎞
⎠⎟

( )
x c

x c

x x

x

5

2

1

2

2 2

23

e e

e

 b 
dv = cosx dx sign

u = x2 − 5 v = sinx +

2x −cosx −

2 −sinx +

  

2 25 cos d 5 sin

2 cos 2sin ;

x x x x x x x

x x x c

  2
5 2 sin 2 cosx x x x x c

 c 
dv = exdx sign

u = cosx v = ex +

−3sin3x ex −

−9cos3x ex +

   e d e ex x xx x x xcos cos sin3 3 3 3= +  

− 9 excos3x dx.

  10 e d e ex x xx x x xcos cos sin3 3 3 3= +

  ⇒ excos3x dx = e
x

x x
10

3 3 3cos sin+( )
5 21 d d

2 d d

A d
t t

A d d

 d 5

d 5
5 0.2

A
t

 cm2/s.

6 The curve y x= −e2 1  is given.

 a y yx x= ⇒ =− −e e2 1 2 1 2′ ⋅

  m y x T y y m x xx= ( ) = ⋅ ⇒ − = −( )−′ 0

2 1

0 0
0 2e :

  y x x y

y x x

x

x x x

= −( ) + ⇒

= − +

−

− − −

2

2 2

2 1

0 0

2 1 2 1

0

2 1

0

0

0 0 0

e

e e e

 

  e2 1
0 0

0 2 1 0
1

2

x x x− − + = ⇒ =( )
  : 2T y x  
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 b 
0

1

2

e d e

e

e

e

2 1 2 1 22
1

2

1

2

1

4

1

2

2

4

0

1

2x xx x x− −− = −

= − − =

( ) ⎡
⎣⎢

⎤
⎦⎥

−

 c 
0

1

2

e d2 1
2 2

2x x x−( ) − ( )( )  = π 
0

1

2

e d4 2 24x x x− −( )

  = −−⎡
⎣⎢

⎤
⎦⎥

1

4

4

3

4 2 3

0

1

2

e x x

  = − − =⎛
⎝⎜

⎞
⎠⎟

−( )1

4

1

6

1

4

3

12
2

2

2
e

e

e

7 Let 
3

3cos 3sin , arccos xx dx d

 2 29 9 9cos 3sinx

 2
9 x dx  = −9 sin2θ dθ − 9

1 2

2

− cos
d

 = − −⎡
⎣⎢

⎤
⎦⎥

9
2

2

4

sin

 
9 9

2 3 3 2 3
sin arccos cos arccos arccos

x x x c

 2 9

2 2 3
9 arccosx xx c

8 a 

x
–1

–2

1

4

3

2

10 2 3 4

y

 b y x x x yy= ⇒ = = ⇒ =( )ln , ln2 1 2
1

2
e

  π
0

ln2

1
1

2

2

− =⎛
⎝⎜

⎞
⎠⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟e dy y  π

0

ln2

1
2

4
−⎛

⎝
⎜

⎞

⎠
⎟

e
d

y

y

  = −⎡
⎣⎢

⎤
⎦⎥

y y1

8

2

0

2

e
ln

  8ln 2 34 1

8 8
ln2

9 a s = 
0

k

v dt = 
0

k

5 5

1

2

3

2

3

0

2

3

3

2

15

2

e d e

e

− = −

= −

−

−

⎡

⎣
⎢

⎤

⎦
⎥

( )

t t k

k

t

 b lim lim .
k k

s
k

→∞ →∞
= − = − =−⎛

⎝
⎜

⎞

⎠
⎟

15

2

15

2

15

2

2

3 0 7 5e m

10 2 3 3 2 2cos 2 3 sinx y x xy x y y x

  3 22

2 3

3 2

2 1 1 1 3 1 sinT

T N

m

m m

 3 3 1

2 2 2
: 1 1N y x y x

Review exercise 
1 We need to fi nd the zeros of  the second derivative 

of  the function 2 sin 2 , 1 1y x x x . We 

store the variables a and b and then to fi nd the 

y-coordinates of  the points of  infl exion we input 

those values of  x in the original function.

 

 

 So the points of  infl exion are 

0.760, 0.577 , 0, 0 and 0.760, 0.577 .

2 
2

3 2 sin

3
cos 3 sin x

y
y x y y x y

 When 3 31 cos1 cos1 0.814x y y

 
23

sin1

3 cos 1
0.423m

 : 0.814 0.423( 1)

0.423 1.24

T y x

y x

 Checking:

 First we fi nd the explicit form of  the curve and 

graph it on a GDC. 
3 3cos cosy x y x
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3 Find the value of  a, 0 1a , such that 

 
a

a2

2

1

1
d 0.2709

x
x

 
a

a2

2

1

1
d

x
x = = −

=
⎡⎣ ⎤⎦arcsin arcsin arcsin

.

x a a
a

a

2

2

0 2709

 We use a GDC to solve this equation, 0.500a .

 The result can be obtained directly on a calculator 

by using numerical integration.

 

4 

O
i

i
10 km

x A

 10 10 10

tan tan 54
tan 7.27

x
x

 
2

210 d 10 d

d d
tan sec

x
x t x t

 
2 2 2 2

d sec d 7.27 sec 54

d 10 d 10 180
0.267

x x
t t

 km–1

 

 So the speed of  the plane is 960 km/h.

5 First we graph the functions and identify the region. 

Then we fi nd the point of  intersection between 

the curves and store the x-coordinate to a variable 

called d.

 V = π
0.601

0

cos .2
2

1 1 31x xx− −( )( ) =e d
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1

Skills check
1 a 1

8
  b 

5

36

2 a 0.8  b 0.2 + 0.3 − 0.1 = 0.4

Exercise 10A
1 a No, because 1.1f x , not 1

 b No, as above

 c No, because f −( )1  is negative.

2 a a = − =1 0 88 0 12. .

 b P 1 3 P 1 P 2 P 3 0.87X

 c P 3 0.87X

3 a f t k k k k k( ) = ⇒ + + + = ⇒ =∑ 1 4 3 2 1
0

3
1

10

 b 
1

2
P 1 3 P 1 P 2 3 2T k k

4 
x 0 1 2 3

P(X = x)
27
343

108
343

144
343

64
343

 

321 y

f
0.5
0.4
0.3
0.2

0.1

0

5 x 0 1 2 3

P(X = x)
120

2184

702

2184

1008

2184

336

2184

 

321 y

f
0.5
0.4
0.3
0.2

0.1

0

Exercise 10B
1 a E R( ) = × + × + × = =1 5 10 6 2

1

5

2

5

2

5

31

5
.

 b E R2 1 25 100 50 2
1

5

2

5

2

5
( ) = × + × + × = .

 c Var E ER R R( ) = ( ) − ( )[ ] = − =2 2 250 2 6 2 11 76. . .

 d Standard deviation sf= = ( )11 76 3 43 3. .

Modeling randomness10
2 a P 2 3P 2X X

  ⇒ + = ×a b a3 3 2     ⇒ =3 5b a

  But P X a b( ) = + =∑ 1 3 3 1so

  1 5

8 24
1 3 5 so anda a a b

 b 
1 1 1 5

8 8 8 24

5 5

24 24

E 0 1 2 3 4

5

X

  = 23

8

  2 1 1 1 5

8 8 8 24

5 5

24 24

E 0 1 4 9 16

25

X

  = 265

24

 c 
22Var E EX X X

  = − ⎛
⎝⎜

⎞
⎠⎟

265

24

23

8

2

  = 533

192

3 a P Pbottom top top bottom>( ) = >( ).
  Since bottom cannot equal top,

  P bottom top> =( ) 1

2

 b 

1 1 1 1 1

10 9 10 9 45

P 4 P 1, 3 P 3,1S

 c 
x P(S = x)

3
1
45

4
1
45

5
2

45

6
2

45

7
3

45

8
3

45

9
4
45

10
4
45

 
x P(S = x)

11
1
9

12
4
45

13
4
45

14
3

45

15
3

45

16
2

45

17
2

45

18
1
45

19
1
45
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2

 d E S( ) = × + × + + × + ×3 4 18 19
1

45

1

45

1

45

1

45

  = = ( )495

45
11 also obvious from symmetry

  Var S( ) = + + × + × +

× + × + × + × +
× + ×

1

45
9 16 25 2 36 2 49

3 64 3 81 4 100 4 121

5 144 4

(

++ × + × +
× + × + × + + −

169 4 196 3 225

3 256 2 289 2 324 361 112)

  = =6105

45

2

3
14

4 Let £A be the amount paid.

 Then if  W = your winnings,

 E W A( ) = × + × + −( ) ×20 0 2 10 0 4 0 4. . .

 E soW A( ) = + − =0 4 4 0 4 0, .

 ⇒ =0 4 8. A     ⇒ =A 20

 So you pay £20

5 a f t k k k k k k k
c

( ) = ⇒ + + + + + + =
=

∑ 1 4 9 16 9 4 1
1

7

  ⇒ =44 1k   ⇒ =k 1

44

 b 
2 16 4

44 11
P 4 8 4 16T k k

  
30 15

44 22
P 4 4 9 16T k k k k

  
P

P

P

P

P
T T T T

T

T

T
= ≤ = =

= =

( ) = ≤( )
≤( )

=( )
≤( )4 4

4 4

4

4

4

4

11
15

22

8

15

and

 c E T tf t( ) = ( )∑
1

7

  = × + × + × + × +
× + × + ×

1 2 4 3 9 4 16 5

9 6 4 7

k k k k

k k k

  = =176

44
4

  Var ( ) Et = ( ) −T 2 24

  = × + × + × + × + ×
+ × + × −

1 4 4 9 9 16 16 25 9

36 4 49 16

k k k k k

k k

  = − =772

44

17

11
16

 d Mode of  T = 4 (highest probability)

Exercise 10C
1 a 16 2

15 5
P 15X

 b 
x 5 10 15 20 25 30

f (x) = P(X ≤ x)
1

15
3

15
6

15
10
15

13
15 1

 c From table, median = 20

2 a P at least 3 lines P 3L
  = + +0 31 0 12 0 04. . .  = 0 47.

 b E 0 0.07 1 0.21 2 0.25 3 0.31

4 0.12 5 0.04

L

  = 2 32.

  Var ( ) EL = ( ) −L2 22 32.

  = − =6 92 5 3824 1 5376. . .

 c x 0 1 2 3 4 5

f (x) = P (X ≤ x) 0.07 0.28 0.53 0.84 0.96 1

 d From table, median = 2

3 a 
x 2 3 4 5 6

f (x) = P (X = x)
1
36

4
36

10
36

12
36

9
36

f (x) = P (X ≤ x)
1
36

5
36

15
36

27
36 1

 b Mean E= = ×( ) + × + × + × + ×S 2
1

36
3

4

36
4

10

36
5

12

36
6

9

36

  = + + + +2 12 40 60 54

36

  = =168

36

2

3
4

  From table, median = 5, mode = 5

 c Var EX X( ) ( ) ⎛
⎝⎜

⎞
⎠⎟

= −2 4
2

3

2

  = × + × + × + × + ×4 9 16 25 36
1

36

4

36

10

36

12

36

9

36

  = −22 21
8

9

7

9
 = 1

1

9

  Standard deviation = 1 1 05 3
1

9
= ( ). sf

4 a k x k n
k

n

= ⇒ + + +( ) =
=

∑ 1 1 2 1
1

  ⇒ + = ⇒ =( )
+

k n kn
n n2

2
1 1

2

 b E X k k k n nk( ) = × + × + × + + ×1 2 2 3 3

  = + + + +( )k n1 2 32 2 2 2

  = + +( )( )k n nn
6

1 2 1

  = × + +
+( ) ( )( )2

1 6
1 2 1

n n
n n n

  = +2 1

3

n

5 a 1 2 3

1

1 3 3 3 1
a a af x

 ⇒ = =− + + +
⎛
⎝⎜

⎞
⎠⎟

3 1 11
1

3

1

9

a
...

  ⇒ × = ⇒ × =− −

−
3 1 3 11 11

1
1

3

3

2

a a

  ⇒ = ⇒ =3 2 23

a a log
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3

 b 
1

F P 3
x

a r

r

x X x

  = + + +− − −3 3 31 2a a a x

  = + + + +−
−

⎛
⎝⎜

⎞
⎠⎟

3 11 1

3

1

3

1

3
2 1

a
x

  = ×−
− ⎛

⎝⎜
⎞
⎠⎟

⎛

⎝
⎜

⎞

⎠
⎟

−
3 1

1 1
1

3

1
1

3

a

x

  = × − = −− ⎛
⎝⎜

⎞
⎠⎟

3 1 11 3

2

1

3

1

3

a
x x

  F 1 3 , 1, 2, 3xx x

Exercise 10D
1 X B 10

1

2
,⎛

⎝⎜
⎞
⎠⎟

 a 10 4 0 205
1

2

1

2

210

1024

105

512

4 6

C ⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

= = ≈ .

 b P 6 1 P 5 1 0.6230 0.377X X

 c P 5 0.623X

2 a B 5, 0.6X

  2 3
P 2 5 2 0.6 0.4 0.230X C

 b X B 7, 0.6( )
  P 3 1 P 3 0.904X X

 c B 9, 0.6X

  P 5 0.733X

3 X B 8, 0.01( )
 a i 

8
P 1 1 P 0 1 0.99 0.077X X

  ii P 2 P 0 P 1 P 2X

 = ( ) + × ( ) × ( ) + × ( ) × ( )0 99 8 0 99 0 01 28 0 99 0 01
8 7 6 2

. . . . .

 ≈ ( )0 9999 4. sf

 b P 2 and 1

P 1
P 2 1

X X

X
X X

  
6 2

P 2 28 0.99 0.01

P 2 0.077
0.034

X
X

4 B(6, 0.35)

x 0 1 2 3 4 5 6

P(x) 0.0754 0.2437 0.328 0.2355 0.0951 0.0205 0.0018

 a Mode a = 2

 b Median b = 2

 c P 4 and 2

P 2
P 4 2

X X

X
X X

  P 3 0.2355

1 P 0 P 1 P 2 0.3529
0.667

X

5 a 

P (X ≤ x) x = 0 x = 1 x = 2 x = 3 x = 4 x = 5 x = 6 x = 7 x = 8 x = 9 x = 10

n = 2 0.36 0.84 1

n = 5 0.07776 0.33696 0.68256 0.91296 0.98976 1

n = 10 0.00605
(3 sf)

0.0464
(3 sf)

0.167
(3 sf)

0.382
(3 sf)

0.633
(3 sf)

0.834
(3 sf)

0.945
(3 sf)

0.98771
(3 sf)

0.99832
(3 sf)

0.99990
(3 sf)

1
(3 sf)

 b 26

6 a X nB , .0 3( )
 P 3 0.7 P 3 0.3 15X X n

7 a 0 45 0 00374
7

. .( ) ≈
 b X B 7 0 45, .( )
  P 2 1 P 1X X
  = − ≈1 0 1024 0 8976. .

 c  5 0 45 0 55 0 0417
3 4× ( ) × ( ) ≈. . . , as there are only 

5 sequences where it rains on 3 consecutive days

8 X nB , .0 6( )
 Need P 1 0.95 P 0 0.05X X

 ⇒ ( ) < ⇒ =0 4 0 05 4. .
n

n

Exercise 10E
1 X B 8 0 4, .( )
 a 

5 3
P 5 8 5 0.4 0.6 0.124X C

 b P 5 0.950X

 c P 5 0.826X

 d Mean E= ( ) = = × =X np 8 0 4 3 2. .

 e Variance = = × × =npq 8 0 4 0 6 1 92. . .

2 a P 1 P 2 P 2 P 0Y Y Y Y

  = −0 6471 0 0824. .

  ≈ 0 565.

 b P 2 0.647Y

 c P 2 1 P 1 1 0.3294 0.671Y Y

 d  Median = 2 (fi rst value of  x for which CDF 0.5 )

3 a x 0 1 2 3 4 5

f (x) = P (X = x) 1
32

5
32

5
16

5
16

5
32

1
32

F(x) = P (X ≤ x)
1
32

3
16

1
2

13
16

31
32

1

 b Mode of  T = 2 or 3 (bimodal)

 c Median = =+2 3

2
2 5.

4 a 30 3 0 02 0 98 0 0188
3 27

C . . .( ) ( ) ≈

 b 0 98 0 9039
5

. .( ) ≈

 c Mean E= ( ) = = × =X np 30 0 02 0 6. .
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4

5 np = 2  (1)

 np = 1.5 (2)

 1.5 3

2 4
(2) (1) 1 p

 ⇒ = =p n1

4
8and

6 a i 3

4

20

0 0032⎛
⎝⎜

⎞
⎠⎟

≈ .

  ii X B 20
1

4
,⎛

⎝⎜
⎞
⎠⎟

  P 10 1 P 10 1 0.9961 0.0039X X

  iii P 5 0.6172X

 b E X np( ) = = × =20 5
1

4

  Standard deviation Var= =

= × × = ≈

( )X npq

20 60 1 94
1

4

3

4

1

4
.

 c Y B 5, 0.0039( )
  5

4

P 2 1 P 0 P 1 1 0.9961

5 0.9961 0.0039 0.0002

Y

7 X B 10 0 18, .( )
 a 

2 8
P 2 10 2 0.18 0.82 0.298X C

 b 
10

P 1 1 0 1 0.82 0.863X P

 c Most likely value = mode = 1

 d Y B 25 0 18, .( )
  ∴ ( ) = = × =E Y np 25 0 18 4 5. .

 e Var Y npq( ) = = × × =25 0 18 0 82 3 69. . .

 f Require P 2 0.95 where B ,0.18Z Z n

  i.e. 1 P 0 P 1 0.95

  ⇒ − ( ) − × ( ) × >−
1 0 82 0 82 0 18 0 95

1
. . . .

n n
n

  ⇒ ( ) + × ( ) × <−
0 82 0 82 0 18 0 05

1
. . . .

n n
n

  ⇒ ( ) +( ) <−
0 82 0 82 0 18 0 05

1
. . . .

n
n

  ⇒ =n 25

 g Men: M ~ B(5, 0.22)

  Women: W ~ B(5, 0.16)

P 1 P 1 1 P 0 1 P 0W M W M
  = − ( )⎡⎣ ⎤⎦ × − ( )⎡⎣ ⎤⎦1 0 84 1 0 78

5 5
. .

  = 0 414.

8 a X B 5 0 3, .( )
  i 

4
P 4 5 4 0.3 0.7 0.0567X C

  ii P 3 1 P 2 1 0.0369

0.1631

X X

9 a 

  53 71 9 1042 6 8 x

p

p = 0.1

0.3
0.4
0.5

0.2

0.1

0

  53 71 9 1042 6 8 x

p

p = 0.3

0.3
0.4
0.5

0.2
0.1

0

  53 71 9 1042 6 8 x

p

p = 0.5

0.3
0.4
0.5

0.2
0.1

0

  53 71 9 1042 6 8 x

p

p = 0.7

0.3
0.4
0.5

0.2
0.1

0

  53 71 9 1042 6 8 x

p

p = 0.9

0.3
0.4
0.5

0.2
0.1

0

 b  The graph is symmetrical when p = 0.5 and 

asymmetrical with respect to the line x = 4.5 

otherwise. For p < 0.5 the graph is positively 

skewed and for p > 0.5 it is negatively skewed. 

