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Answers
Skills check

1 a
c
2 a

5x=10
x=2
3 a 2V3-2+V3(1-3)=23-4+3-3
=33 -7
b 7+5\/__—+5f—13f
c (1+\/—)_(1+\/—)(1+\/§)_1+J§+J§+3
(1-3) ~ a-»Ba+3)— 1-3
4+2\f —_2_ \/7
1 _ 3
4 a (x-2)" (1-2x)
1-2x==-3(x—-2)
1-2x=-3x+6
x=15
b _2x _ 1
2x2+1 x—1
2x(x—1)=2x*+1
2x2—=2x=2x>+1
—2x=1
1
X="7
5 a 35 b -10
Exercise 1A
1 a 0,153 (denominators can be
9 11 13 written as 1 x 3, 3 x 5,
107127 14 5x7,7%x9,9x11,
iii 11 x 13,13 x 15)
9971437 195
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{]" 27 37 4’ 5} b {_4? _3, _2}

{1,2,3,4,5,6}

3x—4)—-2x+7)=
3x—12-2x—-14=0

x=26
3x—2Q2x+5)=2
3x—4x—-10=2
-x=12
x=-12

_1, 07 1}

S5x+4-2x+6)=x—(3x—2)
Sx+4—-2x—12=x-3x+2
3x—8=-2x+2

WORKED SOLUTIONS

athematics as the science
of patterns

c -1+4-9+16-25
241’—5
r=1
10
b -1y
r=1
6
c Y 6(-2)"
r=1

Investigation - quadratic sequences

N=n*-2n+3

n=p-l=n-2n+3=(p-17-2(p-1)+3
=p?-2p+1-2p+2+3
=p2—-4p+6

n=p =Sn-2n+3=p>-2p+3

n=p+l=n-2n+3=(p+17-2(p+1)+3
=p*+2p+1-2p-2+3
=p2+2

first differences are 2p — 3 and 2p — 1
second difference = (2p — 1) — (2p — 3) = 2 (a constant)

N=2n?+2n+1

n=p—-1=22r+2n+1=2(p—- 1 +2(p—-1)+1
=2p2—4p+2+2p—-2+1
=2p?-2p+1

n=p =52 +2n+1=2p2+2p+1

n=p+1=2+2n+1=2(p+12?+2(p+1)+1
=2p+4p+2+2p+2+1
=2p2+6p+5

first differences are 4p and 4p + 4

second difference = 4 (a constant)

Worked solutions: Chapter 1




N=-n*+3n-4

n=p—1=>-n*+3n—-4=—(p—-17>*+3(p—-1)—-4
=—p*+2p—-1+3p—-3-4
=-p?+5p-8

n=p =>-n+3n—-4=-p>+3p—4

n=p+tl=>-n*+3n—-4=—(p+17>*+3(p+1)—4
=—p2-2p—-1+3p+3-4
=—p2+p-2

first differences are —2p + 4 and —2p + 2

second difference = (—2p + 2) — (-2p + 4)

= -2 (a constant)

Conjecture: For the quadratic N = an? + bn + c the
second difference is a constant and is equal to 2a.

Proof:
n=p-—l=ar+6n+c=alp—-172+bp—1)+c
=agp*—2apta+tbp—-b+c
n=p Sa*+bn+c=ap*+bp+c
n=p+l=ai*+bn+c=alp+ 1P +bp+1)+c
=ap’+2ap+a+bp+b+c
first differences are 2ap —a+ band 2ap +a + b
second difference = 2a, which proves the conjecture.

Investigation - triangular numbers

Since the second difference is a constant (1) the
triangle numbers can be generated by a quadratic
N=an*+bn+c 2a=1:>a=%
N= %nz +bn+c
n=l=l+b+c=1=b+c=1
n=2=2+2b+c=3=2b+c=1
ab=1c=0

_1 1 _1
N=sm*+5n or N=5n(n+1)

Investigation - more number patterns
Square numbers: N = #?