The graphs for values of  p that add up to 1 are 

refl ections of  each other in the line x = 4.5

 c 

 

mean mode median

p = 0.1 0.9 0 and 1 1

p = 0.3 2.7 2 and 3 3

p = 0.5 4.5 4 and 5 4.5

p = 0.7 6.3 6 and 7 6

p = 0.9 8.1 8 and 9 8

 The values of  the parameters of  the distributions 

refl ect the symmetries observed (eg. the sum of  

the means for p = 0.1 and p = 0.9 is 9).

10 a 
w 0 1 2 4

P(W = w) (1 − a)2 (1 − 2b)
4ab 

(1 − a)(1 − b)
2ab 

(a + b − 2ab)
a2b2

 b E (W) = ∑x P (W = x) =  4ab (1 − a)(1 − b) 

+ 4ab (a + b − 2ab) 

+ 4a2b2

  = − − + + + −( ) +4 1 2 4 2 2ab a b ab a b ab a b
  = − +( )4 1ab ab ab  = 4ab
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Exercise 10F
1 P(X = x) 0 1 2 3 4 5

m = 1 0.368 0.368 0.184 0.0613 0.0153 0.00307

m = 3 0.0498 0.149 0.224 0.224 0.168 0.101

m = 5 0.0067 0.0337 0.0842 0.140 0.176 0.176

 (to 3 sf)

 32 41 5 x

p

0.3
0.4
0.5

0.2
0.1

0

m = 1

 32 41 5 x

p

0.3
0.4
0.5

0.2
0.1

0

m = 3

 32 41 5 x

p

0.3
0.4
0.5

0.2
0.1

0

m = 5

2 a 
3 3

e 3

3!
P 3 0.224Y

 b P 3 P 0 P 1 P 2 0.423Y

 c P 3 1 P 3 1 0.6472 0.353Y Y

 d P
P

P
Y Y Y Y

Y
= > =( ) = >( )

>( )4 3
4 3

3

and

 P 4

P 3
0.476

Y
Y

Exercise 10G
1 a 

2 0.7
e e 0.49

2! 2
P 2 0.122

mmX

 b 0.7
P 2 1 P 0 P 1 1 e 0.7X

  = − ≈−1 1 7 0 1560 7. ..e

2 a P 4 1 P 3 1 0.6472 0.353X X

 b P P 2 0.423

Exercise 10H
1 a X XP P0 7 6 0 4497( ) ≤( ) =, .

 b 0P 1.75 ,P 2 1 P 0 P 1Y Y

  = − − ×− −1 1 751 75 1 75e e. . .

  = − −1 2 75 1 75. .e

  ≈ 0 5221.

2 a X ∼ P0 (1)

  
2 1

e

2! 2
P 2 0.184

me mX

 b Y P0 0 25.( )

  0.25
P 1 1 P 0 1 e 0.221Y

3 a X XP E0 3 3( ) ⇒ ( ) =

 b Y Y YP0 2 5 1 5 1 0 9834( ) ⇒ >( ) = − ≤( ) = −P P .

  ≈ 0 017.

4 a i 
33.5

e 3.5

3!
P 3 0.216X

  ii P 3 1 P 3 1 0.5366 0.463X X

  iii P 5and 3

P 3
P 5 3

X X

X
X X

   P 4 0.1888

P 3 0.4634
0.407

X
X

 b E VarX m X m( ) = = ( ) = =3 5 3 5. , .

 c E E VarX X X2 2( ) − ( )( ) = ( )

  � E(X 2) − (3.5)2 = 3.5

  ⇒ ( ) =E X 2 15 75.

5 a P 0 P 1 P 4 0

  ⇒ + − =− −
−

e e
em mm

mm4

4
0

!

  ⇒ + − =1 0
4

24
m m

  ⇒ = +( )m m4 24 1

  ⇒ = ( )m 3 2 2. sf

6 P 3 0.555X
 P 3 0.445X
 ⇒ ≈ ( )m 3 94 3. sf

 
3394

e 394
P 3 0.198

3!
X

 P 3 0.445 0.198 0.247X

7 a 
2

2!
P e e e

 b dP

d

e e

2
= + + + +− ( ) ( )

− −

2
2 2 2 22

  = − − − + +
−

( )e

2
2 2 2 22

  = − −2

2

e

   2 is always ≥ 0 and e−  is always > 0, 

  so dP

d
= ≤ 0.

  Hence P ( ) is a decreasing function.

 c 

32 41 5 6 x

y

1.5
2

1
0.5

0

inflexion point (2, 0.6767)

y = e–x(1+m+     )m2

2

Exercise 10I
1 a discrete b continuous

 c  continuous (sometimes treated as discrete)

 d  discrete as milk is bought in prepacked containers of  fi xed 

sizes
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2 f  (x ) ≥ 0 for all values of  x and

2

0

f (x ) dx = 
2

0

 
1

2 2

2

0

2

x x
x

d = ⎡
⎣⎢

⎤
⎦⎥

 = 1 − 0 = 1
3 f x  has graph

 

21–1–2 x

f(x)
2

2

8

6

4

0

 a E X( ) = 1

2
 by symmetry

 b Var EX X( ) ( ) ⎛
⎝⎜

⎞
⎠⎟

= −2 1

2

2

  = 
1

0

x x x x2 6 1
1

4
− −( )d

  = 6
1

0

 x x x3 4 1

4
− −( )d

  = − −⎡

⎣
⎢

⎤

⎦
⎥6

4 5

0

1

4 5

1

4

x x

  = × − −⎛
⎝⎜

⎞
⎠⎟

6
1

4

1

5

1

4

  = − =6

20

1

4

1

20

 c Median of  
1

2
X  by symmetry

 d Mode of  
1

2
X  by symmetry.

Exercise 10J
1 a 

x

y

0

 b Median M is such that 
M

0

2 2
1

2
cos x x( ) =d

  ⇒ =sin2
1

2
M

  ⇒ = ⇒ =2
6 12

M M

  Mean = 
0

π
4

x x x2 2cos( )d

  4

0
sin 2x x  – 

0

π
4

sin 2x xd

  = + ⎡
⎣⎢

⎤
⎦⎥4

1

2
2

0

4

cos x  = −
4

1

2

  Mode of  X = 0

2 a a = 
1

0

x x x x1 2 12− +( ) =d

  ⇒ a
1

0

x x x x− +( ) =2 12 3 d

  ⇒ =− +
⎡
⎣⎢

⎤
⎦⎥

a x x x2 3 4

0

1

2

2

3 4
1

  ⇒ − + = ⇒ =⎛
⎝⎜

⎞
⎠⎟

a a1

2

2

3

1

4
1 12

 b E(X) = 
1

0

dx f x x  = 12 
1

0

x x x x2 21 2− +( )d

  = 12 
1

0

x x x x2 3 42− +( )d

  = − +⎡
⎣⎢

⎤
⎦⎥

12
3 2 5

0

1

3 2 5

x x x

  = × =12
1

30

2

5

  Var E EX X X( ) = ( ) − ( )( )2 2

  = 
1

0

2 4
d

25
x f x x

  = 12 
1

0

x x x x3 21 2
4

25
− + −( ) d

  = − + −⎡

⎣
⎢

⎤

⎦
⎥12

4 5 6

0

1

4

2

5 6

4

25

x x x

  = − + −⎛
⎝⎜

⎞
⎠⎟

12
1

4

2

5

1

6

4

25
 = 1

25

3 a 
2

0

k dx + 
3

2

2k dx = 1

  ⇒ + = ⇒ =2 2 1
1

4
k k k

 b 

321 M x

y

0.75
1

0.5
0.25

0

  Median M given by 
M

0

f x x( ) =d
1

2

  i.e. shaded area 
1 1

2 2
Mk

  1

2
2

k
M

 c E(X ) = 
3

0

x f  (x) dx = 
2

0

kx dx + 
3

2

2kx dx

  = +⎡

⎣
⎢

⎤

⎦
⎥ [ ]kx kx

2

0

2

2

3

2

2

  = + − = = =( )2 9 4 7 1
7

4

3

4
k k k

  Var (X) = 
3

0

x2 f  (x)dx − 49

16

  = 
2

0

kx2 dx + 
3

2

2kx2 dx − 49

16

  = + −⎡

⎣
⎢

⎤

⎦
⎥

⎡

⎣
⎢

⎤

⎦
⎥

kx k x3

0

2
3

2

3

3

2

3

49

16

  = 37

48

4 a 
3

0

ax b x2 1+( ) =d

  ⇒ + = ⇒ + =⎡

⎣
⎢

⎤

⎦
⎥

ax bx a b
3

0

3

3
1 9 3 1

  ⇒ = − ⇒ = −
3 1 9

1 9

3
b a b a
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 b 
M

0

f x dx( ) = ⇒1

2

1

0

ax b dx2 1

2
+ =( )

  ⇒ + =⎡

⎣
⎢

⎤

⎦
⎥

ax bx
3

0

1

3

1

2

  ⇒ + =a b
3

1

2

  Sub. in for b from part a

  ⇒ + =−a a
3

1 9

3

1

2

  ⇒ + − =a a1 9
3

2

  ⇒ − =1 8
3

2
a

  ⇒ = −a 1

16

  and ∴ = =
+

b
1

9

16

3

25

48

 c E(X) = 
3

0

x f  (x)dx

  = 
3

0

−⎛
⎝⎜

⎞
⎠⎟

+1

16

25

48

3x x xd

  = +−⎡
⎣⎢

⎤
⎦⎥

x x4 2

0

3

64

25

96

  = + =−81

64

75

32

5

64
1

  Var (X) = 
3

0

x f x x2 69

64

2

( ) ⎛
⎝⎜

⎞
⎠⎟

−d

  = 
3

0

−⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

+ −1

16

25

48

69

64

4 2
2

x x xd

  = + −−⎡
⎣⎢

⎤
⎦⎥

⎛
⎝⎜

⎞
⎠⎟

x x5 3

0

3 2

80

25

144

69

64

  = − ≈− +⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

243

80

675

144

69

64

2

0 488.

5 a E(T ) = 
3

2

t f  (t)dt

  = 
3

2

6

t
td

  = [ ]6
2

3
ln t

  = − = ⎛
⎝⎜

⎞
⎠⎟

6 3 6 2 6
3

2
ln ln ln .

 b Var(T ) = 
3

2

t f t t2 6
3

2

2

( ) ⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥

−d ln

  = 
3

2

6 6
3

2

2

dt − ⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥

ln

  = − ⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥

6 36
3

2

2

ln

 c M is such that 
M

2

6 1

2
2t

td =

  
2

6 1

2

M

t

  
6 1

2
3

M

  
6 5

2M

  
2 6 12 2

5 5 5
2M

 d Mode of  T occurs where f  (t) is greatest 

  ′ = = ≤ ≤( ) −f t t
t
12
3

2 3negative for

 ∴ f  (t) is decreasing for 2 ≤ t ≤ 3

  Or : Mode = 2

Exercise 10K

1 a F (x  ) = 
x

0

t t xt x
x

2 3

0

3

9 27 27
0 3d = = ≤ ≤⎡

⎣⎢
⎤
⎦⎥ ( )

 c F (x  ) = 
x

0

cos sint t x xd = ≤ ≤⎛
⎝⎜

⎞
⎠⎟

0
2

2 a F (x  ) =
x

0

1

4
4 2t t t( )d

  = 1

4
 

x

0

(4t – t3)dt

  = − = −⎡

⎣
⎢

⎤

⎦
⎥ ( )1

4 4

1

16
2 82 2 4

4

x x xx  0 2≤ ≤( )x

 b P 1 1
3

2

3

2
≤ ≤ = −⎛

⎝⎜
⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

( )X F F

  = × − − +⎛
⎝⎜

⎞
⎠⎟

1

16

9

4

81

16
8 8 1

  = − =⎛
⎝⎜

⎞
⎠⎟

1

16

65

16

95

256
10

  P 1 1 P 1X X
  = − ( )1 1F

  = − −( )1 8 1
1

16

  = 9

16

3 a 

21 x

y

0

 b k 
2

0

(x2 − x)dx = 1

  ⇒ k 
1

0

(x2 − x)dx + k 
2

1

(x2 − x)dx = 1

  ⇒ − + − =⎡

⎣
⎢

⎤

⎦
⎥

⎡

⎣
⎢

⎤

⎦
⎥k kx x x x2 3

0

1
3 2

1

2

2 3 3 2
1

  ⇒ − + − − + =⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥

k k1

2

1

3

8

3

1

3

1

2
2 1

  ⇒ + = ⇒ =⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

k k k1

6

5

6
1 1

 c P 1 2X  
2

1

k x x x2 − d  

     = 
2

1

(x2 – x)dx

  = −⎛

⎝
⎜

⎞

⎠
⎟

x x3 2

1

2

3 2
 = − − +8

3

1

3

1

2
2  = − =7

3

3

2

5

6
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4 a 
1

0

f  (t) dt = 1

  ⇒ k 
1

0

(e − ekt)dt = 1

  ⇒ −⎡
⎣⎢

⎤
⎦⎥

k
k

kte et 1

0

1

 = 1

  ⇒ − + =⎡
⎣⎢

⎤
⎦⎥

k
k k

ke e
1 1

1

  ⇒ − + =e ek k 1 1

  ⇒ =e ek k

  ⇒ =−ek k1

  ⇒ =k 1 is the solution

 b P
1

3

2

3
< < =⎛

⎝⎜
⎞
⎠⎟

T  

2
3

1
3

(e − et)dt 

  = −[e et t ]
1

3

2

3

  = − − +e e e e
2

3

1

3

2

3

1

3

  = + −1

3

1
3

2
3e e e

 c E( T ) = 
1

0

x f  (x) dx

 
1

0

(ex − xe x) dx = 
2

1

0

e

2

x
 −

1

0

xex dx

  =
⎡

⎣
⎢

⎤

⎦
⎥− −∫1

2
0

1

e e e dx xx x

  = − −[ ]1

2
0

1

e e ex x x

  1 1

2 2
e e e 1 e 1

  Var (T) = 
1

0

x f x x2 1

2
1

2

( ) ⎛
⎝⎜

⎞
⎠⎟

− −d e

  = 
1

0

x2e dx −
1

0

x2ex dx − 
2

1

2
e 1

  
1 1 23

0 0

2e 1

3 2
e 2 e d e 1x xx x x x

  = − +[ ]e
e

3

2
0

1

2x x
1

0

x xxe d e
2

− −⎛
⎝⎜

⎞
⎠⎟

1

2
1

  = − + − − −∫⎡

⎣
⎢

⎤

⎦
⎥

⎛
⎝⎜

⎞
⎠⎟

e
e de e e

3

1

2
2 1

0

1 2

x x x x

  = + − − −− [ ] ⎛
⎝⎜

⎞
⎠⎟

2

3

1

2
2 10

1
2

e e e ex x x

  = + − −− ⎛
⎝⎜

⎞
⎠⎟

2

3

1

2
2 1

2

e e

  = + − + −−2

3

1

4
2 12e e e

  = + −1
1

3

1

4

2e e

 d Prob. = 

1

1
2

e e d e e−( ) = −[ ]t tt t 1

2

1

  = − − −( )
⎛

⎝
⎜

⎞

⎠
⎟e e e e

1

2

1
2

  = − ≈e e 0.29
1

2

5 a 
2

0

x x
4

d +
a

2

5
2 1

x
xd =

  ⇒ − =⎡

⎣
⎢

⎤

⎦
⎥

⎡
⎣⎢

⎤
⎦⎥

x
x

a2

0

2

28

5
1

  ⇒ − + =1

2

5 5

2
1

a

  ⇒ = +3 1
5

a

  ⇒ = ⇒ =5 5

2
2

a
a

 b CDF:

  For 0 2,x  F (x) = 
x

0

t xt
4 8

2

d =

  For 2 2
1

2
≤ ≤x ,  F (x) = 

2

0

t t
4

d +
x

2

5
2t

td

  = − ⎡
⎣⎢

⎤
⎦⎥

1

2

5

2t

x

  = − +1

2

5 5

2x

  = −3
5

x

6 a 
3

–3

y y+( ) =3 1d

  ⇒ + =⎡

⎣
⎢

⎤

⎦
⎥

−

y y
2

3

3

2
3 1

  ⇒ + − + =⎡

⎣
⎢

⎤

⎦
⎥

9

2

9

2
9 9 1

  
1

18
or18 1

 b f  (y) = 
y

–3

λ (x + 3)dx

  = +⎡
⎣⎢

⎤
⎦⎥−

1

18 2

2

3

3
x x

y

  = + − +⎛
⎝⎜

⎞
⎠⎟

1

18 2

9

2

2

3 9
y y

  = + + = +( ) ( )1

36

1

36

2 2
6 9 3y y y

 c P F F( )0 1 1 0
16

36

9

36

7

36
≤ ≤ = − = − =( ) ( )Y

  P P FY Y> = − ≤ = − = − =( ) ( ) ( )1 1 1 1 1 1
16

36

5

9

 d E Y( ) =
3

–3

y f y y( )d

  = 1

18

3

–3

y y y2 3+( )d  = +⎡
⎣⎢

⎤
⎦⎥−

1

18 3

3

2

3 2

3

3

y y

  = + + −⎡

⎣
⎢

⎤

⎦
⎥

1

18

27

2

27

2
9 9  = 1

  E Y 2 1

18
( ) =

3

–3

y y y3 23+( )d

  = +⎡
⎣⎢

⎤
⎦⎥−

1

18 4

4

3

3

3y y

  = + − +⎡
⎣⎢

⎤
⎦⎥

1

18

81

4

81

4
27 27

  = =54

18
3

  ∴ ( ) = − =Var Y 3 1 22
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 e 1

36

1

4
3

2
y + =( )

  ⇒ +( ) =y 3 9
2

  ⇒ + = ±y 3 3

  ⇒ = − ( )y 0 6or impossible

  ∴ = ( )y 0 the lower quartile .

7 
4

1

ax bx c x2 1+ +( ) =d

 ⇒ + + =⎡

⎣
⎢

⎤

⎦
⎥

ax bx cx
3 2

1

4

3 2
1

 ⇒ + + × =− −a b c64 1

3

16 1

2
3 1

 ⇒ + + =21 3 1
15

2
a cb

  (1)

 
Mode when= ⇒ + = =
⇒ + =

2 2 0 2

4 0

ax b x

a b

 ⇒ = −b a4     (2)

 E X( ) = ⇒3

4

1
ax bx cx x3 2 3+ +( ) =d

 ⇒ + + =⎡

⎣
⎢

⎤

⎦
⎥

ax bx cx4 3 2

1

4

4 3 2
3

 ⇒ + + − − − =64 8 3
64

3 4 3 2
a cb a b c

 ⇒ + + =255

4

63

3

15

2
3

a b c

 ⇒ + + =255

4

15

2
21 3

a cb

 ⇒ + + =255 84 30 12a b c     (3)

 Sub (2) into (1) ⇒ − + =21 3 1
60

2
a ca

 

 ⇒ − + =9 3 1a c        (4)

 Sub (2) into (3) 

 ⇒ − + =255 336 30 12a a c

 a
a c

a c

c

× ⇒
− + =
− + =

=

4
81 30 12

81 27 9

3 3

 c a= ⇒ =1
2

9
 from (4)

 ∴ = −b 8

9
 from (2)

8 a α
π
2

2

1 1 1

2

2+( ) = ⇒ −[ ] =sin cosx x x xd

  ⇒ − − + =⎛
⎝
⎜

⎞
⎠
⎟

2 2
0 0 1

  1

2
2 1

 b P(X < π ) = 
π

π
2

1

2
1+( )sin x xd

  = −1

2
2

[ ]cosx x

  = + − +⎡
⎣⎢

⎤
⎦⎥

1

2 2
1 0

  = +⎡
⎣⎢

⎤
⎦⎥

1

2 2
1  = +1

4

1

2

  P(X < 2π) 
2π

π
2

1

2
1+( )sin x xd

  = − − +⎡
⎣⎢

⎤
⎦⎥

1

2 2
2 2 0cos

  = −⎡
⎣⎢

⎤
⎦⎥

1

2

3

2
1

  = −3

4

1

2

 c 

r x

y

0 r
2

3r
2

5r
2

2r 3r

  Median = 
3

2

 d F (x) = 

x

π
2

f  (t)dt

  = −⎡⎣ ⎤⎦
1

2 2

t t x
cos

  = − − +⎡
⎣⎢

⎤
⎦⎥

1

2 2
0x xcos

  = − −x x
2

1

2

1

4
cos

 e F 0.75a

  ⇒ − − =a a
2

1

2

1

4

3

4
cos

  ⇒ − =a acos 2

  ⇒ = ( )a 7 0 1. dp

  Similarly for , b F b( ) = 0 25.

  ⇒ − =b bcos

  b = ( )2 4 1. dp

  ⇒ = − ≈IQR a b 4 6.

Exercise 10L
1 a 0 1 1.5 1

2 2
P 0 1.5 PX Z

  = ( ) − −( )F F0 25 0 5. .

  = ( ) − − ( )( )F F0 25 1 0 5. .

  = + −0 5987 0 6915 1. .

  ≈ 0 290.

 b 0.5 1

2
P 0.5 PX Z

  = < − = −⎛
⎝⎜

⎞
⎠⎟

( )P FZ 1

4
0 25.

  = − ( ) ≈1 0 25 0 401F . .

 c 
3 1

2
P 3 PX Z

  P 1Z

  = − ( ) ≈1 1 0 159F .

2 a 
45 50

20
P 45 PX Z

  = −( )F 0 25.
  = − ( ) ≈1 0 25 0 401F . .
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 b 
37 50 65 50

20 20
P 37 65 PX Z

  = ( ) − −( ) = ( ) − + ( )F F F F0 75 0 65 0 75 1 0 65. . . .

  ≈ 0 516.

 c 
52 50

20
P 52 P P 0.1X Z Z

  = − ( )1 0 1F .

  ≈ 0 460.

3 a Mean = 35, SD = 7

 b 25 35

7
P 25 P P 1.43X Z Z

  = − ( ) ≈1 1 43 0 076F . .

  29 35 41 35

7 7
P 29 41 PX X

  P 0.86 0.86X
  = ( ) − −( )F F0 86 0 86. .

  = ( ) − + ( )F F0 86 1 0 86. .

  ≈ 0 610.

  45 35

7
P 45 PX Z

  P 1.43Z
  = − ( )1 1 43F .

  ≈ 0 076.

Exercise 10M
1 2N 150, 0.5X

 a 
149 150

0.5
P 149 PX Z

  P 2Z
  1 P 2Z
  ≈ 0 023.

 b 
151.5 150

0.5
P 151.5 PX Z

  P 3Z

  1 P 3Z
  ≈ 0 001.

 c P 149 151 P 2 2X Z

  = ( ) − −( )F F2 2

  = ( ) − − −( )( )F F2 1 2

  = ( ) −2 2 1F

  ≈ 0 9544.

2 a 2N 1.1, 0.15 1.1, 0.15M

 b 
1.2 1.1 1.3 1.1

0.15 0.15
P 1.2 1.3 PM Z

  = ( ) − ( )F F1 33 0 67. .

  = −0 9082 0 7486. .

  ≈ 0 160.

 c 
1.4 1.1

0.15
P 1.4 P P 2M Z Z

  = − ( )1 2F  = 0 0228.

 Estimated no. of  cabbages = 0 0228 850 19. × ≈

3 T ~ . , .N 20 4 3 52( )
 a 

18.1 20.4

3.5
P 18.1 P P 0.66T Z Z

  = − ( )1 0 66F .

  ≈ 0 255.

  17.9 20.4

3.5
P 17.9 P P 0.71T Z Z

  = ( )F 0 71.

  ≈ 0 761.

 b 
P 17.9 18.1

P 17.9
P 18.1 17.9

T
T

T T

  = −0 7611 0 2546

0 7611

. .

.

  ≈ 0 665.

 c P 0.444T t

  20.4

3.5
P 0.444

tZ

  ⇒ =−⎛
⎝⎜

⎞
⎠⎟

F
t 20 4

3 5
0 444

.

.
.

  ⇒ = −−t 20 4

3 5
0 14

.

.
.

  ⇒ = − ×t 20 4 0 14 3 5. . .

  ≈ 19 9.

Exercise 10N
1 X X~ , .N P5 3 0 32( ) <( ) =
 a P PX X≥( ) = ≤( ) =7 3 0 3.

 b P X <( ) = − =7 1 0 3 0 7. .

 c P 3 7 0 7 0 3 0 4≤ ≤( ) = − =X . . .

2 Y Y~ , .N P12 10 14 0 62( ) ≤ <( ) =

 a P Y ≥ = − =( ) ( )14 1 0 6 0 2
1

2
. .

 b P Y <( ) =10 0 2.

 c P 12 14 0 8 0 5 0 3≤ <( ) = − =Y . . .

 d P
P

P
Y Y

Y
Y

< >( ) = < <( )
>( ) = =14 12

12 14

12

0 3

0 5
0 6

.

.
.

3 X X~ , .N P−( ) < −( ) =5 3 0 82

 a P X < −( ) =7 0 2.

 b P − ≤ < −( ) = − =7 5 0 5 0 2 0 3X . . .

 c P PX X< −( ) + > −( ) = + =7 3 0 2 0 2 0 4. . .

4 a Mean = 10, SD = 5

 b P P PX Z Z< = < = < −( ) −⎛
⎝⎜

⎞
⎠⎟

( )5 1
5 10

5

  = − ( ) ≈1 1 0 159F .

  P P PX Z Z≥ = > = > =( ) −⎛
⎝⎜

⎞
⎠⎟

( )15 1 0 159
15 10

5
.

 c F a a( ) −= ⇒ = −0 223 0 76
10

5
. .

  ⇒ = − × ≈a 10 5 0 76 6 2. .

  ⇒ = + −( ) =b 10 10 6 2 13 8. .
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Exercise 10O
1 a 0.1151, 0.8849 b 0.0107, 0.9893

 c 0.0047, 0.9953

 They add to 1 in each case

2 a –0.525, 0.525  b –0.253, 0.253

 They are equidistant either side of  the mean

3 a 0.6736, –0.124  b a = 0, b = 0.6915

4 a They are both the same and equal 0.8413

 b P X P Z0 2 0 383
1

2

1

2
≤ ≤ = ≤ ≤ =( ) −⎛

⎝⎜
⎞
⎠⎟

.

5 X Z~ , ~ ,N N−( ) ( )6 3 0 12

P Z0 1 5 1 5 0 0 9332 0 5 0 4332≤ ≤( ) = ( ) − ( ) = − =. . . . .Φ Φ

 P X P Z− ≤ ≤ −( ) = ≤ ≤( ) =6 1 5 0 1 5 0 4332. . .

Exercise 10P
1 P Z < =−⎛

⎝⎜
⎞
⎠⎟

5

9
0 754.

 ⇒ ≈ ⇒ ≈ −−5

9
0 69 1 2. .

2 P PZ Z≤ = ≤ =−⎛
⎝⎜

⎞
⎠⎟

−⎛
⎝⎜

⎞
⎠⎟

1 3
0 345 0 943. .and

 ⇒ ≈ − ≈− −1 3
0 40 1 58. .and

 ⇒ = −1 0 40.  1

 3 1 58= + .  2

 ⇒ = ⇒ ≈ ≈2 1 98 1 0 1 40. . .and

3 P PX X>( ) = ⇒ ≤( ) =58 44 0 022 58 44 0 978. . . .

 ⇒ =−⎛
⎝⎜

⎞
⎠⎟Φ 58 44

0 978
.

.
M

 ⇒ ≈−58 44
2 01

.
.

M

 ⇒ = −58 44 2 01. .  (1)

 P ( . ) . .
.X < = ⇒ =⎛

⎝⎜
⎞
⎠⎟

48 84 0 012 0 012
48 48Φ

 ⇒ = −48 84
2 26

.
.

 ⇒ + =48 84 2 26. .  (2)

 ⇒ + = −48 84 2 26 58 44 2 01. . . .  (5)

 ⇒ =4 27 9 6. .

 ⇒ ≈ 2 25.

 Hence ≈ 53 9.

4 X ~ ( . , )N 1 03 2

 ⇒ < =P( ) .X 1 0 018

 Φ 1 1 03
0 018

−⎛
⎝⎜

⎞
⎠⎟
=.

.

 ⇒ = −−1 1 03
2 10

.
.

 
⇒ = ≈ =0 03

2 10
0 0143 14 3

.

.
. .kg grams

5 a Φ 50 1
1 0 119 0 881

.
. .

−⎛
⎝⎜

⎞
⎠⎟
= − =

  ⇒ = ⇒ = +−50 1
1 18 50 1 1 18

.
. . .

  Φ 43 6 43 6
0 305 0 51

. .
. .

−⎛
⎝⎜

⎞
⎠⎟

−= ⇒ = −  (1)

  ⇒ = −43 6 0 51. .  (2)

  ( ) ( ) . . .1 2 6 5 1 69 3 85− ⇒ = ⇒ = ≈or 45.6

 b P | |X − <⎛
⎝⎜

⎞
⎠⎟2

  = < − <−⎛
⎝⎜

⎞
⎠⎟

P
2 2

X

  = − < <−⎛
⎝⎜

⎞
⎠⎟

P
1

2

1

2

X

  = −⎛
⎝⎜

⎞
⎠⎟

−⎛
⎝⎜

⎞
⎠⎟

Φ Φ1

2

1

2

  = − −⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

Φ Φ1

2

1

2
1

  = −⎛
⎝⎜

⎞
⎠⎟

2 1
1

2
Φ

  ≈ 0 383.

6 P P( ) . ( ) .X X≥ = ⇒ < =80 0 1 80 0 9

  ⇒ =−⎛
⎝⎜

⎞
⎠⎟

Φ 80
0 9.

  ⇒ =−80
1 282.

  ⇒ = +80 1 282.  (1)

  P( ) .X < =45 0 2

  ⇒ =−⎛
⎝⎜

⎞
⎠⎟

Φ 45
0 2.

  ⇒ = −−45
0 842.

  ⇒ = −45 0 842.  (2)

  ( ) ( ) .1 2 35 2 124− ⇒ =
  ⇒ = 16 5.

  = 58 9.

7 X ∼ N( , )550 20

 a P P( )500 600
500 550

20

600 550

20
< < = < <− −⎛

⎝⎜
⎞
⎠⎟

X z

  = − < < = − −⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

P 2 2 2 2
1

2

1

2

1

2

1

2
z Φ Φ

  = − ≈⎛
⎝⎜

⎞
⎠⎟

2 2 1 0 988
1

2
Φ .

 b P( ) . ( ) .X M X M> = ⇒ ≤ =0 1 0 9

  ⇒ =−⎛
⎝⎜

⎞
⎠⎟

Φ M 500

20
0 9.

  ⇒ =−M 550

20
1 282.

  ⇒ =M 576grams

 c P P( )X z> = > −⎛
⎝⎜

⎞
⎠⎟

540
540 550

20
 = > −⎛

⎝⎜
⎞
⎠⎟

P z 1

2

  = <⎛
⎝⎜

⎞
⎠⎟

P z 1

2
 = 0 6915.

  ∴ = × ≈Estimated number 1200 0 6915 830.
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 d M ~ ( , )N 2

  P( ) . ( ) .M P M≥ = ⇒ < =600 0 15 600 0 85

  ⇒ =−⎛
⎝⎜

⎞
⎠⎟

Φ 600
0 85.

  
600

1 037
− = .

  ⇒ = +600 1 037.  (1)

  P( ) .M < =540 0 1

  ⇒ =−⎛
⎝⎜

⎞
⎠⎟

Φ 540
0 1.

  ⇒ = −−540
1 282.

  ⇒ = −540 1 282.  (2)

  ( ) ( ) .1 2 60 2 319− ⇒ =
  ⇒ = 25 9. grams

  = 573 grams

8 M N~ ( . , )1 02 2

 P( ) .M < <1 0 01

 ⇒ < <−⎛
⎝⎜

⎞
⎠⎟

P Z 1 0 02
0 01

.
.

Review exercise
1 a ∑ =P( )X 1

  ⇒ 2 3 3 2 2 12 2 2a a a a a a+ + + + + =
  ⇒ 7 6 1 02a a+ − =
  ⇒ ( )( )7 1 1 0a a− + =
  ⇒ a = 1

7

 (a cannot be negative as P(2) would then be 

negative)

 b PDF is: 

x

X x

1 2 3 4
2

49

21

49

17

49

9

49
P( )=

  Mean = ∑ = + + +x xP( )
2

49

42

49

51

49

36

49

  = =131

49

33

49
2

  Mode = 2

  Median = 3

2 a 

3 4 521–1–2 x

y
0.75

0.5

0.25

0

  Total area so
1

2
= × × + × × =1 4 2 1

2 1

2

1

2
,

k

  ⇒ + = ⇒ =4 1

2

4 1

2
1

k k

  ⇒ =k 8

✗

 b Median Mode = 3= 1,

 c P
P

P
( | )

( )

( )
0 3 1

1 3

1
≤ ≤ ≥ = ≤ ≤

≥
X X X

X

  =
× ×1

2
2

1

4
1

2

  = 1

2

3 Let 
4

5
number graduating B( , ), 5,X X n p n p

 a P( )X = = =⎛
⎝⎜

⎞
⎠⎟

0
1

5

1

3125

5

 b P( )X = = =⎛
⎝⎜

⎞
⎠⎟

5
4

5

1024

3125

5

 c P P P( ) ( ) ( )X ≥ = − −2 1 0 1

  = − − × ×⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

1 5
1

5

4

5

5 4
1

5

  = −1
21

3125

  = 3104

3125

4 Let X = the no. correct on the last 5 questions

 Then X ~ B(n, p) where n = 5, p = 
1

2

 a P( )X = = =⎛
⎝⎜

⎞
⎠⎟

5
1

2

1

32

5

 b E( )X np= = 2
1

2

 If  get X correct Y is the fi nal score, than

  Y = × + × + − × −5 2 2 5 1X ( )X

  = + × − +10 2 5 X
  5+3X
∴ = + = × +

=
Expected final score is E E( ) ( ) .

.

Y X5 3 5 2 5 3

12 5

 It is obviously worth guessing the last 5, because 

it he stops after the fi rst 5, he will only get a score 

of  10.

5 a E Var( ) ( )T T m= =
  But Var E E( ) ( ) ( ( ))T T T= −2 2

  ∴ m m= −6 2

  ⇒ m m2 6 0+ − =
  ⇒ ( )( )m m+ − =3 2 0

  ⇒ m = −3 2or

  m = –3 is impossible as it would give

  
3(0) e 1P

  ∴ =m 2

 b 
0

2

2e 1

0! e
( 0) e 0.135 or

mmP X

6 a a = 1

 b 11 1 1

2 2 2
or tanF tan 0.46m mm
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 c f x x
x x

( ) ( )
sec

= =
≤ ≤⎧

⎨
⎪

⎩⎪
F ′

2 0

0

4

otherwise

 d P Fx ≤ =⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟4 6
 = ⎛

⎝⎜
⎞
⎠⎟

tan
6

 = 1

3

Review exercise
1 Let width of a piece

Then ~N(20.05, 0.022

X

X

=
)

 a ⇒ < <

= < <− −⎛
⎝⎜

⎞
⎠⎟

P

P

( . . )

. .

.

. .

.

20 02 20 06

20 02 20 05

0 02

20 06 20 05

0 02

X

z

  = − < <P( . . )1 5 0 5t  = − −F F( . ) ( . )0 5 1 5

  = −0 691462 0 066807. .

  ≈ 0 625.

 b P P( . )
. .

.
X z< = < −⎛

⎝⎜
⎞
⎠⎟

20 00
20 00 20 05

0 02
 = −F( . )2 5

  0 0062.

2. Let X = life of  a motor and G the guarantee 

period.

Then X is N(15, 22) and we require:

 P( ) .X G≤ = 0 001

 i.e. P z G≤ =−⎛
⎝⎜

⎞
⎠⎟

15

2
0 001.

 ⇒ ≈ −−G 15

2
3 10.

 ⇒ ≅ −G 15 6 2.

 ≈ 8 8.

 (Should only give an 8 year guarantee)

3 a 
2

0

k
x

xx k
2

1

2 2
2

0

2

1 11

+
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥= ⇒ =−d tan

  ⇒ = ⇒ = ≈⎡
⎣⎢

⎤
⎦⎥

k k
2 4

4 2
1 1 8.

 b P X ≤⎛
⎝⎜

⎞
⎠⎟

1

2
 = 

0

1
2

f x
k x

( ) tandx = ⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

−

2 2

1

0

1

2

  = − ⎛
⎝⎜

⎞
⎠⎟

4 1

2 2

1tan

  ≈ 0 433.

 c E(X) = 
0

1
2

x f  (x) dx = k 
0

1
2 x

x
x

2
2+

d

  = ( )⎡
⎣⎢

⎤
⎦⎥

k x1

2

2

0

1

2

ln 2 +  = −k
2

22 25(ln . )ln

  = ⎛
⎝⎜

⎞
⎠⎟

k
2

2 25

2
ln

.

  ≈ 0 106.

4 X ~ ( ) ( )P in hrs0 4 4 2m =

 a P P e( ) ( )

.

X m≥ = − = −
≈

−1 1 0 1

0 982

 b P P( ) ( ) .X X> = − ≤ ≈5 1 5 0 215

5 a a
3

1

1

4
1

x x
x

( )−
=d

  ⇒ = ⇒ − =
−

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

a x
x

a
4 4 4

1

3
1

3

1 3 1ln ln ln

  ⇒ = ⇒ = ≈a a
4

4

9
9 1 1 82048ln .

ln

 b E(X) = 
3

1

x f (x)dx

  = a 
3

1

1

4 − x
dx

  = − −[ ]a xln( )4
1

3

  = ×4

9
3

ln
ln

  = =4

2
2

  Var E( ) ( )X X= −2 22

  = 
3

1

x2 f  (x) dx − 4

  = a 
3

1

x
x

x
4

4
−

−d

  = a 
3

1

− + −
−1 4
4

4 x
dx

  = − − −[ ] −a x x4 4 4
1

3
ln( )

  = − − + +[ ] −a 3 4 1 1 4 3 4ln ln

  = − + −a[ ln ]2 4 3 4

  = × − + −4

9

16

2
2 4

ln

  = + ≈−8

9
4 0 35904

ln
.

 c P(X < 2) = 
2

1

f  (x) dx = a x
x4 4 1

2

ln
−

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥

  = − ⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

a
4

1

3
1ln ln

  = × =1

9

1

2
3

ln
ln

12 a 250 110 111
71

160

15

16
× = ≈ customers

 b i X = no. of  customers who buy vanilla

   Then X ~ ,B 5
3

16

⎛
⎝⎜

⎞
⎠⎟

   ∴ = = ⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

P( )X 3 5
3

16

13

16

3 2

c
3

   ≈ 0 0435.

  ii Y = not buying ice cream.