Pentagonal numbers: N =
Hexagonal numbers: N = n(2n — 1)

n(3n-1)
2

. _n(5n-3)
Heptagonal numbers: N =225
Polygonal numbers N
triangle 1, nh+1)=2(n+1)
2 2
square n2 = %(2’,’ + O)
entagon n@n-1) _n _
pentag = =2@n-1)
hexagon ni2n - 1) = g(4n -2)
heptagon =3 =% 5n-3)

Conjecture: For a polygon with & sides the polygonal
numbers are given by
N=71(k=2)n~(k=4)]
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WORKED SOLUTIONS

Exercise 1B
1 a u=5+n-1)6
u =6n-1
b u =10+ (n—-1)(-7)
u =-Tn+17

c u=a+(n—-1)2
u =2n+a-2
2 a u,=2+14d=2+14x9=128
b u,=-1+1ld=-1+11x>=2
c u=3+mn-1)4=4n-1
3 a+3d=18=a-15=18=a=33
u =33+ (n—1)(-5)=38—5n
4 g+3d=0 €))
a+13d =40 2)
2)-(1)=10d=40=>d=4
na+12=0anda=-12
5 Salary after 15 years = u,, = a + 15d
=48000 + 15 x 500
=€ 55500
Need n x 500 = 24000

= n = 48 years

Exercise 1C
1 a ul=6 d=13 un=110
6+ (n—1)13 =110

(n—113=104
n—1=8
n=9

S,=5(6+110) =522
b 4 =52 d=-11 u =-25

52+ (n—1)(-11)=-25
(n—1)(-11)=-77
n—-1=7
n=238
S,=35(52-25)=108
c u1=—78 d=-4 un=—142
—78 + (n— 1) (—-4) = —142
(n—1)(—-4) = —64
n—1=16
n=17
S, =% (-78 - 142) = -1870

10
2 a ZS;’+7=12+17+22+ ...... + 57
r=1

= 170 (12 + 57)
=345




b i5—3r=2—1—4 ...... - 40
r :175(2—40)
=-285
3 =60 u,=-3 n=16

60 +9d = -3
9d = —63
d=-17

2@x60+15x-7)=120
4 5=25 u,=38
Let the numbers be
u—2du—d,u,u+d u+2d
S=u—-2d+tu—d+utu+d+u+2d
o 5u=25
u=>5
u,=8=u+d=8=d=3
The numbers are —1, 2, 5, 8,11
5 § =n2n+3)
§$=12+3)=5 . u =5
S,=2(4+3)=14 u+u,=14 - u,=9
nd=4
u =5 u,=9, u,=13, u, =17
Exercise 1D
1 a y=1r=2u=2=32 uy=2""

o u=9 r=3u=9(lf = w=sl (1]

1 3
= _ = 9 = X — = —
2 a r=_,u,=ar’ =43 SE= 3
8 .16 _8_ 3 1
= — - — = - X — = —=
b r=—5"373%%" "%
16 1 1 1
= = - X — = =
Us ar 3 7 1206 3x81 243

3 a a=003,r=2
=003x2"1=192=2"1=64=>n=7

b a=281, r—f

3
ln—I_l 17171_18 _
six[3f =g=l) = =n=9
4 ar’=2 €))
art=18 2
2)+(1)=r*=9=>r=%3
u—ar—§X+3 +§
5 164—9:74—%:1’:‘*'73
:>u7=16r6=16><6771=¥
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WORKED SOLUTIONS

p= 82 _3atl L At 4=32—11a—4
a—4 a+2

=0=24>-15a—-8
=2a+ 1)(a-8)

1

:a=—50r8
A
o 1
_ 2 __1 _10_5
Hencer—_l— 3orr—z—2
2

Exercise 1E

JJ_ 63
6 = T—39375 or —
2

b s = )19 7(366) op 71261 20

8 1-(-1.5)
(5]
c Sum=1+ =1.33 (3sf) or
3
2

1)
9%}
|

N =

683

d % =01,r=02

0.1(1-0.2"
Sum = 7&0.2 ) £(1-02%)
7( - 515)
=0.125 (3sf)

a Y 57=5+52+5+5+5"1+57

=156.24 or 22%
25

n-1
b > 9x10'=9+9x10+9%x10%+ ...

r=0

+9x10"!