   Y ~ ,B 5
3

160

⎛
⎝⎜

⎞
⎠⎟

   P( ) .Y = = ≈⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

2 5 0 0033
3

160

157

160

2 3

c
2

 c 2 0 0011
14

160

1

160
× × ≈ .

 Have assumed the 2 choices of  fl avor are 

independent of  one another.
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WORKED SOLUTIONS

1

Answers
Skills check
1 P(1, 5) Q(2, 1) PQ2 = (1 2)2 + (5  1)2 = 25

PQ = 5

2 A(1, 3) B(4, 9)

 a gradient = 
9 3

4 1

−
−  = 2

 b y  3 = 2(x  1)  y = 2x + 1

Exercise 11A
1 a  opposite sides of  a regular hexagon are equal 

and parallel  AB = ED 

 b i FC and ED

  ii AD, DA, BE, EB and FC

2 a  No, 2 sides of  a pentagon are parallel  the 

vectors in the diagram are all district.

 b  No, since no 2 vectors in the diagram are 

parallel and equal in length

Exercise 11B
1  a   b   c

 (a + b) + c a + ( b + c)

  

(a+b) + c

a
a+b

b

C

  

c + (b+c)

a

b+c

b

C

2 a AF + BC = AF + FE = AE

 b 
1

2
 AD + ED = FE + ED = FD

 c 2FE – AF – FE = FE + FA 

 = FE + EO = FO = AB

 d 
1

2
 (AD + BE) = 

1

2
 AD + 

1

2
 BE = AO + OE = AE

 e − 1

2
 FC + BC = OF + FE = OE = CD 

 f  –2 ED – AF + AB = CF + FA + AB = CB 

(other answers are possible in this question)

3 a i AC  u v

  ii HB 2u w u u w

  iii CE 2 2v u w u v w u v

  iv AF w v

Inspiration and formalism11
 b i 

A B

CD

4

3
3 6

 cosB = =+ −
× ×

−
4 3 6

2 4 3

11

24

2 2 2

          ABCˆ = 117°

  ii area ABCD  = 2 1

2
4 3× × × °⎛

⎝⎜
⎞
⎠⎟

sin  117  

= 10.7 sq. units

4 a  3x  u = 6v + 2u  3x = 6v + 3u 

 x = 2v + u
 b 2(x  u) + 3(u  v) = 0  2x  2u + 3u  3v = 0

  1

2
3x v u

 c  1 1

2 3
x vx u   3x  3u = 2x + 2v 

 x = 3u + 2v

Exercise 11C
1 A(1, 3) C(5, 4) I(7, 8)

 a i AB = 
1

2
 AC 11

22

5 1 6 3

4 3 1 0.5

  ii AE = AB  1

2
 CI

 =
⎛

⎝
⎜

⎞

⎠
⎟ +

⎛

⎝
⎜

⎞

⎠
⎟ −

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢

⎤

⎦
⎥ =

⎛

⎝
⎜

⎞

⎠
⎟

3

0 5

7

8

5

4

4

2 5

1

2. .

  iii CD =
1

2
CI  =

⎛

⎝
⎜

⎞

⎠
⎟

1

2

 b i BF = BA + AF =
−
−

⎛

⎝
⎜

⎞

⎠
⎟ +

⎛

⎝
⎜

⎞

⎠
⎟ = − +

3

0 5

1

2
2 1 5

.
.i j

  ii CH = CB + BH = 
3

0.5

−⎛

⎝
⎜

⎞

⎠
⎟ +

⎛

⎝
⎜

⎞

⎠
⎟ = − +

−
2

4
3 5i j.

  iii DG = DF + FG =
−
−

⎛

⎝
⎜

⎞

⎠
⎟ +

⎛

⎝
⎜

⎞

⎠
⎟ = − +

6

1

1

2
5i j

 c OB = OA + AB  =
−⎛

⎝
⎜

⎞

⎠
⎟ +

⎛

⎝
⎜

⎞

⎠
⎟ =

⎛

⎝
⎜

⎞

⎠
⎟

1

3

3

0 5

2

3 5. .

  OD = OC + CD =
⎛

⎝
⎜

⎞

⎠
⎟ +

⎛

⎝
⎜

⎞

⎠
⎟ =

⎛

⎝
⎜

⎞

⎠
⎟

5

4

1

2

6

6

  OE = OA + AE =
−⎛

⎝
⎜

⎞

⎠
⎟ +

⎛

⎝
⎜

⎞

⎠
⎟ =

⎛

⎝
⎜

⎞

⎠
⎟

1

3

4

2 5

3

5 5. .

  OF = OA + AF  =
−⎛

⎝
⎜

⎞

⎠
⎟ +

⎛

⎝
⎜

⎞

⎠
⎟ =

⎛

⎝
⎜

⎞

⎠
⎟

1

3

1

2

0

5

  OG = OA + AG =
−⎛

⎝
⎜

⎞

⎠
⎟ +

⎛

⎝
⎜

⎞

⎠
⎟ =

⎛

⎝
⎜

⎞

⎠
⎟

1

3

2

4

1

7
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2

2 P(0, 2, 1) Q(2, 1, 1)

 a OP =
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

0

2

1

 OQ =
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

1

1

 b PQ 

2 0

1 2 2 2

1 1

i j k

3 a AB =
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

−
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

=
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

3

3

1

1

1

1

2

2

 b AD =
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

−
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

= −
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

3

0

0

1

1

1

2

1

1

 c AE 

3 1 2

2 1 1

1 1 2

 d AG = AB + BC + CG 

1 2 2 5

2 1 1 2

2 1 2 1

 e BD = BA + AD =
−
−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

+ −
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

= −
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

2

2

2

1

1

1

3

3

 f BH = BD + DH 

1 2 3

3 1 2

3 2 5

4 P(3, 1) Q(5, 7) R(1, 5)

 a OP = 
−⎛

⎝
⎜

⎞

⎠
⎟

3

1
 OQ =

⎛

⎝
⎜

⎞

⎠
⎟

5

7
 OR = 

−⎛

⎝
⎜

⎞

⎠
⎟

1

5

 b M(1, 4) N(2, 3)

 c QR 
1 5 6

5 7 2

  MN
2 1 3

3 4 1
 QR = 2 MN (QED)

Exercise 11D

1 a 1 1 1 1

2 2 2 2

0

0

u u u u

u u u u
u u 0+  (QED)

 b 1 1 1 1 1 1

2 2 2 2 2 2

u v w u v w

u v w u v w
u v w

  
1 1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2 2

u v w u v w u v w

u v w u v w u v w

  QEDu v w

 c 1 1 1

2 2 2

u u u

u u u
u u

  
1 1 1

2 2 2

u u u

u u u
u u

       (QED)

 d 
1 11 2 1 1

2 22 2 2 2

u vu v u v

u vu v u v
u v

  1 1 1 1

2 2 2 2

u v u v

u v u v
u v  (QED)

 e 
11 1 1

22 2 2

uu u u

uu u u
u

  1 1 1 1

2 2 2 2

u u u u

u u u u
u u  (QED)

 f 1 1

2 2

0 0
0 0

0 0

u u

u u
u 0 (QED)

 g 
0 0 0

0 0 0
0 0 (QED)

2 a 
1

2 3 5
2

x y

y x

 2x  3y = 5

 2y  3x = 10, x = 4, y = 1

 b 2
2

2

1

3
0 2

2

2

1

3y

x x

y

⎛

⎝
⎜

⎞

⎠
⎟ −

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟ −

⎛

⎝
⎜

⎞

⎠
⎟ = ⇒

−
−

⎛

⎝
⎜

⎞

⎠
⎟ −

⎛

⎝
⎜

⎞

⎠
⎟ == 0

 4  2x  1 = 0

 2y  4  3 = 0 x y= =3

2

7

2

3 a u + (v + 2u) = 3u + v
 b (u  v) + 2(v  2u) = u  v + 2v  4u = 3u + v

 c 1 1 1 1 1

6 3 2 2 2
3 u uv u vv u uv v

4 a  = 2i  3j  b =  i  2j 
 a + βb = 3i  j 

(2i  3j) + β(i 2j) = 3i  j

a + βb = 3i  j 
 (2i  3j) + β(i 2j) = 3i  j

2  β  = 3, 3  2β = 1   = 1 β = 1 

6i  2j = 2a  2b

Exercise 11E

1 a v v=
−

=
−

=
⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

−⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

1

5
26

1

5

1

26

1

26

5

26

 b 

5

1 13

1213

13

55
13

1212
vv

 c 1

3

3 3 1
3

0 0 0
v v

 d v v=
−

=
−

=
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

−

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

1

1
2

1

1

1

2

1

2

1

2
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3

2 a v v=
−

= ±
−

=
⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

−⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟ −

⎛

⎝

2

1
5

2

1

1

5

2

5

1

5

2

5

1

5

or 
⎜⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

 b 

5 5

1 29 29

2 229

29 29

5 5
29 or

2 2
v v

 c 
0 0 0

 or 
1 1 1

v  

 d 

1 1

1 2 2

1 12

2 2

1 1
2 or

1 1
v v

3 

2

1 13

313

13

2 3 13 uu i j u v

4 a 

4 4

2 13 13

6 613

13 13

13 oru v u

 b 

4 4

2 3 3

3 2 5 2 5

3 3

or3 uu v

 c 

2 2

13 13 13 13

3 3226

13 13

26 oru v uu

5 u = 4i  6j u = 52 = 2 13

 1

2
2 3u i jw

6 
5

10
3 10 uu i j u t

 5 15 5 15

10 10 10 10
or jjt i t i

7 
2 2 2 2

1 2 1 2

1

2

1 1 0
v v v v

v
k k

v
v u vu

 u is in the same direction as v (QED)

 
2 2 2 2

1 2 1 2
2 2 2 2 2 2

1 2 1 2 1 2

2
1 1

v v v v

v v v v v v
u u

  u has magnitude 1 (QED)

8 
1

2

1

2

mv

mv

v

v
m v
v

v

u

 
2 2 22 2 2 2

1 21 2
2 2 2 2

1 2

2 2m v vm v m v

v v
m

v v
u

  |u| = m (QED)

Exercise 11F
1 a A(2, 5) B(5, 6) C(4, 2) D(1, 1)

 b AB =
⎛

⎝
⎜

⎞

⎠
⎟ −

⎛

⎝
⎜

⎞

⎠
⎟ =

⎛

⎝
⎜

⎞

⎠
⎟

5

6

2

5

3

1

  AC =
⎛

⎝
⎜

⎞

⎠
⎟ −

⎛

⎝
⎜

⎞

⎠
⎟ =

−
⎛

⎝
⎜

⎞

⎠
⎟

4

2

2

5

2

3

  AD =
⎛

⎝
⎜

⎞

⎠
⎟ −

⎛

⎝
⎜

⎞

⎠
⎟ =

−
−

⎛

⎝
⎜

⎞

⎠
⎟

1

1

2

5

1

4

 c BD = BA + AD = −
⎛

⎝
⎜

⎞

⎠
⎟ +

−
−

⎛

⎝
⎜

⎞

⎠
⎟ =

−
−

⎛

⎝
⎜

⎞

⎠
⎟

3

1

1

4

4

5

2 A(2, 6) B(2, 4)

 a AB =
−⎛

⎝
⎜

⎞

⎠
⎟ −

⎛

⎝
⎜

⎞

⎠
⎟ =

−
−

⎛

⎝
⎜

⎞

⎠
⎟

2

4

2

6

4

2

 b AB = − −( ) + −( ) = =2 2 4 6 20 2 5
2 2

 

  ∴ AB = 2 5

 c M(0, 5) M is the midpoint of  AB

 d Let P(x
1
, y

1
) AP =

−
−

⎛

⎝
⎜

⎞

⎠
⎟

x

y

1

1

2

6
 PB  =

− −
−

⎛

⎝
⎜

⎞

⎠
⎟

2

4

1

1

x

y

  AP = 2PB  x
1
  2 = 2(2 x

1
), y

1
  6 = 2(4  y

1
)

 x
1
  2 = 4  2x

1
, y

1
  6 = 8  2y

1

 3x
1
 = 2   3y

1
 = 14

 x1

2

3
= −

            y1

14

3
=   

  2 14
,

3 3
P

Let Q (x
2
, y

2
), AQ =

−
−

⎛

⎝
⎜

⎞

⎠
⎟

x

y

2

2

2

6
 QB =

− −
−

⎛

⎝
⎜

⎞

⎠
⎟

2

4

2

2

x

y

 AQ = –2QB 

  x
2
  2 = 2 (2 x

2
), y

2
  6 = 2(4  y

2
)

 x
2
  2 = 4 + 2x

2
 y

2
  6 = 8 + 2y

2

 x
2
 = 6   y

2
 = 2  

 Q(6, 2)

 

A
P

B
Q AB < PQ

 PQ  has greater magnitude than AB

3 P(4, 1) Q(6, 3) R(2, 1)

 PQ  = −
⎛

⎝
⎜

⎞

⎠
⎟

2

2
 PR = 

−⎛

⎝
⎜

⎞

⎠
⎟

2

2
 PR = –1PQ

  PQ and PR are collinear

  P, Q, R are collinear (QED)

4 A(a, a1) B(2, 2a) C(0, 3a)

 AB =
−
+

⎛

⎝
⎜

⎞

⎠
⎟

2

1

a

a
 AC =

−
+

⎛

⎝
⎜

⎞

⎠
⎟

a

a2 1
 AC = k AB

  a = k(2  a)

2a + 1 = k(a + 1)  
−

+
= −

+
a

a

a

a2 1

2

1

a2  a = 4a + 2  2a2  a

a2  4a  2 = 0

 a a= = ±± +4 16 8

2
2 6,
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4

5 S(2, 3) U(1, 2) N(1, 4)

 SU 
3

5
 SN =

−
−

⎛

⎝
⎜

⎞

⎠
⎟

1

1
 SN ≠ kSU

  S, U, N are not collinear 

 they form a triangle (QED)

6 P(a, b)  Q(c, d ) R(e, f  )

 PQ  =
−
−

⎛

⎝
⎜

⎞

⎠
⎟

c a

d b
 PR =

−
−

⎛

⎝
⎜

⎞

⎠
⎟

e a

f b

 f b

d b

e a

c a

f b c a

d b
e a

−
−

−
−

−( ) −( )
−

= ⇒ − =

 PR = =
−( ) −( )

−
−( ) −( )

−

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

−
−

−
−

⎛

⎝
⎜

⎞

⎠
⎟

f b c a

d b

f b d b

d b

f a

d b

c a

d b

 PR=
−
−

f a

d b  PQ PR = k PQ

  P, Q, R are collinear points

7 a AB 
sin2 sin

cos2 1 cos

x x

x x

    
2

2sin cos sin

2cos 1 1 cos

x x x

x x

    
2

sin 2cos 1

2cos cos

x x

x x

    
sin 2cos 1

cos 2cos 1

x x

x x

    sin 
2cos 1

cos 

x
x

x

Therefore for any value of  x, AB is collinear 

with 
sin 

cos 

x

x

 b AB 2 22cos 1 sin cos

2cos 1 1

2cos 1

x x x

x

x

Exercise 11G
1 u = 2i + 3j + k v= i + 2j  3k
 a u + v = 3i + 5j  2k
 b 3u =6i  9j  3k
 c 4u  2v = 8i + 12j + 4k  (2i + 4j  6k)

 = 6i + 8j + 10k
 d 2(u  v) = 2(i + j + 4k) = 2i  2j  8k

2 

2 1 0

3 2 1

1 2 3

a b c

 a a + b + c = 

1

6

0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 b 2a  b + c = 

5

5

3

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 c 2(a  b)  3c = 2 

3

1

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

  3 

0

1

3

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 = 

6

1

7

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 d 

5

2

1 1 3

2 2 2

5

2

5

3 3

5

a b

 e a = 14   f b = 3

 g a + b = 

1

5

3−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
  a + b = 35

 h a  b = 

3

1

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

  a  b = 11

3 A(0, 2, 1) B(1, 1, 2) C(1, 3, 0)

 a AB =
−
−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

3

3

 AC = −
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

5

1

 b AB AC =
−

−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

2

2

 BC = AC – AB = − +2 2 2i j k

4 v =
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

0

1

2

 a 1

5

2

5

0

u  b 

1

5

2

5

0

 c 
2

5

0

5

5 A(4, 1, 3) C(0, 2, 5) D(5, 1, 6) G(1, 4, 6)

 a AC =
−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

4

1

2

 AD =
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

2

3

 CG = −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

2

1

 b AB = AC – AD =
−
−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

5

3

1

 OB = OA + AB =
−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

4

2

  AE = CG = −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

2

1

 OE = OA + AE = −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

5

3

4

  BF = CG = −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

2

1

 OF = OB + BF = −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

0

6

3

  AH = AD – CG =
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

0

4
 OH = OA + AH = −

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

6

1

7
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Exercise 11H

1 PQ =
⎛

⎝
⎜

⎞

⎠
⎟ =

⎛

⎝
⎜

⎞

⎠
⎟ +

⎛

⎝
⎜

⎞

⎠
⎟

1

2

1

3

1

2
r

x = 1 + λ, y = 3 + 2λ 

x  1 = 
y − 3

2

2x  2 = y  3

y = 2x + 1

2 r = −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

+ −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

1

1

2

1

3

 x = 1 + 2λ, y = 1  λ, z = 1 + 3λ
 x y z− +

−
−= =1

2

1

1

1

3

3 x y x y z
z

+ + −= = − ⇒ = =1

3

2

3

1

3 3

2

1

1
1

(1, 0, 1) 

3

1

3

2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

or

6

3

2

4 a eg use λ = 0, 1, 1

 (1, 1, 1) (0, 1, 2) (2, 1, 4)

 (other solutions are possible)

 b x = 1  λ y = 1 z= 1 + 3λ
 At P, y = 3 ≠ 1  P does not lie on L (QED)

 c r =
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

+
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

0

3

2

1

0

3

5 a eg use k = 0, 1  (1, 0, 2) (2, 1, 2)

 b direction of  line = i  j

  

2

2
4

2
2

2

0

2 2 2 2u i j i j

Exercise 11I
1 u  v = 1.5  4  cos 30° = 3 3

2 u  (v) = u v cos (π  θ)

 = u v cos (π  θ)

 =  u v cos θ
 =  (u · v)

(u)  v = u v cos (π  θ)

 = u v cos (π  θ)

 =  u v cos θ
 =  (u · v)

 u · (v) = (u · v) = (u) · v (QED)

3 

120°

60°

B

C

A

   Let the length of  the 

sides be x

 AB· BC 2 21

2
cos120x x

 BC· AC 2 21

2
cos60x x

  AB · BC + BC · AC = + =−1

2

1

2

2 2 0x x

4 a AB · AC 
2cosxy x

 b CA · CB

 2 2 2 2 2 2

2
cos sin siny y x y y x y

 c AC · CB

 2 2 2 2 2 2

2
cos sin siny y x y y x y

5 

C

B

A

i

   Area = 4 

 1

2
  2  5sin θ = 4

 sin θ = 
4

5

 cos θ = ± 
3

5

 AB · AC = 2  5 cos θ = ± 6

6 Angle between u and u = 0

u  u = u u cos 0 = u2 (QED)

7 

v

u

u – v

u + v    if  u + v = u  v 
the parallelogram is a 

rectangle and the angle 

between u and v is 
2

u  v = u v cos 
2
 = 0 (QED)

8 diagonal AG = 7 2 3 622 2 2+ + =

 a OB = OC = 
62

2  cos BÔC = 

2 2

62 62

2 2

62 62

2 2

22

2
 = 

27

31

  OB · OC = =⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎛
⎝⎜

⎞
⎠⎟

62

2

62

2

27

31

27

2

 b OA = OE = 
62

2
 cos AÔE = 

2 2

62 62

2 2

2

62 62

2 2

3

2
 = 

22

31

  OA · OE 62 62 22

2 2 31
11

Exercise 11J
1 a u  v =  12 + 24 = 12

 b u  v = 1  3 + 10 = 6

2 A(1, 3, 2) B(1, 1, 2) C(1, 1, 1)

 AB = −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

0

2

4

 BC  = −
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

2

1

 AC = −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

4

3

 AB · BC = 0 + 4  4 = 0

 AC · BC  = 4 + 8  3 = 9
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3 a  0(0, 0, 0) A(0, 0, 1) B(1, 0, 1) C(1, 0, 0) 

D(0, 1, 0) E(0, 1, 1) F(1, 1, 1) G(1, 1, 0)

 b OF · OG =
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

=
1

1

1

1

1

0

2

 AF =
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

1

0

 BG =
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

0

1

1

 AF · BG = 1

4 a 

A 2

2

D

B

O

C  AC = 2 2  

         OA = OB = OC = OD = 2

 Volume = 
1

3
  4  OE = 

8

3  OE = 2

  A(0, 2 , 0) B( 2 , 0, 0) C(0, 2 , 0) 

D( 2, 0, 0) E(0, 0, 2)

 b EA = −
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

0

2

2

 EA = 6

  EB  =
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

0

2

 EA · EB = 4

c cos AÊB = 
6 6 4

2 6 6

+ −
 = 

8

12

 AÊB = 48.2º

Exercise 11K
1 u = 2i  3j v = i + 2j

u · v = 2  6 = 4 u = 13 v = 5

cos θ = 
−4

13 5
  θ = 120°

2 u = i  2j + k v = 2i  j + k

 u · v = 2 + 2 + 1 = 5  u = 6  v = 6

cos θ = 
5

6
  θ = 33.6°

3 A(1, 1, 1) B(1, 1, 2) C(2, 3, 1)

 a AB = −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

2

1

 AC =
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

3

2

2

  AB · AC = 6  4  2 = 0

   cos θ = 0  θ = 90°

 b BC 

1

4

3

 BC · AC = 3 + 8 + 6 = 17

  BC = 26 AC = 17

 cos θ = 
17

26 17
  θ = 36.0°

4 u·v > 0  a(a  2) + 3(a  4) > 0

a2 + a  12 > 0

When (a  3) (a + 4) > 0

a = 3 or 4  a < 4 or a > 3

5 u = sin 3α i  cos 3α j + 2k

v = cos α i  sin α j  2k

 a u·v = sin 3α cos  + cos 3α sin α  4

 = sin 4α  4

u2 = sin2 3α + cos2 3α + 4 = 5  u = 5

v2 = cos2 α + sin2 α + 4 = 5  u = 5

  cos θ = 
sin 4 4

5

 b cos 150° = 
sin 4 4

5

 – 
3

2
 = 

sin 4 4

5

 sin 4α = 0.3301

  4α = 3.478, 5.947, 9.761, 12.230, 16.044, 

18.513, 22.328, 27.796

 α = 0.870, 1.49, 2.44, 3.06, 4.01, 4.63, 5.58, 

6.20

 c sin 4α < 4  sin 4α  4 < 0

  cos θ < 0  θ is obtuse (QED)

6 Let a = 

a

a

a

1

2

3

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
 b = 

b

b

b

1

2

3

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 c = 

c

c

c

1

2

3

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 d = 

d

d

d

1

2

3

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

a + b = 

a b

a b

a b

1 1

2 2

3 3

+
+
+

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
 c + d = 

c d

c d

c d

1 1

2 2

3 3

+
+
+

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

(a + b)·(c + d) =  (a
1
 + b

1
) (c

1
 + d

1
) + (a

2
 + b

2
) 

(c
2
 + d

2
) + (a

3
 + b

3
) (c

3
 + d

3
)

=  a
1
 c

1
 + a

1
 d

1
 + b

1
 c

1
 + b

1
 d

1
 + a

2
 c

2
 + a

2
 d

2
 + b

2
 c

2

+ b
2
 d

2
 + a

3
 c

3
 + a

3
 d

3
 + b

3
 c

3
 + b

3
 d

3

=  (a
1
 c

1
 + a

2
 c

2
 + a

3
 c

3
) + (a

1
 d

1
 + a

2
 d

2
 + a

3
 d

3
) 

+ (b
1
 c

1
 + b

2
 c

2
 + b

3
 c

3
) + (b

1
 d

1
 + b

2
 d

2
 + b

3
 d

3
)

= a·c + a·d + b·c + b·d (QED)

Exercise 11L
1 u = i  j  k v = i  2j + k w = i  k

 a u  v = 3i 2j  k = 

−
−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

3

2

1

 b v  w = 2i + 2j + 2k = 

2

2

2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 c u  (v  w) = 4j + 4k = 

0

4

4

−
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
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 d (u  v)  w = 2i  4j + 2k = 

2

4

2

−
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 e u  w = i + k = 

1

0

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 f (u  v)  (u  w) = 2i + 2j + 2k = 

−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

2

2

 g (u + v) × (u  w) = (2i  3j)  (j) = 2k = 

0

0

2−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2 u = i  j  k v = i  2j + k w = i  k

From qn. 1, u  (v  w) = 4j + 4k
 (u  v)  w = 2i  4j + 2k

 u  (v  w)  (u  v)  w 

 not associative (QED)

3 w·u = 0 and w·v = 0

 w
1
 u

1
 + w

2
 u

2
 + w

3
 u

3
 = 0 and 

w
1
 v

1
 + w

2
 v

2
 + w

3
 v

3
 = 0

u  v =  (u
2
 v

3
  u

3
 v

2
) i + (u

3
 v

1
  u

1
 v

3
) j 

+ (u
1
 v

2
  u

2
 v

1
) k

w  (u  v) = [w
2
 (u

1
 v

2
  u

2
 v

1
)  w

3
 (u

3
 v

1
  u

1
 v

3
)] i

+ [w
3
 (u

2
 v

3
  u

3
 v

2
)  w

1
 (u

1
 v

2
  u

2
 v

1
)] j

+ [w
1
 (u

3
 v

1
  u

1
 v

3
)  w

2
 (u

2
 v

3
  u

3
 v

2
)] k

 = [u
1
 (w

2
 v

2
 + w

3
 v

3
)  v

1
 (w

2
 u

2
 + w

2
 u

3
)] i

+ [u
2
 (w

3
 v

3
 + w

1
 v

1
)  v

2
 (w

3
 u

3
 + w

1
 u

1
)] j

+ [u
3
 (w

1
 v

1
 + w

2
 v

2
)  v

3
 (w

1
 u

1
 + w

2
 u

2
)] k

 =  [u
1
 (w

1
 v

1
)  v

1
 (w

1
 u

1
)] i 

+ [u
2
 (w

2
 v

2
)  v

2
 (w

2
 u

2
)] j 

+ [u
3
 (w

3
 v

3
)  v

3
 (w

3
 u

3
)] k = 0

w  (u  v) = 0  w and u  v are collinear

4 A(1, 3, 4) B(5, 7, 5) C(3, 9, 6)

 a AB = AC =
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

2

1

 OD = OA + AD =
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

3

5

5

   D (3, 5, 5)

b AB 
=

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

6

4

1
 BC =

−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

2

1

 AB  BC = −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

8

20

c area = AB BC× = + +

= =

4 64 400

468 2 117

 = 6 13

5 a A(1, 0, 2) B(2, 3, 3) C(3, 1, 2) E(2, 1, 4)

  AD = BC =
−
−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

5

4

1

 OD = OA + AD =
−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

4

4

1

  D (4, 4, 1)

 b Volume = (AB  AD)  AE

  AB  AD =
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

×
−
−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

= −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

3

1

5

4

1

1

4

11

  Volume = 

1

4

11

1

1

2

−
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

·  = 1  4 + 22 

 = 19 cu. units

6 a  u  v =  (u
2
 v

3
  u

3
 v

2
) i + (u

3
 v

1
  u

1
 v

3
) j 

+ (u
1
 v

2
  u

2
 v

1
) k

 =  (v
2
 u

3
  v

3
 u

2
) i  (v

3
 u

1
  v

1
 u

3
) j 

 (v
1
 u

2
  v

2
 u

1
) k

   v  u =  (v
2
 u

3
  v

3
 u

2
)i + (v

3
 u

1
  v

1
 u

3
) j 

+ (v
1
 u

2
  v

2
 u

1
) k

   u  v = v  u (QED)

b u  (v + w) = 

u

u

u

1

2

3

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

  

v w

v w

v w

1 1

2 2

3 3

+
+
+

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

=  [u
2
 (v

3
 + w

3
)  u

3
 (v

2
 + w

2
)] i + [u

3
 (v

1
 + w

1
) 

 u
1
 (v

3
 + w

3
)] j + [u

1
 (v

2
 + w

2
)  u

2
 (v

1
 + w

1
)] k

[(u
2
 v

3
  u

3
 v

2
) + (u

2
 w

3
  u

3
 w

2
)] i

+ [(u
3
 v

1
  u

1
 v

3
) + (u

3
 w

1
  u

1
 w

3
)] j

+ [(u
1
 v

2
  u

2
 v

1
) + (u

1
 w

2
  u

1
 w

3
)] k

=  (u
2
 v

3
  u

3
 v

2
) i + (u

3
 v

1
  u

1
 v

3
) j 

+ (u
1
 v

2
  u

2
 v

1
) k

+ (u
2
 w

3
  u

3
 w

2
) i + (u

3
 w

1
  u

1
 w

3
) j 

+ (u
1
 w

2
  u

2
 w

1
) k

 u  (v + w) = u  v + u  w (QED)

 c u  v·u = 

u v u v

u v u v

u v u v

u

u

u

2 3 3 2

3 1 1 3

1 2 2 1

1

2

3

−
−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

  =  u
1
 u

2
 v

3
  u

1
 u

3
 v

2
 + u

2
 u

3
 v

1
  u

1
 u

2
 v

3
 + u

1
 u

3
 

v
2
  u

2
 u

3
 v

1
 = 0

  u  v·u = 0 (QED)

 d (λ u)  v = 
1

2

3

u

u

u

  

v

v

v

1

2

3

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
 = 

2 3 3 2

3 1 1 3

1 2 1 1

u v u v

u v u v

u v u v

 = λ 

u v u v

u v u v

u v u v

2 3 3 2

3 1 1 3

1 2 2 1

−
−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 = λ (u  v)

  (λu)  v = λ (u  v)  (QED)
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Exercise 11M
1 A(3, 1, 1) B(1, 2, 0) C(1, 1, 2)

 a AB =
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

4

1

1

 AC =
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

4

0

3

 r =
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

+
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

+
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

3

1

1

4

1

1

4

0

3

 b x = 3 + 4α + 4β (1)

 y = 1 + α  (2)

 z = 1  α  3β  (3)

 c From (2) α = y  1

 From (1) 4β = x + 3  4(y  1)

 β = 
x y− +4 7

4

 sub in (3): z = 1  y + 1  
3

4
 (x  4y + 7)

 4z = 8  4y  3x + 12y  21

 3x  8y + 4z = 13 (other forms are possible)

2 P(1, 0, 1) n = i + 3j  k

r·n = a·n
x

y

z

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅
−

−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

=
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅
−

−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟

1

3

1

1

0

1

1

3

1⎟⎟

x + 3y  z = 2

x  3y + z = 2

eg (0, 0, 2) (0, 2
3
, 0) (2, 0, 0)

3 a (3, 4, 0) n = 

1

2

1

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

x

y

z

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅ −
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

=
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅ −
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
1

2

1

3

4

0

1

2

1
⎟⎟
⎟

x  2y  z = 11

b P(1, 1, 1) x  1 = 
y −1

2
 = z

line passes through A(1, 1, 0) and has direction 

1

2

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

AP =
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

0

1

, n = 

1

2

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
  

2

0

1−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 = 

−

−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

3

4

x

y

z

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅
−

−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

=
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅
−

−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟

2

3

4

1

1

0

2

3

4 ⎟⎟

2x + 3y  4z = 1

2x  3y + 4z = 1

c 1  x = y  1 = 2z and x = 2  t

 x y z−
−

−= =1

1

1

1 1

2

     y = 1 + 2t

           z = t

(2, 1, 0) lies in the plane

−⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

1

1
1

2

 and 

−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

2

1

 are vectors in the plane

n = 

−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

2

1

  

−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

2

1

 = 

0

1

2−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

x

y

z

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

=
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

0

1

2

2

1

0

0

1

2

y  2z = 1

4 a y = 0 b z = 0 c x = 0

5 a 1

3
  4  h = 6  h = 

9

2

0(0, 0, 0) A(2, 0, 0) B(2, 2, 0) C(0, 2, 0) 

V(0, 0, 
9

2
)

 b AB =
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

0

2

0

 AV =
−⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

2

0
9

2

 r = 

2

0

0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 + α 

0

2

0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 + β 

−⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

2

0
9

2

 c CB =
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

0

0

 CV = −
⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

0

2
9

2

 n = 

2

0

0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

  

0

4

9

−
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 = 

0

18

8

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 

x

y

z

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅ −
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

=
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅ −
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟

0

9

4

0

2

0

0

9

4 ⎟⎟

 9y  4z = 18

 9y + 4z = 18

 d VB =
⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

+
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

−

2

2

2

2

0

4

4

99

2

r
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 e r =
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

+
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

0

0

4

0

9

 x = 2  4λ, y = 0, z = 9λ

 λ = 
x −
−

2

4
 λ = 

z

9

 
x z−
−

=4

4 9
  9x  36 = 4z

 z = 
36 9

4

− x
, y = 0

Exercise 11N

1 r = 
0

3

⎛

⎝
⎜

⎞

⎠
⎟  + λ 

1

1−
⎛

⎝
⎜

⎞

⎠
⎟  y = 3x  3

Method 1 u = 
1

1−
⎛

⎝
⎜

⎞

⎠
⎟  v = 

1

3

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

cos θ = 
1 3

2 4

−
  θ = 75°

Method 2 m
1
 = 1 m

2
 = 3

tan μ = 1 tan β = 3

 θ = 45°  β = 60°

θ = 1β  θ1 = 105°

 acute angle = 75°

2 
x y z− = =1

2 3 1
 2x = y = 3z

x y z

1

2

1 1

3

= =

x y z

3 6 2
= =

u = 

2

3

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
 v = 

3

6

2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
 u·v = 6 + 18 + 2 = 26

|u| = 14  |v| = 7

cos θ = 
26

7 14
  θ = 6.93°

3 r = (2  θ ) i + ( + 2θ ) j + (1  θ ) k
r = (2 + β ) j + (3 + β ) k

u = 

−

−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

2

1

 v = 

0

1

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 u·v = 1

cos θ = 
1

6 2
  θ = 73.2°

4 a u = 
1

1

m
 v = 

2

1

m
 u v = 1 + m

1
 m

2

 |u| = 2

11 m  |v| = 1 2

2+ m

 cos θ = 
u v
u v

⋅
 

  cos θ = 
1

1 1

1 2

1

2

2

2

+

+ +

m m

m m

 b tan (α  β ) = 
tan tan

tan tan

−
+1

 = 
m m

m m
1 2

1 21

−
+

 c sec2 (α  β ) = 1 + tan2 (α  β )

 = 1 + 
m m

m m

1 2

2

1 2

2
1

−( )
+( )

 = 
1

1

1 2

2

1 2

2

1 2

2

+( ) + −( )
+( )

m m m m

m m

 = 
1 2 2

1
1 2 1

2

2

2

1

2

1 2 2

2

1 2

+ + + − +
+( )

m m m m m m m m

m m

 = 
1

1

1

2

2

2

1

2

2

2

1 2

2

+ + +
+( )

m m m m

m m

 = 
1 1

1

1

2

2

2

1 2

+( ) +( )
+( )

m m

m m

  cos(α β ) = 
1

1 1

1 2

1

2

2

2

+

+ +

m m

m m
 (> 0 since α > β)

 d cos θ = cos(α  β ) since θ = α  β

Exercise 11O

1 r = (1  2λ) i + (1  λ) j + (2 + λ) k u = 

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

1

1

2x  y + z = 5 n = 

2

1

1

−
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

sin θ = 
u n
u n

⋅
 

 = 
| |−2

6 6
 θ = 195°

2 
x −1

3
 = 2y = 3  2z  

x −1

3
 = 

y

1

2

 = 
z −

−

3

2
1

2

 
x −1

6
 = 

y

1
 = 

z −

−

3

2
1

  u = 

6

1

1−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

r = (2  2θ  3β ) i + (1  θ + β ) j + (2θ + β ) k

n = 

−
−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

1

2

  

−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

3

1

1

 = 

1

8

5−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
 

u·n = 6 + 8 + 5 = 19

sin θ = 
19

38 90
  θ = 19.0°

3 x  y + 3z = 1 m = 

1

1

3

−
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

r = (4  2θ + 2β ) i + (1  3β ) j + (2  θ  β ) k

n = 

−

−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

0

1

  

2

3

1

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
 = 

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

3

4

6

 m·n = 3 + 4 + 18 = 19

cos θ = 
19

11 61
 θ = 42.8°
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4 A(1, 0, 1) B(1, 1, 0) C(2, 3, 1) D(1, 1, 1)

 a AB =
−

−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

1

1

 AC =
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

3

2

 n = 

−

−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

1

1

  

1

3

2−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 = 

1

5

7

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 

x

y

x

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅ −
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

=
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅ −
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟

1

5

7

1

0

1

1

5

7 ⎟⎟

 x  5y  7z = 6

 b AD =
−
−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

1

2

 r = 

1

0

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 + λ 

2

1

2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 x = 1 + 2λ y = λ z = 1 + 2λ
 

x −1

2
 = y = 

z −1

2

 c u = 

2

1

2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
 n = 

1

5

7

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 u·n = 2  5  14 = 17

 sin θ = 
17

3 75
 θ = 40.9°

5 
x

2
 = ky = k  z (2k  1) x  ky + z = 5 + k

x

k

y z k

k− −
−= =

2 1
 u = 

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

1

k

k

 n = 

2 1

1

k

k

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

If  the line and plane are parallel, u·n = 0

so  2k (2k  1) + k + k = 0

 4k2 + 4k = 0

 4k(k  1) = 0  k = 0 or 1

Exercise 11P
1 r = i + k + λ(i  2j + k)

P(1 + λ, 2λ, 1 + λ) x + y +2z = 4

1 + λ  2λ + 2(1 + λ) = 4

λ = 1 P(2, 2, 2)

2 
x −1

5
 = 

y

2
 = 

z

3 = λ x  1 + 5λ, y = 2λ, z = 3λ
x  y + 3z = 5

1  5λ  2λ + 9λ = 5

 2λ = 6  λ = 3 (16, 6, 9)

3 x = 3k, y = 2  2k, z = 1  k

r = (4  2θ + β ) i + (1  β ) j + (2  θ  2β ) k
 a x = 4  2θ + β

 y = 1  β
 z = 2  θ  2β

 b 3k = 4  2θ + β  3k + 2θ  β = 4

 2  2k = 1  β  2k + β = 1

 1  k = 2  θ  2β  k + θ + 2β = 1

 k = 0.6, θ = 1.2, β = 0.2 (1.8, 0.8, 0.4)