_9(1-10")
1-10
=10"-1
1

=2 u, =g
1

ur*=2 ur®=

128
s L
u;r — m
ur’ 2
1
4 =
-7 256
1 -1
r 4 or Z ul =32
32(1—(1)6]
4 1365
S, : o =427

Worked solutions: Chapter 1




WORKED SOLUTIONS

e _3_4_1 . _ o _o_[3}_3_3 x+1 (x+17 (x+1)
4 a u=5=3-1=Lu=5-5=[-3=3 8 1,27 0 &L
w=8-5,= [3]3 _ [3]2 _9 Convergent when x = —1.5 = —%
3 272 2) 7 8
(x+1)"
_(3 3 3 [14
o =3 -G =G (-1 s=1l %)
-3 .
272
. 1 3 = ﬁ
This is a GP with u = 3 and 7 = 5 216
5 P=axarXar’x..Xar"! 1 (1-r")
=gnplt2t o tn-l 9 == 1 =kt
=gy =1-0-rmM=kr'(1-7
Reciprocal sequence = é %, #, o WIH, =r=kr ' (1-7)
ie.a GP withu, = 1 and common ratio % =r=kd-n 2
1[ 1] a :>(1+/€)7’:/€=>7’:1+7k
R:ZﬁVT:le:IxLzlLIH _a _ a(l+k
n 1_1 a r r—1 a (r—l)r Hence S = z = l—s-k—/)e
r 1+
S a(l—r r—1)r"" n—
?:: <17;')><a(r"—)1 :azlelxax_lr 1 :a(1+k):(k+1)a
: —er = (k+ Dy,
Hence %] = g?y" (D .
s Exercise 1F
= o) 1 a S=4u21%=4ulr
=P? QED 1=4r(1-7)
6 ar=24 o 1 =4r—4r?
(172:12(P—1)$7’:T 472 —4r+1=0
But 7| < |so-1<Zt<lie-2<P-1<2 Qr—172=0
—-1<P<3 (1) r=
Also 8,=7650 -2 +24+12(P—1)=76 32(1_(1)5}
- 1 2
— 48+ 24 (P— 1)+ 12(P- 12 =76 (P— 1) b u=32 r=3 S=——7 =02
=48 - 24+ 12P*>+ 12 =76P - 76
= 12P? = 76P+ 112 =0 s=2 =64
= 3P?—-19P+28=0 2
(3P - 7) Pr-49=0 percentage error = é x 100 = 3.23%
= P= for4
From convergence condition (1), P = 3 2 r= 1’55 85 = 52750
4 w812 = 52750
Hencer=373 u, = $4000
7 The lengths are a, ar, ar?,
Where a + ar + ar? =2 1) 3 a 2+4+8+16+32=62
But a2 = 2 b S > 1000000
so r?=2andr=+2. 22 > 1000000
As a, ar, ar?are lengths, » must be positive so 7 =+/2. (27— 1) > 500000
Substitute into (1) = a (1 +~2 +2) =2 21> 500001
2 2
= —3+ﬁ=7(3—\/§)metres. n=19
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4 a Letx = monthly repayment

Amount owing after 1 month
=1000 x 1.01 — x

Amount owing after 2 months
=(1000 x 1.01 —x) x 1.01 — x

=1000 x 1.01> = 1.01x — x

Amount owing after 3 months
= (1000 x 1.01? = 1.01x — x) x 1.01 — x

=1000 x 1.01* = 1.01’%x - 1.01x — x
Amount owing after 24 months

=1000 x 1.01*# - 1.01%x — 1.01%%
- 1.01%"x....—-10lx—x

‘We require this to be zero

Sox+1.01x+1.01%+ ... +1.01%
=1000 x 1.01*

x(1-1.01%) _ 24
“iol 1000 x 1.01

x = $47.07

b Total to be paid = 47.07 x 24
=$1130

Exercise 1G
1 a Oddnumber + even number = 2a + 1 + 2b
=2(a+b)+1,
which is odd.
b Odd number X odd number = (2m + 1)(2n + 1)
=dmn+2m+2n+1=2m+n+ 2mn) + 1,

which is odd.
o2 L 2 _2x+5-2x-2)
x—2 2x+5 (x=2)2x+5)
1 2 9

o x—2_2x+5:2x2+x—10

3 (a+b)2=c2+4[%b)

a’+2ab+ b*=c*+2ab

cat+ b=
4 | 3| 4 |3x4+4 16
7| 8 |7x8+8 64

-6 |- |-6x-5+-5| 25
11 |12 |11 x 12+ 122|144
8 9 [8x9+9 81

The product of two consecutive integers plus the
larger of the two integers is equal to the square of
the larger integer.