4 r = (1 + λ) i + (1 + 2λ) j + (1 + λ) k, u = 

1

2

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

3x  y  z = 2 n = 

3

1

1

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

u·n = 3  2  1 = 0  u and n are perpendicular 

 the line parallel to the plane (QED)

(0, 0, 2) lies in the plane

r = 

0

0

2−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 + λ 

1

2

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
 lies in the plane

r = λi + 2λ j + (2 + λ) k (other answers are possible)

5 P(1, 2, 3) 2x + y  5z = 1 n = 

2

1

5−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

line through p perpendicular to the plane:

r = 

1

2

3

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
 + λ 

2

1

5−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

point of  intersection, I(1 + 2λ, 2 + λ, 3  5λ)

2(1 + 2λ) + 2 + λ  5(3  5λ) = 1

2 + 4λ + 2 + λ  15 + 25λ = 1

30λ = 12  λ = 0.4

I(1.8, 2.4, 1)

PI = 1 8 1 2 4 2 1 3
2 2 2

. .−( ) + −( ) + −( )

 = 4 8.  = 1

10
480

distance = 
2

5
30 or 2.19

Exercise 11Q
1 a 

x
y z

2
1= − =  (1) x z

y= = −+ 4

3
3  (2)

x = 2y  2       3x = y + 4

6y  6 = y + 4

5y = 10  y = 2, x = 2

sub in (1) sub in (2)
2

2
 = 2  1 = z  2 = 

2 4

3

+
 = 3  z  

z = 1       z = 1

 intersect at (2, 2, 1)

b r = (5 + 2λ) i + (4 + λ) j + (5  3λ) k, x = y = z + 1

P(5 + 2λ, 4 + λ, 5  3λ)

5 + 2λ = 4 + λ and 4 + λ = 5  3λ + 1

   λ = −1      4λ = 2

          λ = 
1

2

Equations are inconsistent  no point of  intersection
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2 x  3y + 8 = 2 (1)

x + y  2z = 1 (2)

(1) + (2)  2y  z = 3  z = 2y  3

3(2) + (1) 2x 5z = 5  z = 
− −2 5

5

x

− −2 5

5

x
 = 2y  3 = z

2 5

5

x +
 = 2y + 3 = 

z

−1

x + 2 5

5

.
 = 

y +1 5

1

.
 = 

z

−2

3 a 3x  y + z = 3 n = 

3

1

1

−
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 x = 3  (2  k) λ y = (2k  1) + λ

 z = 1 + kλ u = 

k

k

−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

1

 n and u are collinear  k = 1

 b 3x  y + z = 3 x = 3  3λ, y = 3 + λ, 

  z = 1 λ
 3(3  3λ)  (3 + λ) + (1 λ) = 3

 9  9λ + 3  λ  1  λ = 3

 11λ = 8

 λ = 
8

11
 

9

11

25

11

19

11
, ,− −⎛

⎝⎜
⎞
⎠⎟

4 a L
1
: y = 2x + 2, z = 3  x

 x y z

1

2

2

3

1
= =− −

−
 direction, u = 

1

2

1−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 L
2
: 

x y z x y z− − − ⇒ − − −
−

= = = =1

3

1

6

1

3

1

3

1

6

1

3

 direction, v = 

3

6

3−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 v = 3u  L
1
 and L

2
 are parallel (QED)

 b  A(0, 2, 3) and B(1, 1, 1) are points in the 

plane

 AB = −
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

1

2

 n = 

1

1

2

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

  

1

2

1−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
 = 

5

1

3

−
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 

x

y

z

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅ −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

=
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅ −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

5

1

3

0

2

3

5

1

3

 5x  y + 3z = 7

5 x + y + 3z = 1 x = 4  y and z = 1

n = 

1

1

3

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 
x

1
 = 

y −
−

4

1
 u = 

1

1

0

−
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

u·n = 1  1 + 0 = 0

 u and n are perpendicular  the line is parallel 

to the plane.

(0, 4, 1) lies on the line

x + y + 3z = 0 + 4 + 3(1) = 1

 (0, 4, 1) also lies in the plane

 the plane contains the line (QED)

Exercise 11R
1 5x + y + 2z = 3   (1) (1)  (3) x  y = 2    (4)

x + y + z = 3    (2) (1)  2(2) 3x  y = 3 (5)

4x + 2y + 2z = 5 (3) (5)  (4) 2x = 1

 x = 
−1

2
 y = 

3

2

From (2) z = 3  x  y = 2 −⎛
⎝⎜

⎞
⎠⎟

1

2

3

2
2, ,

3 x + y + z = 1    (1) (1)  (2) 2y = 2

x  y + z = 3   (2) y = 1

3x + y + 3z = 1   (3)

sub in (1) and (3) x + z = 2   (4)

3x + 3z = 2 (5)

(4) and (5) are inconsistent  no common point 

(QED)

4 a x + y + z = 0    (1) (2)  (1) ax  x = 0

 ax + y + z = 0   (2)   x(a  1) = 0

 x + by + cz = z = 0 (3)  x = 0 or a = 1

 if  x = 0, y + z = 0 either y = z = 0

 by + cz = 0 or b = c

  If  x = 0, either point of  intersection (0, 0, 0) 

or intersect in a straight line.

 if  a = 1 equations (1) and (2) are the same

 x + y + z = 0

 x + by + cz = 0

  x = y = z = 0 or b = c = 1 all 3 planes the same 

or b and c not both = 1 and intersect in a 

straight line.

  if  a = 1, either a point of intersection (0, 0, 0) 

or intersect in a plane or interest in a line. 

 the planes always have at least one point in 

common.

 b  For a straight line, b = c but a, b, c not all 

equal to 1 or a = 1 and b and c both equal to 1

 x + 2y  2z = 5 π
1

 3x  6y + 3z = 2 π
2

 x  2y + z = 7 π
3

 π
2
 and π

3
 are parallel but not coincident, π 

intersects each of  the other 2 please in a 

straight line but the 3 planes have no point in 

common.
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6 a x + y + z = 2  (1) (1) + (2) 3x + 2z = 1 (4)

 2x  y + z = 1 (2) (1) + (3) 4x  2z = 6  (5)

 3x  y  3z = 4  (3) (4) + (5) 7x = 7

 x = 1, z = 1, y = 2

 (1, 2, 1)

 b x + y + z = 2  (1) (1) + (2) 3x + 2z = 1

 2x  y + z = 1 (2) (1) + (3) 4x + (k + 1)z = 6

 3x  y + kz = 4 (3)

 For no common point, 
4

3
 = 

k +1

2
 ( 6)

 8 = 3k + 3  k = 
5

3

7 Verify by diagrams

Exercise 11S
1 A x = 3  t B x = 4  3t

y = 2t  4    y = 3  2t

 a A(3, 4) B(4, 3)

 b V
A
 = 

−⎛

⎝
⎜

⎞

⎠
⎟

1

2
 V

B
 = 

−
−

⎛

⎝
⎜

⎞

⎠
⎟

3

2

 c cos θ = 
V V

V V
A B

A B 

⋅
 = 

3 4

5 13

−
 = 

−1

65
 θ = 97.1°

 d AB =
−
−

⎛

⎝
⎜

⎞

⎠
⎟ −

−
−

⎛

⎝
⎜

⎞

⎠
⎟ =

−
−

⎛

⎝
⎜

⎞

⎠
⎟

4 3

3 2

3

2 4

1 2

7 4

t

t

t

t

t

t

 AB = 1 2 7 4
2 2−( ) + −( )t t

 This is a minimum when t = 1.5 hours

2 a  OP = (5 + 10t) i + (20  20t) j + (30t  10) k, 

t > 0 t = 0, P(5, 20, 10)

 b Cartesian equations:

 
x y z− −

−
+= =5

10

20

20

10

30
 (×10)

 x y z− −
−

+= =5

1

20

2

10

3

 c i x + y + z = 55

   5 + 10t + 20  20t + 30t  10 = 55 

   20t = 40 

    t = 2

 ii (25, 20, 50)

 iii  P
0
 P

2
 = 

20

40

60

−
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
 distance

   = 20 40 602 2 2+ −( ) +  = 20 14

 d OQ = −
+

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

1 2

1

2

2

t

t

t

 t > 0

 i PQ =
− −

− − +
+ − +

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

=
− −

−
2 5 10

1 2 20 20

1 30 10

2 10 5

18 19

2

2

2t t

t t

t t

t t

t

tt t2 30 11− +

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

PQ = 2 10 5 18 19 30 112
2 2 2

2

t t t t t− −( ) + −( ) + − +( )
  This is a minimum when t = 0.49598817 

= 0.496 (3sf)

 ii  P(9.96, 10.1, 4.88) 

Q(0.492, 0.00802, 1.25)

 e i a = 

0

1

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 b = 

2

1

2

−
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
 c = 

8

3

5

−
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 a  b = 

−

−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

2

1

 b  c = 

−

−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

6

2

3

  a  b  k(b  c)  a  b and b  c are non 

collinear (QED)

  ii Q is not moving in a straight line

3 a B(1, 1, 0) C(0, 1, 0)  OP =

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

1

2

1

0

 C(0, 1, 0) G(0, 1, 1)  OQ =
⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

0

1

1

2

 D(0, 0, 1) G(0, 1, 1)  OR =

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

0

0

1

2

b PQ = 

−
⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

1

2

1

2

0  PR  = 

−

−

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

1

2

1

2

1

 n = 

−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

0

1

  

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

1

2

 = 

1

1

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 
x

y

z

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

=

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

⋅
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

1

1

1

0

1

1

1

1

2

 x + y + z = 
3

2
 or 2x + 2y + 2z = 3
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 c E(1, 0, 1) d(0, 0, 1)  OS = 

1

2

0

1

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

A(1, 0, 0) E(1, 0, 1)  OT = 

1

0

1

2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

A(1, 0, 0) B(1, 1, 0) OU 

1

0

1

2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

T

U P

Q

RS

V

 S, T, U lie in the plane PQR

PQ 

1

2

1

2

0

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

 QR = 

0
1

2

1

2

−
⎛

⎝

⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟⎟

 RS  = 

1

2

1

2

0

−

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

 ST = 

1

2

1

2

0
−

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

TU = 

0
1

2

1

2

−

⎛

⎝

⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟⎟

 UP = 

−⎛

⎝

⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟⎟

1

2

1

2

0

all sides are of  length 1

2

cos P = cos Q = cos R = cos S = cos T 

= cos U = 

−

×

1

4
1

2

1

2

 = 
−1

2

 all angles are 120°  PQRSTU is a regular 

hexagon

Area parallelogram PQVU = PQ PU×

−⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1

2

1

2

0   

1

2

1

2

0

−

⎛

⎝

⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟⎟

 = 

1

4

1

4

1

4

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟⎟

  area PQVU = 
3

4

 area hexagon = 
3 3

4

 d  OF = 

1

1

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 = n  OF is perpendicular to the 

plane PQR (QED)

 e General point on OF is (λ, λ, λ)

 2x + 2y + 2z = 3  2λ + 2λ + 2λ = 3

  λ = 3

1
 = 1

2
 I 1

2

1

2

1

2
, ,⎛

⎝⎜
⎞
⎠⎟

 f IF = 

1

2

1

2

1

2

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟⎟

  distance IF = 
3

2

Review exercise

1 u = 
3

4

⎛

⎝
⎜

⎞

⎠
⎟  v = 

−⎛

⎝
⎜

⎞

⎠
⎟

1

5
 a 3u  2v = 

9

12

⎛

⎝
⎜

⎞

⎠
⎟   

−⎛

⎝
⎜

⎞

⎠
⎟

2

10
 = 

11

2

⎛

⎝
⎜

⎞

⎠
⎟

 b |u| = 5 |v| = 26 u + v = 
2

9

⎛

⎝
⎜

⎞

⎠
⎟  

   |u + v| = 85

2 u = 3i  j + k a = i + j b = i + k 

c = 2i  j  k
u = α a + β b + γ c

 

3

1

1

−
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
 = α 

1

1

0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 + β 
1

0

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 + γ 
2

1

1

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 α + β + 2r = 3 (1) (1)  (2) β + 3γ = 4 (4)

α  γ = 1    (2) β  γ = 1      (3)

β  γ = 1     (3) (4)  (3) 4γ = 3

γ = 
3

4

γ = 
3

4
, β = 

7

4
, α = 

1

4
  u =  1

4
 a + 

7

4
 b + 

3

4
c

3 a a = 

−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

5

4

3

 |a| = 5 2   unit vector = 

−

−

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟

1

2

4

5 2

3

5 2

 b ± 
5

5 2
 

−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

5

4

3

 = ± 

−5

2

4

2

3

2

4 u = cos α cos β i + sin2 α cos2 β j + sin2 β k
 |u|2 = cos2 α cos2 β + sin2 α cos2 β + sin2 β
  = cos2β (cos2 α + sin2 α) + sin2 β
  = cos2 β + sin2 β
  = 1

  |u| = 1  u is a unit vector

5 u = i + tan α j v = tan β i + j

 cos r = 
u v
u v

⋅
 

 = 
tan tan

tan tan

+ ∝
+ ∝ +1 12 2

  = 
tan tan

sec sec

+ ∝
∝

  = (tan β + tan α) cos α cos β
  = sin β cos α + sin α cos β

✗
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 cos γ = sin (α + β)

  = cos 
2

− +( )⎛
⎝⎜

⎞
⎠⎟

  γ = 
2
  (α + β )  α + β + γ = 

2

6 

b

a

a – b

a + b

i

 a |a| = 1 |b| = 1

  |a  b|2 = 12 + 12  2(1) (1) cos θ
  |a  b|2 = 2  2 cos θ
  |a + b|2 = 12 + 12  2(1) (1) cos(π  θ)

   = 2 θ 2 cos(π  θ)

  |a + b|2 = 2 + 2 cos θ
 b |a + b| = 2|a  b|  |a + b|2 = 4 |a + b|2

   2 + 2 cos θ = 4(2  2 cos θ)

   2 + 2 cos θ = 8  8 cos θ

   10 cos θ = 6  cos θ = 
3

5
 (0 ≤ θ ≤ 

2
)

 sin2 θ = 1  cos2 θ = 1  
9

25
 = 

16

25
  sin θ = 

4

5

7 a r = (2i + 3j + 4k) + α (2i  3j + 2k) + β ( j  2k)

  x = 2 + 2α, y = 3  3α + β, z = 4 + 2α  2β
 b r = (i  2k) + α (2i + k) + β (j)

  x = 1  2α, y = β, z = 2 + α
8 5 + 3λ = 2 + 4μ (1)

 1  2λ = 2 + μ  (2)

 From  (2) μ = 2λ  1

 Sub in (1) 5 + 3λ = 2  8λ  4

 11λ = 11  λ = 1 α = 1 P(2, 3)

Review exercise

1 u = 

1

1

3

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 v = 

2

0

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 cos θ = 
 

u v
u v

cos θ = 
2 3

11 5

+
 = 

5

55

θ = 48° (nearest degree)

2 a AB = 

−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

0

2

 AC = 

−

−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

0

1

 

1 2 1

= 1 0 0

0 2 1

r

 x = 1  2α  β, y = 1, z = 2α  β

 n = 

−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

0

2

  

−

−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

0

1

 = 

0

4

0

−
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 

x

y

z

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅ −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

=
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅ −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

0

4

0

1

1

0

0

4

0

 4y = 4 or y = 1

 b AB = 

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

2

1

 AC = 

1

0

2−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

  r = 

−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

1

1

 + α 

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

2

1

 + β 

1

0

2−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

  x = 1  α + β, y = 1  2α, z = 1 + α  2β

  n = 

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

2

1

  

1

0

2−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 = 

4

1

2

−
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

  

x

y

z

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅ −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

=
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅ −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

4

1

2

1

1

1

4

1

2

 4x  y + 2z = 3

3 a 

x

y

z

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

= −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

1

2

2

3

4

1

1

2

 or r  (i + j  2k) = 9

 b r  

1

1

0

−
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 = 

1

0

2

1

1

0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅ −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 r (i  j) = 1

4 a 

x

y

z

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅ −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

= −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅ −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

3

4

2

3

4

2

3

4

  2x  3y + 4z = 29

 b AB = 

−

−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

6

0

3

  AC  = 

−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

3

6

0

  n = 

2

0

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

  

−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

2

0

 = 

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

1

4

  

x

y

z

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅
−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

=
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅
−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟

2

1

4

6

0

0

2

1

4 ⎟⎟

  2x  y + 4z = 12

  2x + y  4z = 12

 c AB = 

1

2

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 n = 

1

2

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
  

1

2

2−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 = 

−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

6

3

0
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x

y

z

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅ −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

=
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅ −
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

2

2

0

3

2

1

2

1

0

  2x  y = 4

 d AB = 

2

2

5

−
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 n = 

2

2

5

−
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

  

1

0

0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 = 

0

5

2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

  
x

y

z

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

= −
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

0

5

2

2

1

3

0

5

2

  5y + 2z = 11

 e 

x

y

z

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

=
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1

0

0

3

4

2

1

0

0

  x = 3

 f n = 

2

3

1−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
  

1

0

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 = 

3

3

3

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

  

x

y

z

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅ −
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

=
⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

= −
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟

1

1

1

3

2

1

1

1

1⎟⎟

  x y  z = 0

 g x + y + 5z = 0 (1)

 2x + 3y + 12z = 0 (2)

 2  2(1) y + 2z = 0

 Let z = λ, y = 2λ, x = y  5z = 2λ  5λ
 x = 3λ

 Line of  intersection is r = λ 

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

3

2

1

 n = 

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

3

2

1

  

3

1

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 = 

−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

3

6

3

 

x

y

z

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

⋅
−⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

=
1

2

1

0

 x + 2y + z = 0

 or x  2y  z = 0

5 u = 

2

1

1

−
−

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
 v = 

1

1

2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

cos θ = 
 

u v
u v  = 

2 1 2

6 6

− −
 = 

1

6

θ = 80.4°

6 r = i + j + k + λ(i + 2j + 3k)

r = i + 4j + 5k + α (2i + j + 2k)

1 + λ = 1 + 2α (1) 

1 + 2λ = 4 + α (2)

1 + 3λ = 5 + 2α (3)

From (1) λ = 2α
Sub in (2) 1 + 4 = 4 + 
 3α = 3  α = 1, λ = 2

Check in (3) 1 + 3(2) = 5 + 2(1)

7 = 7

 L
1
 and L

2
 are concurrent

point of  intersection is (3, 5, 7)

 r = 3i + 5j + 7k + α(i + 2j + 3k) + β(2i + j + 2k)

7 x + y + z = 3 (1) (2)  (1) x  3z = 3 (4)

2x + y 2z = 0 (2) (3) + 2(1) 5x + 7z = 29 (5)

3x  2y + 5z = 23 (3)

(5)  5(4) 22z = 44

 z = 2, x = 3

y = 2z  2x = 2

 x = 3, y = 2, z = 2

 (3, 2, 2) is the point of  intersection of  the 3 

planes represented by the equations.