Proof: Let the two integers be n and n + 1
nn+D+m+D)=(m+1)(n+1)=m+ 1)

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute Worked solutions: Chapter 1

WORKED SOLUTIONS

Exercise 1H
1 p(n): S, = 7”1(11::”)
Step 1: whenn=1,LHS = §, = u,

RHS = 4010 =,

1-r 1

~op(1)is true
w(1-7")
1-r
ul(l_rkﬂ)
1-7

Step 2: assume p(k) i.e., S, =

Step 3: prove p(k+ 1) ie., S,, =
Proof: §,, =S, +u,,,
— k
=S8, +tur
_ w(1-r") k
=1 + ur
ul(l—rk)+ulrk(1—r)
1-r
w (=7 +r* =)
1-7
ul(l_rkﬂ)
Y

B+l 1-7

Since p(1) is true and if p (k) is true then p(k + 1)
is true, by the principle of mathematical
induction, p(n) is true

2 a pn): zr =5 (n+1)@2n+ 1)
Step 1 whenzn=1,LHS =1
RHS = ¢ (2)3) = 1
~op(1)is true
Step 2: assume p(k) 1i.e., gﬂ =§(/e +1)
i Qk+ 1)

Step 3: prove p(k+ 1) 1i.e, kﬁrz :@(k +2)
2k + 3)

Proof: kﬁrz :zk:rz + (k+ 1)

=2 (k+ DRk+ 1) + (b + 17
_ (k+1)
T 6

_(k+1)
6

w8 =Dkt )2k + 3)

[#(2k + 1) + 6(k + 1)]

[2k2 + 7k + 6]

Since p(1) is true and if p (k) is true then
p(k + 1) is true, by the principal of
mathematical induction, p(n) is true.

b p(n): izr—l =2"-1
Step i::1 whenn=1,LHS=2=1
RHS=2!-1=1
~op(1) is true
Step 2: assume p(k) i.e., 22"1 =2k-1




Step 3: prove p(k + 1) i.e,, kﬁzf—l =2k1—1

Proof: i 2r-1= izr—l + 2*

=2F—-1+2k=2(2H -1
%27—1 =k+1 1

Since p(1) is true and if p (&) is true then

p(k+ 1) is true, by the principal of

mathematical induction, p(#) is true.

c p(n): 13+23+33+....+n3:§(n+1)2

Step I: whenn=1,LHS=1°=1

RHS = § (2)° = 1

~op(1) is true

Step 2: assume p(k)ie., 1>+ 23+ 33+ ... +&°

_ K )

=L (k+1)

Step 3: prove p(k+ 1) i.e,,

P+2+3+. ... +kE+(+1)

= &0 e + 2y

Proof: 1°+2*+3*+ ... .+ B+ (k+ 1)

= %2 (b+ 17+ (k+ 1) = 7(/611)2 [k2 + 4k + 4]

B2+ (k1)Y= LZDZ (k + 2

Since p(1) is true and if p(&) is true then

p(k + 1) is true, by the principal of

mathematical induction, p(») is true.

d p(n): Zn:r(r+2):% (n+ 1)2n+7)

Step 1: whenn=1,LHS=1(3) =3

RHS = £ (2)(9) = 3

- p(1)is true

Step 2: assume p(k) i.e.,

Srr+2)=% (e + 12k +7)

Step 3: prove p(k + 1) i.e.,

Sr(r+2)=%D (k +2)2%k +9)
Proof: kﬁr(HZ) = 3r(r+2) + (k+ 1)k +3)

=Sk + 1)2k+T7)+ (k+ 1)
(k+3)

= &0 [k +7) + 6(k + 3))

=& 2 + 13k + 18)

o S +2)=E D (e + 2)(2k + 9)

Since p(1) is true and if p (k) is true then
p(k + 1) is true, by the principal of
mathematical induction, p(#) is true.
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Exercise 1|
1 p(n):7"-1=64 (Ae 7Z)

Stepl: whenn=1,7"-1=7-1=6

= p(1) is true
Step 2: assume p(k) i.e.,
7" —1=64

Step 3: prove p(k + 1) i.e.,

7**1—1=6B (Be 7Z)

Proof: 7#*' - 1=7(7) -1
=764+1)-1
=424+7-1
=424+6
=6(74+1)

s T*1—-1=6B

Since p(1) is true and if p (k) is true then p(k + 1)

is true, by the principal of mathematical

induction, p(n) is true.