8 a 3x + y + z = 1   (1) (1)  (2) 2x + 2z = 3 (4)

  x + y  z = 4   (2) (1)   (3) 

x + (1  b)z = 1  a              (5)

 2x + y + bz = a (3)

 (4) 2(5) 2z  2(1  b) z = 3  2(1  a)

  2bz = 5 + 2a

 z = 
2 5

2

a

b

−

 2x = 3  2z = 3  
2 5a

b

−( )
 = 

− − +3 2 5b a

b

 x = 
5 2 3

2

− −a b

b

 y = 4  x + z = 
8 5 2 3 2 5

2

b a b a

b

− − −( ) + −

 y = 
− + +10 4 11

2

a b

b

 x = 
5 2 3

2

− −a b

b
, y = 

4 11 10

2

a b

b

+ −
, z = 

2 5

2

a

b

−

 b b = 0 equations (4) and (5) become

 2x + 2z = 3

 x + z = 1  a

 For a non-unique solution, 1  a = − 3

2
 

  a = 
5

2

  a = 
5

2
, b = 0 the planes represented by the 

3 equations intersect in a line.
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WORKED SOLUTIONS

1

Answers
Skills check
1 

 

1

1 + 2i

– 2i

1 – 3i

2 3 4–1–2–3 Re(z)

Im(z)

2

3

–1

–2

–3

–4

4

1

0

2 z = 5 − 4i

a z * = 5 + 4i −z = −5 + 4i

b 
1

z
 = 

1

5 4i
 × 

5 4i

5 4i

 = 
5

41
 + 

4

41
i

3 z = −3 + 4i

a Re(z) = −3

b Im(z) = 4

c |z| = −( ) +3 4
2 2  = 5

4 z
1
 = 1 − 2i z

2
 = 3 + i

a z
1
 + 2z

2
 = 1 − 2i + 6 + 2i = 7

b 3z
1
 z

2
 + 2

1z  = 3(1 − 2i) (3 + i) + (1 − 2i)2

 = 3(3 + i − 6i + 2) + (1 − 4i − 4)

 = 12 − 19i

c 
z

z
1

2

 = 
1 2i

3 i
 × 

3 i

3 i
 = 

3 i 6i 2

10
 = 

1

10
 − 

7

10
i

Exercise 12A
1 

 

1

z4

z3

z5

z2

z1

2 3 4–1–2–3–4 x

y

2
3

–1
–2
–3
–4

4

1

O

z
1
 = z

2
  |z

1
| = |z

2
|

 r 3 = r 2 + 2r

r (r 2 − r − 2) = 0

r (r − 2) (r + 1) = 0

 r = 0 or 2 (r ≥ 0)

Multiple perspectives in 
mathematics12

arg(z
1
) − arg(z

2
) = 2kπ k  

4θ − (θ + 
2
 ) = 2kπ

3θ = 
2
 + 2kπ

θ = 
6
 + 

2

3

k
 k  

Complex numbers are given by z
1
 = z

2
 = 0

or z
1
 = z

2
 = 8 cis 

2

8

z
1
 = z

2
 = 8 cis 

4

3

z
1
 = z

2
 = 8 cis 2

i.e. 0,  4 + 4i 3,  4  4i 3, 8

3 a + ai = 2  a a2 2+  = 2

 2a2 = 4

 a2 = 2

 a =  2

arg(a + ai) =   = 
4
 or 

5

4

2 distinct complex numbers, 2  + i2  

and  2   2i

4 a eg. z
1
 = 3 + 3i z

2
 = 4 + 4i

 z
1
 + z

2
 = 7 + 7i z

1
  z

2
 = 1  i

 arg (z
1
) = 

4
 arg (z

2
) = 

4

 arg(z
1
 + z

2
) = 

4
  arg(z

1
) + arg(z

2
)

 arg(z
1
 + z

2
) = 

5

4
  arg(z

1
)  arg(z

2
)

  arg(z
1
  z

2
)  arg(z

1
)  arg(z

2
) (QED)

b eg. z
1
 = 3 + 2i z

2
 = 1 + 4i

 z
1
 + z

2
 = 2 + 6i z

1
 –z

2
 = 4  2i

 z
1
 = 13 z

2
 = 17

 z
1
 + z

2
 = 40   z

1
 + z

2


 z
1
  z

2
 = 20  z

1
 + z

2


  z
1
  z

2
  z

1
  z

2


Exercise 12B
1 a x = 6cos 45 = 3 2  y = 6sin 45 = 3 2

 z
1
 = 3 2  + 3 2 i

b x = 10 cos 135 = 5 2 y = 10 sin 135 = 5 2

 z
2
 = 5 2  + 5 2 i

c z
3
 = 4 cis 

5

3
 = 4(cos 

5

3
 + isin 

5

3
)

 = 4 1 3

2 2
i  = 2  2 3i
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2

d z
4
 = 5 cis 

7

6
 = 5(cos 

7

6
 + isin 

7

6
)

 = 5 3 1

2 2
i  = 5 3 5

2 2
i

2 a z
1
 = 1  i r = 2θ = 

5

4
 z

1
 = 2  cis 

5

4

b z
2
 = 2 3 + 2i r = 4θ = 

6
 z

2
 = 4 cis 

6

c z
3
 = 4  4i r = 4 2θ = 

7

4
 z

3
 = 4 2  cis 

7

4

d z
4
 = 5 + 5i r = 5 2θ = 3

4
 z

4
 = 5 2  cis 

3

4

3 

 

1

z1

z3

2 3 4–1–2–3–4 x

y

2
3

–1
–2
–3
–4

4

1

z2

z4
O

  

 a z
1
 = 3i = 3 cis 

3

2

b z
2
 = 4i = 4 cis 

2

c z
3
 = 2 = 2 cis 0

d z
4
 = 4 = 4 cis π

4 z = 4 cis 40
a z  = 4 cis (40) or 4 cis 320
b z = 4 cis 220
c z  = 4 cis 140
d 3z  = 12 cis (40) or 12 cis 320
e 4z  = 16 cis 140

5 z
1
 = 2  2 3i z

2
 = 3 3 + 3i

a z
3
 = (2  2 3i) (3 3 + 3i)

 = 6 3  6i  18i + 6 3

 = 24i

b z
1
 = 4 12+  = 4 arg(z

1
) = 

4

3
 z

1
 = 4 cis 

4

3

 z
2
 = 27 9+  = 6 arg(z

2
) = 

6
 z

2
 = 6 cis 

6

 z
3
 = 24 arg(z

3
) = 

3

2
 z

3
 = 24 cis 

3

2

⎛
⎝⎜

⎞
⎠⎟

c z
3
 = z

1
 z

2
, arg(z

3
) = arg(z

1
) + arg(z

2
)

Exercise 12C
1 a z

1
 z

2
 = 5 cis 135

b z
1
 z

2
 = 

2

7
 cis 

31

24

2 z
1
 = cis 

5

6
 z

2
 = 1  i

a z
1
 = cos 

5

6
 + i sin 

5

6
 =  3

2
 + 

1

2
i

b z
2
 = 2  cis 

7

4

c z
1
 z

2
 = 3 1

2 2
i  (1  i) =  3

2
 + 

3

2
 i  

1

2
 i + 

1

2

 =  3 1

2

+  + 
3 1

2

+
 i

 z
1
 z

2
 = 2 cis 5

6

7

4
+⎛

⎝⎜
⎞
⎠⎟
 = 2 cis 

31

12
 = 2 cis 

7

12

 2  sin 
7

12
 = 

3 1

2

+
  sin 

7

12
 = 

3 1

2 2

+
 = 

2 6

4

+

 2  cos 
7

12
 =  3 1

2

+
  cos 

7

12
 =  3 1

2 2

+
 = 

2 6

4

−

 tan 
7

12
 =  3 1

3 1

+
+

 + 
3 1

3 1

+
+

 = 
4 2 3

2

+
−

 = 2  3

3 z
1
 = 2 cis 

6
 z

2
 = r cis θ r > 0, 0  θ  2π

a z
1
 z

2
 = 2 r cis 

6

 z
1
 z

2
 real  sin 

6
 = 0

 
6
 + θ = π or 2π θ = 

5

6
 or 

11

6

 z
1
 z

2
 > 5  θ = 

11

6
 and 2r > 5  r > 

5

2

 r > 
5

2
 and θ = 

11

6

b z
1
 z

2
 imaginary  cos 

6
 = 0

    
6
 + θ = 

2
 or 

3

2

    θ = 
3
 or 

4

3

    z
1
 z

2
  1  2r  1  r  

1

2

    0  r  
1

2
 and θ = 

3
 or 

4

3

   (r ≠ 0 otherwise z
1
 z

2
 is real) 

4 z = 3 + 3i = 2 3 cis 
5

6

z = z 3 cis 
11

6
, z  = 2 3 cis −⎛

⎝⎜
⎞
⎠⎟

5

6
 or 2 3 cis 

7

6

z  = 2 3 cis 
6

5 z = sin  + cos  i w = sin 2  cos 2 i

a  z = 1 tan θ = cot   θ = 
2
  , 

z = cis 
2

 w= 1 tan θ = cot 2

 θ = 
2

2  or 2π  
2

2

 θ = 
3

2
 + 2  w = cis 3

2
2

b zw = 1 arg(zw)  = 
2
   + 

3

2
 + 2 

= 2π +  or 
 zw = cis 

Exercise 12D
1 a 

z

z
1

2

 = 2 cis 45

b 
z

z
1

2

 = 
7

8
 cis 

25

24

2 z
1
 = 2 cis 

11

6
 z

2
 = 2  2i

a z
2
 = 2 2  arg(2  2i) = 

7

4
 z

2
 = 2 2  cis 

7

4

b z
2
 = 2 2  cis 

4
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3

c z
1
 z

2
 = 4 2  cis 

43

12
 = 4 2  cis 

19

12

d 
z

z
1

2

 = 
1

2
 cis 

12
 = 

2

2
 cis 

12

e 1

1 2z z
 = 

1

4 2
 cis −⎛

⎝⎜
⎞
⎠⎟

19

12
 = 

2

8
 cis 

5

12

  −
1

1 2z z
 = 

2

8
 cis 

17

12

3 a 4 = 4 cis 0 3 + i = 2 cis 
6

 4

3 i
 = 2 cis −⎛

⎝⎜
⎞
⎠⎟6
 = 2 cis 

11

6

b 2 − 2i = 2 2  cis 
7

4
 6  + 2 i = 2 2  cis 

6

 
2 2i

6 2i
 = cis 

19

12

c 1 = cis 0 ( 21  7i)  = 21 + 7i = 2 7 cis 
6

 
1

21 7i
 = 

1

2 7
 cis −⎛

⎝⎜
⎞
⎠⎟6
 = 

7

14
 cis 

11

6

4 z = 2 3  2i w = 
1 i

2

a z = 4 arg(z) = 
6
 z = 4 

6 6
cos isin

 w = 
2

2
 arg(w) = 

4
 

w = 
2

2
 

4 4
cos isin

b 
z

w
 = 

8

2
 cis 

12
 = 4 2  cis

12

c 
z

w
 = 2 3 2i

1 i

2

 = 4 3 4i

1 i
  

1 i

1 i

 = 
4 3 4 3i 4i 4

2

 = (2 3 + 2) + (2 3  2)i

d  4 2  cos 
12

 = 2 3 + 2 

 cos 
12

 = 
3 1

2 2

+
 = 

6 2

4

+

  4 2  sin 
12

 = 2 3  2 

 sin 
12

 = 
3 1

2 2

−
 = 

6 2

4

−

 tan 
12

 = 
6 2

6 2

−
+

  
6 2

6 2

−
−

 = 
6 2 12 2

4

− +

 tan 
12

 = 2  3

Exercise 12E
1 z

1
 = z cis 

3

4
 z

2
 = 3 + i = 2 cis 

6

a z
1
 = 2 cis 

5

4
 

2

1z  = 4 cis 
5

2
 = 4 cis 

2

 3
2z  = 8 cis 

2
  

2

1z  z2

3( )  = 32 cis π or  32

b 
z

z
1

2

 = cis 
7

12
  

z

z
1

2

4
⎛

⎝
⎜

⎞

⎠
⎟  = cis 

3
 = cis 

3

c 1

2

z

z
 = cis 

12
  

3

1

2

z

z
 = cis 

3

12
 = cis 

3

4

2 z
1
 = 4 

i
4e  z

2
 = 3

i1

2
e

a z
1
 z

2
 = 2 

i
12e

b (z
1
)3 = 64 

3 i
4e  (z

2
)−2 = 4 

2
i

3e

 (z
1
)3 (z

2
)−2 = 256 

17
i

12e  = 256 e
i

7

12

c 
z

z
1

2

 = 8 
7

i
12e

d 1z  = 4 
i

4e   1

2

z

z
 = 8 

i
2e   1

2

3
z

z
 = 

1

512
 

i
4e

3 
5

cos sin

sin cos

i

i
 = 

5

cos i sin

cos i sin
2 2

 = [cis ( (
2
  ))]5

 = 
5

2
cis  = (i)5 = i

4 1 + i 3 = 2 cis 
3
 1  i 3 = 2 cis −⎛

⎝⎜
⎞
⎠⎟3

(1 + i 3)n + (1  i 3)n = 2n cis 
n

3
 + 2n cis −⎛

⎝⎜
⎞
⎠⎟

n

3

= 2n [cos 
n

3
 + i sin 

n

3
 + cos −⎛

⎝⎜
⎞
⎠⎟

n

3
 + i sin −⎛

⎝⎜
⎞
⎠⎟

n

3
]

= 2n (cos 
n

3
 + i sin 

n

3
 + cos 

n

3
  i sin 

n

3
)

= 2n (2 cos 
n

3
) = 2n + 1 cos 

n

3
, n  (QED)

5 a (1  i)n = [ 2  cis −⎛
⎝⎜

⎞
⎠⎟4
]n = 22

n

 cis −⎛
⎝⎜

⎞
⎠⎟

n

4

 = 22
n

 (cos 
n

4
  i sin 

n

4
)

 sin 
n

4
 = 0  

n

4
 = π, 2π, 3π, ... 

  n = 4, 8, 12, ...

 cos 
n

4
  0  n = 4

b cos 
n

4
 = 0 

n

4
 = 

2
  n = 2

6 Let z = r cis θ r (r cis θ)3 = 16

 r 4 (cos 3θ + isinθ) = 16

3

2

3

sin3 0 3

cos3 1 3 2

k

k

k k

k k

 θ = 
2

3

k
, r  4 = 16  r = 2

z = 2 cis 2

3

k⎛
⎝⎜

⎞
⎠⎟
 (i.e. z = 2 cis 0, 2 cis 

2

3
, 2 cis 4

3
 )

z = 2(1 + 0i), 2( 1

2
 + 

3

2
i), 2( 1

2
  3

2
i)

z = 2, 1 + 3i, 1 3i

Exercise 12F
1 a z

3
 = 8 cis 

3
  z = 2 cis ( 9  + 

2

3

k
) k = 0, 1, 2

  z = 2 cis 
9
, 2 cis 7

9
, 2 cis 13

9

 b z4 = (4i)2 = 16 = 16 cis π

  z = 2 cis +⎛
⎝⎜

⎞
⎠⎟

2

4

k  k = 0, 1, 2, 3
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4

  z = 2 cis 
4
, 2 cis 

3

4
, 2 cis 

5

4
, 2 cis 

7

4

  z =  2 2 2

2 2
i , 2 2 2

2 2
i , 2 2 2

2 2
i , 

2 2 2

2 2
i

  z = 2 + i 2,  2 + i 2,  2 i 2 , 2   i 2

 c z5 = 32 ie   z = 2
2

i

e
k

s  k = 0, 1, 2, 3, 4

  z = 2
i

5e , 2
i

5e , 2
3

i
5e , 2eπ i, 2

7
i

5

2 a z2 = 1  i = 2  cis −⎛
⎝⎜

⎞
⎠⎟4

  z = 2
1

4  cis − +⎛
⎝⎜

⎞
⎠⎟8

2

2

k
 k = 0, 1

  z = 2
1

4  cis −⎛
⎝⎜

⎞
⎠⎟8
, 2

1

4  cis 
7

8

 b z4 =  3 + i = 2 cis 5

6

  z = 2
1

4  cis 
5

24

2

4
+⎛

⎝⎜
⎞
⎠⎟

k
 k = 0, 1, 2, 3

  z = 2
1

4  cis 5

24
, 2

1

4  cis 17

24
, 2

1

4  cis 29

24
, 2

1

4  cis 41

24

 c z3 = 27
i

4e   z = 3

i
2

12 3e

k

 k = 0, 1, 2

  z = 3
i

12e , 3
3

i
4e , 3

17
i

12e

 d z3 ( 2   2 i) z = 0

  z = 0 or z2 = 2   2 i = 2 cis −⎛
⎝⎜

⎞
⎠⎟4

  z = 0 or z = 2  cis − +⎛
⎝⎜

⎞
⎠⎟8

2

2

k  k = 0, 1

  z = 0, 2  cis −⎛
⎝⎜

⎞
⎠⎟8
, 2  cis 7

8

3 a z6 = 1 = cis 0  z = cis 
2

6

k
, k = 0, 1, 2, 3, 4, 5

  z = 1, cis 3 , cis 
2

3
, cis π, cis 

4

3 , cis 
5

3

  

z5 z6

x

y

1z3 z2

z4 z1

O

 b z1

3 = 13 = 1, z3

3 = (cos 
2

3
)3 = cis 2π = 1

   z5

3 = (cis 
4

3
)3 = cis 4π = 1 

 z1

3 = z3

3 = z5

3 (QED)

   z2

3  = (cis 
3
)3 = cis π = 1, z4

3 = (cis π)3 

= cis 3π = 1

   z6

3 = (cis 
5

3 ) = cis 5π = 1 

 z2

3 = z4

3 = z6

3 (QED)

   z
1
, z

3
, z

5
 are the cube roots of  1 while z

2
, z

4
, z

6
 

are the cube roots of  1.

4 1 i 3

4
 = 

1

2
 cis 2

3

 the other roots are 1

2
 cis 

2

3

2

5
+⎛

⎝⎜
⎞
⎠⎟

k
 k = 1, 2, 3, 4

 ie. 1

2
 cis 16

15
, 

1

2
 cis 22

15
, 

1

2
 cis 28

15
, 1

2
 cis 

4

15

5 z 4 = 81 = 81 cis π  z = 3 cis 
4

2

4
+⎛

⎝⎜
⎞
⎠⎟

k
 

k = 0, 1, 2, 3

 z = 3 cis 
4
, 3 cis 

3

4
, 3 cis 

5

4
, 3 cis 

7

4

 z =  
3

2
 2  + 

3

2
 2 i,  3

2
 2  + 

3

2
 2 i,  3

2
 2   3

2
 2 i, 

3

2
 2   

3

2
 2 i

 (z  3)4 + 81 = 0  (z  3)4 = 81

  z = ( 3

2
 2  + 3) + 

3

2
 2 i, ( 3

2
 2  + 3) + 

3

2
 2 i,

 (
3

2
 2  + 3)  3

2
 2 i, (

3

2
 2  + 3)  3

2
 2 i

6 e0iθ + 
1

3
 e2iθ + 

1

9
 e4iθ 

1

27
 e6iθ + ...

 = 
1

1
1 e

3

 2i = 
3

3 e
 2i

Exercise 12G
1 z = cis 
 a zn = cos n + isin n 1

n

z
 = (cis ())n

  = cis (n)

  = cos(n) + i sin (n)

  = cos n  i sin n

  zn  1
n

z
 =  cos n  + i sin   (cos n  i sin n)

  = 2 i sin(n) (QED)

 b (z  
1

z
)5 = z5  5z3 + 10z  

10

z
 + 

5
3z
  

1
5z

  
5 3

5 5 3 11 1(2i sin ) 5 10
zz z

z z z

  32i sin5  =  2 i sin 5  10 i sin 3 + 

20 i sin  ( 2i)

  16 sin5  = sin 5  5 sin 3 + 10 sin

  sin5 d= 1

16
sin 5  5 sin 3 + 10 sind

  = 
1

16
 (

1

5
 cos 5 + 

5

3
 sin 3  10 cos ) + c

  =  1

80
 cos 5 + 

5

48 sin 3  
5

8
 cos  + c

2 (cos  + i sin )5 =  cos5  + 5 i cos4  sin 

+ 10i2 cos3 sin2  

+ 10i3 cos2  sin3  

+ 5 i4 cos sin4  + i5 sin5 
  cos5 + i sin5 =  cos5  + 5 i cos4  sin  

 10cos3  sin2  

 10i cos2  sin3  

+ 5 cos  sin4  + i sin5 
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 Equating real and imaginary parts: 

cos 5 = cos5   10cos3 sin2  + 5cos  sin4  

sin 5 = 5 cos4  sin  10 cos2  sin3  + sin5  

tan 5  = sin5

cos5

  = 
4 2 3 5

5 3 2 4

5cos sin 10cos sin sin

cos 10cos sin 5cos sin

 Dividing top and bottom by cos5 :

 tan 5 = 
3 5

2 4

5tan 10tan tan

1 10tan 5tan
 (QED)

 Let 5 = π,  = 
5

 tan π = 0  5 tan 
5
  10 tan3 

5
 + tan5 

5
 = 0

 tan 
5
  0  5  10 tan2 

5
 + tan4 

5
 = 0

 tan2 
5
 = 

10 100 20

2

± −

 tan2 
5
 = 5  2 5

 tan 
5
  1  tan2 

5
 = 5  2 5

  tan 
5
 = 5 2 5−  (QED)

3 (cos θ + i sin θ)7 = cos7 θ + 7cos6 θ i sinθ 

+ 21 cos5 θ i2 sin2 θ + 35 cos4 θ i3 sin3 θ 

+ 35 cos3 θ i4 sin4 θ + 21 cos2 θ i5 sin5 θ 

+ 7 cos θ i6 sin6 θ + i7 sin7 θ cos7 θ + i sin 7θ 

=  cos7 θ + 7 i cos6 θ sinθ  21 cos5 θ sin2 θ 

35 i cos4 θ sin3 θ + 35 cos3 θ sin4 θ + 21 i cos2 

θ sin5 θ  7 cos θ sin6 θ  i sin7 θ
 Equating real parts,

 cos 7θ =  cos7 θ  21 cos5 θ sin2  + 35 cos3 θ 

sin4 θ  7 cos θ sin6 θ
 cos 7θ =  cos7 θ  21 cos5 θ (1  cos2 θ) 

+ 35 cos3 θ (1  cos2 θ)2  7 cos θ 

(1  cos2 θ)3

  =  cos7 θ  21 cos5 θ + 21 cos7 θ + 35 cos3 θ 

(1  2cos2 θ + cos4 θ)  7 cosθ 

(1  3cos2 θ + 3cos4 θ  cos6 θ)

  =  22 cos7 θ  21 cos5 θ + 35 cos3 θ  70 

cos5 θ + 35 cos7 θ  7 cosθ + 21 cos3 θ 

 21 cos5 θ + 7 cos7 θ
  cos7 θ =  64 cos7 θ  112 cos5 θ + 56 cos3 θ 

 7 cos θ (QED)

 64 cos7 θ  112 cos5 θ + 56 cos3 θ  7 cos θ = 1

  cos7 θ = 1

 7θ = 2kπ     k  

  θ = 
2

7

k
 k  

4 z = cos2 θ + 
sin 2

2
i 

2
  θ  

2

 a z2 = cos4 θ + 
2sin 2

2
 = cos4 θ + 

2 24 sin cos

4

  =  cos4 θ + sin2 θ cos2 θ = cos2 θ(cos2 θ 

+ sin2 θ)

  = cos2 θ

   z = cos θ (QED)

  arg z = tan−1 2

sin 2

2cos
 = tan−1 2

2sin cos

2cos

  = tan−1 
sin

cos
 = tan−1(tan θ) = θ (QED)

 b z = cos θ cis θ
 z 2 = cos2 θ cis2 θ

 c 2z 2 = z  2cos2 θ = cos θ
 cos θ(2 cos θ  1) = 0

  cos θ = 0 or 
1

2

  θ = 
2
, 

3
, 

3
, 

2

5 w = 
i

2

z

z
 z = x + iy

 a w = 
i 1

2 i

x y

x y
  

2 i

2 i

x y

x y

  = 2 2

2 1 i 1 2 i

2

x x y y y x xy

x y

   Re(w) = 
x x y y

x y

2 2

2 2

2

2

+ + +
+( ) +

, + I(w) = 
x y

x y

+ +
+( ) +

2 2

2
2 2  (QED)

 b i Re(w) = 1, x2 + 2x + y 2 + y 

 = x 2 + 4x + 4 + y 2

  y = 2x + 4 (
1
)

    the points (x, y) lie on a straight line, 

gradient = 2

 ii Im(w) = 0, x + 2y + 2 = 0

  y =  1

2
 x  1 (

2
)

    the points (x, y) lie on a straight line, 

gradient =  1

2

  1
2
  2 = 1  

1
 and 

2
 are perpendicular 

(QED)

 c Arg(z) = Arg(w) = 
4

   
y

x
 = 1 and 

x y

x x y y

+ +
+ + +

2 2

22 2  = 1

 y = x x + 2y + 2 = x 2 + 2x + y 2 + y

 3x + 2 = 2x 2 + 3x

 x 2 = 1  x = 1

 x = 1, y = 1 or x = 1 z = 2

6 z = r cis θ
 a p(n): (zn) = (z)n

  p(1): (z1) = (z)1

  z = z  p(1) is true

  Assume p(k): (zk) = (z)k

  prove p(k + 1): (z)k+1 = (z)k z = (zk) z

  Let z
1
 = r, cis θ

1
 z

2
 = r

2
 cis θ

2

  1z  = r
1
 cis (θ

1
) 2z  = r

2
 cis (θ

2
)

  z
1
 z

2
 = r

1
 r

2
 cis (θ

1
 + θ

2
)

  
1z  

2z  = r
1
 r

2
 cis (θ

1
 θ

2
)

  (z
1
 z

2
) = r

1
 r

2
 cis[(θ

1
 + θ

2
)] = r

1
 r

2
 cis(θ

1
 θ

2
)

   1z  2z  = (z
1
 z

2
)

   (z)k+1 = (zk z) = (zk+1)

   p(k)  p(k + 1) and p(1) is true

  by induction (zn) = (z)n n + (QED)
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 b z = r cis θ, zn = r n cis (nθ) (z n) = r n cis (nθ)

  z  = r cis (θ), (z )n = r n cis (nθ)

   (z n) = (z ) n (QED)

   Valid for n   since de Moivre’s theorem is 

valid for n  .

7 a z 3 = 1 = cis 0

  z = cis 
2

3

k⎛
⎝⎜

⎞
⎠⎟
 k = 0, 1, 2

  z = cis 0, cis 
2

3
, cis 

4

3

 z = 1, 1
2
 + 

3

2
 i, 1

2
  3

2
i

 Let w = 1
2
 + 

3

2
 i and w  = 1

2
  3

2
i

 
1

1 + w
 = 

1

1 3
i

2 2

  

1 3
i

2 2

1 3
i

2 2

 = 

1 3
i

2 2
1

 = w

  
1

1 + w
 =w (QED)

 
1

1 w
 = 

1

1 3
i

2 2

  

1 3
i

2 2

1 3
i

2 2

 = 

1 3
i

2 2
1

 = w 

  
1

1 w
 = w  (QED)

 b 1, w, w  are zeros of  p(z)

  p(z) = (z  1) (z + w) (z + w ) 

 = (z  1) (z 2 + z(w + w ) + ww )

 w + w  = 1 ww  = 1

  p(z) = (z  1) (z 2  z + 1)

 = z 3  2z 2 + 2z  1

  a = 2, b = 2, c = 1

 c p(w) = w 3  2w 2 + 2w  1

 = 1  2w 2 + 2w  1

 = 2w 2 + 2w

 = 2w(1  w)

 = (1 + 3i) 
3 3

2 2
i

 = 
1

2
(3 + 3i + 3 3i + 3)

 = 
1

2
(4 3i)  p(w) = 2 3i

 p(w ) = (w )3  2(w )2 + 2w   1

 = 1  2(w )2 + 2w   1

 = 2w (1  w )

 = (1  3i) 3 3

2 2
i

 = 
1

2
(−3  3i  3 3i + 3)

 = 
1

2
(4 3i)  p(w ) 

 = 2 3i

9 ( 3  i)n = 
6

2 cis
n

 = 2n cis −⎛
⎝⎜

⎞
⎠⎟

n

6

 cos −⎛
⎝⎜

⎞
⎠⎟

n

6
  0 and sin −⎛

⎝⎜
⎞
⎠⎟

n

6
 = 0

n

6
 = kπ k  

n = 6k k  

cos
n

6

⎛
⎝⎜

⎞
⎠⎟
  0 n = 12k k  

10 f  (z) = ln(z) + i arg(z)

a f  (i) = ln + i
2
  f  (i) = i

2

 f  (−i) = ln  i
2
 f  (i) = i

2

 f  (1 + i) = ln 2  + i 
4
 f  (1 i) = ln 2   i 

4

b (f  (z)) = ln(z)  i arg(z)

 |z| = z and arg(z) = arg(z)

  f  (z) = ln(z) + i arg(z)

 = ln(z)  i arg(z)

  (f  (z)) = f  (z)

c f  (z) = f  (z)

 ln(|z|) + i arg(z) = ln(z)  i arg(z)

 2 i arg(z) = 0

  arg(z) = 0

  z is a real number (QED)

d i ln(z) = 0  z = 1 and arg(z)  0

   z = x + iy where x 2 + y 2 = 1 

(x  1 since arg(z)  0)

 ii arg(z) = 0 and ln(z)  0

  y = 0, x  0 and z  1

  z = x (0  x  1)

 iii f  (z) = 0  z = 1 and arg(z) = 0

   z = 1

Review exercise
1 a 2cis 

4

3
 = 2(cos

4

3
 + i sin 

4

3
) = 1  3i

b 2  cis 135 = 2  1 1

2 2
i  = 1 + i

c 
2

5
3cis

6

  

5
cis

6

5
cis

6

 = 
2

3
 cis −⎛

⎝⎜
⎞
⎠⎟

5

6

 = 
2

3
 3 1

2 2
i  =  3

3
  

1

3
i

2 a 5  5i = 5 2  cis 
7

4

b 
2

1 3i
 = 

2cis0

2cis
3

 = cis −⎛
⎝⎜

⎞
⎠⎟3
 or cis 5

3

c 
1 i

3 i
 = 

2cis
4

11
2cis

6

 = 
2

2
 cis −⎛

⎝⎜
⎞
⎠⎟2
 or 

2

2
 cis 

11

12

⎛
⎝⎜

⎞
⎠⎟

✗
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3 z = 2 cis 
2

3
 w = 4 cis 

5

4

a zw = 8 cis 
23

12
, 

z

w
 = 

1

2
 cis −⎛

⎝⎜
⎞
⎠⎟

7

12
 or 

1

2
 cis 

17

2

 z 2 w 3 = 4 cis 
4

3
  64 cis 

15

4
 = 256 cis 

13

12

b z = 2 1 3

2 2
i  = 1 + i 3

 w = 4 2 2

2 2
i  = 2 2   2 2  i

 z + w = (1 2 2) + i( 3  2 2)

 z  w = (2 2   1) + i( 3 2 2+ )

 z 2 = 1  2i 3  3 = 2 2 3i

  
z

w

2

 = 
2 2 3i

2 2 2 2i
  

2 2 2 2i

2 2 2 2i

 = 
4 2 4 2i 4 6i 4 6

16

 
z

w

2

 = 
2 6

4

+( )
 + 

6 2 i

4

4 z = a + i

a arg(z) = 
3
  

1

a
 = 3  a = 

1

3
 = 

3

3

b z 2 = a2  1 + 2a i z 2 is real  a = 0

c z  1 = z  2i
 (a  1) + i = a  i
 (a  1)2 + 1 = a2 + 1  a2  2a + 1 = a2

  a = 
1

2

5 z 5 = z  z = 0 or z 4 = 1

z = 0 or z 4 = cis 0

z = cis 
2

4

k
 k = 0, 1, 2, 3

z = 0, cis 0, cis 
2
, cis π, cis 

3

2

z = 0, 1, i, 1, i

6 z = 
1

1 i tan
  

1 i tan

1 i tan
 = 2

1 i tan

sec

z = cos2 θ i sinθ cos θ
z2 = cos4 θ + sin2 θ cos2 θ 

 = cos2 θ (cos2 θ + sin2 θ)

z2 = cos2 θ  z = cos θ

arg(z) = tan−1 sin

cos
 = tan−1(tan(θ)) = θ

 z = cos θ cis (θ)

7 a 1 i

4
 = 

2

4
 cis −⎛

⎝⎜
⎞
⎠⎟4

  arg(a + ai) = 
4
 (a  0) or 3

4
 (a  0)

  since 
1 i

4
 and a + a i are consecutive nth roots 

of  z and since their arguments differ by 
2
, 

n = 4 and therefore a = 
1

4
 or  1

4

b  The remaining nth roots of  z are therefore 
1 i

4
, 1 i

4
, 1 i

4

8 (x + y) (x + wy) (x + w 2 y) =  (x + y) (x 2 + w 2 xy 

+ wxy + w 3 y 2)

 =  x 3 + w 2 x 2 y + wx 2 y + w 3 xy 2 + x 2 y + w 2 

xy 2 + wxy 2 + w 3 y 3

 =  x 3 + x 2 y(w 2 + w + 1) + xy 2(w 3 + w 2 + w) 

+ w 3 y 3 

w 3 = 1 w 3  1 = 0

(w  1) (w 2 + w + 1) = 0

w  1  w 2 + w + 1 = 0

 (x + y) (x + wy) (x + w 2 y) =  x 3 + x 2 y(0) 

+ xy 2(0) + y 3

 = x 3 + y 3 (QED)

9 z =  3  i

a |z| = 2 arg(z) = 210

b z = 2 sin 210 z3  = 
1

32  cis 70 or 0.431 + 1.18 i

c zn = 2n cis 210 n
 zn is a positive real number

  cos 210 n  0 and sin 210 n = 0

 210 n = 180 k k  

 n = 
6

7
 k k  

 n is an integer  n = 6, 12, 18, ...

 cos 210 n  0  smallest positive integer n = 12

10 (cos  + i sin )4 = cos4  + 4 cos3  i sin   6 

cos2  sin2   4 i cos  sin3  + sin4 
 cos4  + i sin4  = cos4  + 4i cos3  i sin   6 

cos2  sin2   4 i cos  sin3  + sin4 
 cos4  = cos4   6 cos2  sin2  + sin4 
sin 4 = 4 cos3  sin   4 cos  sin3 

tan 4 = 
sin 4

cos4
 = 

3 3

4 2 2 4

4cos sin 4cos sin

cos 6cos sin sin

Dividing top and bottom by cos4 , 

tan4  = 
3

2 4

4 tan 4 tan

1 6tan tan

x
 (QED)

12 z + 
1

z
 = 1

a z
z

+⎛
⎝⎜

⎞
⎠⎟

1
2

 = z2 + 2 + 
1

2z
 = 1

  z2 + 
1

2z
 = 1

b z
z

+⎛
⎝⎜

⎞
⎠⎟

1
3

 = z3 + 3z + 
3

z
 + 

1
3z

 1 = z 3 + 
1

3z
 + 3 z

z
+⎛

⎝⎜
⎞
⎠⎟

1

  z 3 + 
1

3z
 = 2

c z
z

+⎛
⎝⎜

⎞
⎠⎟

1
5

 = z 5 + 5z 3 + 10z + 10

z
 + 

5
3z
 + 

1
5z

 1 = z 5 + 
1

5z
 + 5 z

z

3 1
3

+⎛
⎝⎜

⎞
⎠⎟
 + 10 z

z
+⎛

⎝⎜
⎞
⎠⎟

1

 1 = z 5 + 
1

5z
 + 10  10  z 5 + 

1
5z
 = 1
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13 a (x  z) (x  z ) = x 2  x(z + z ) + zz 

 z + z  = 2Re(z) zz  = z2

   (x  z) (x  z ) = x 2  2Re(z) x + z2 (QED)

b z 8 = 1 = cis 0  z = 
cis2

8

k
 k = 0, 1, 2, ....7

  z =  cis 0, cis 
4
, cis 

2
, cis 

3

4
, cis π, cis 

5

4
, 

cis 
3

2
, cis 

7

4

  =  1, 
2

2
 + i 2

2
, i,  2

2
 + i 2

2
,  1,  2

2
 i

2

2
, 

i, 
2

2
  i 

2

2

 c  x8  1 = (x  1) (x + 1) (x  i) (x + i) 

(x (
2

2
 + i

2

2
)) (x (

2

2
  i

2

2
))

 (x  ( 2

2
 + i

2

2
)) (x  (

2

2
 i 2

2
))

  x 8  1 = (x  1) (x + 1) (x 2 + 1) (x 2  2x + 1) 

(x 2 + 2x + 1)

14 w = cis  0    
2

a 1 + w = (1 + cos ) + i sin 
 1 + w2 = (1 + cos )2 + sin2 
 = 1 + 2 cos  + cos2  + sin2 
 = 2 + 2 cos 
 = 2 + 2(2cos2 

2
  1)

 1 + w2 = 4 cos2 
2

 

  |1 + w| = 2 cos 
2

 (QED)

  arg(1 + w)  = arctan 
sin

1 cos
 

= arctan 
2

2sin cos

1 2cos 1

   = arctan tan

  arg(1 + w) = 
2

 (QED)

 b (1 + w)n = (2 cos 
2

 cis 
2

)n

 (2 cos 
2

)n cos 
2

n
 = Re[(1 + w)n]

 = Re
0

n
k

k

n
w

k

 = Re[
n

kk

n ⎛

⎝
⎜

⎞

⎠
⎟

=
∑

0

 (cos k + i sin k)]

 = 
n

kk

n ⎛

⎝
⎜

⎞

⎠
⎟

=
∑

0

 cos(k)

  
n

kk

n ⎛

⎝
⎜

⎞

⎠
⎟

=
∑

0
 cos(k)  (2 cos 

2
)n cos (

2

n
) (QED)

Review exercise
1 Using question 11, if  z is a zero then z is also a 

zero.

Therefore the 4 roots are 3  i and 2  cis ±⎛
⎝⎜

⎞
⎠⎟4

 the polynomial is

p(z) =  (z  3 + i) (z  3  i) (z  2  cis 
4
) 

4
2 cisz

 = [(z  3)2  i2] [z  1  i] [z  1 + i]

 = [(z  3)2  i2] [(z  1)2  i2]

 = [z 2  6z + 9 + 1) (z 2  2z + 1 + 1)

 = (z 2  6z + 10) (z2  2z + 2)

 = z 4  8z 3 + 24z 2  32z + 20

Therefore a = 8, b = 24, c = 32, d = 20