2 p()1+3+5+7+.... +Qn—1)=n

Step 1: whenn=1, LHS=1
RHS=12=1
~op(1) is true

Step 2: assume p(k) i.e.,
1+3+5+7+....+Rk—1)=F

Step 3: prove p(k+ 1) i.e.,
1+3+5+7+....+R2k-1D+2k+1)
=(k+ 1)

Proof: 1+3+5+7+....+Q2k-1)+Q2k+1)
=+ Q2k+1)

L1 +3+5+7+. ...+ R+ 1) =(k+ 1)

Since p(1) is true and if p(k) is true then p(k + 1)

is true, by the principal of mathematical
induction, p(n) is true.

3 p(n):9"-1=84,wherede Z

Step 1: whenn=1,9"-1=8p (1) is true

Step 2: Assume p(k) i.e.
9¢-1=84

Step 3: prove p(k + 1) i.e.
91 -1=8B(Be Z)

Proof: 9#*1 -1 =9x9*%-1
=9@B84+1)-1
=T72A+8
=8094+1)
;91 -1 =8B

Since p (1) is true and if p (k) is true then p (& + 1)
is true, by induction, p (n) is true

Worked solutions: Chapter 1




4 p(n):n*—n=6A4 wherede Z 7

Step l: whenn=1,n-n=0=6%0
p(1) is true
Step 2: Assume p(k) i.e.
B —Fk=64
Step 3: prove p(k + 1)i.e. (k+ 1)) — (k+ 1) = 6B
where Be 7Z
Proof: (k+ 1P —(k+ 1)=F +32+3k+1—-Fk—1
=k + 3K+ 2k
=64+ k+3K + 2k
=64+ 3(F + k)
=64+ 3k(k+1)

But k(k + 1) is either odd X even or even X odd so
is divisible by 2.

. 3k (k + 1) is divisible by 6.
s (k+1P—(k+1)=6B

~. Since p(1) is true and if p(k) is true then
p(k + 1) is true, by induction p(#) is true.

5 P

n+1

o]
Step 1: when n = l,gm: &Z%
no_ 1 . :
and = = p(1) is true
Step 2: assume p(k) i.e. Z +1 = kiﬂ !
Step 3: prove p(k + 1) i.e. Z +1) = /%;
Proof: erﬂ —;,Hl (k+1)(k+2)
_ B42k+1 _ (k1] _ k+1
(k+1)(k+2)  (k+D)(k+2) k+2 2

Since p(1) is true, and if p(k) is true then p(k + 1)
is true, by induction p(#) is true.
6 p(n):2"*2+3"*"1=T74where Ae Z
Step 1: whenn=1,2"*2+ 3*1 =224 33
=8+27=35+7X5
- p(1)is true
Step 2: assume p(k)i.e. 2872 + 3%*+1 =74

Step 3: prove p(k + 1) i.e. 2¥*3 + 3%**3=17B
where Be Z

PrOOf: 2k+3 + 32k+3 — 2(’7A — 32k+1) + 32k+3
— 14A + 32/€+3 —_ 2 X 321e+1
=144 + 3**1(9 - 2)
=144+ 3%*+1x 7 4
=7Q2A4+ 3**1'=7B
Since p(1) is true, and if p(k) is true then p(k + 1)
is true, by induction, p(n) is true.
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1 1 _11 _49
) g’ 9’ 27’ ﬁ
p(n):u, = 3[%] -1
Step1:Whenn:1u1:1and3[§]— 1=2-1=1
- p(1) is true

Step 2: Assume p(k) i.e. u, = 3[%] -1

1

Step 3: Prove p(k + 1)ie. u ., = 3[%] -1
Proof: u,., = %

k
2><3[g] -2-1
— 3
3
k

Since p(1) is true, and if p(k) is true then p(k + 1)
is true, therefore by induction, p(n) is true.

Exercise 1J

I =T7=8x 7 =T1=7xT7!
100 =9!'=10%x 9! -9 =9 x 9!
S5I=4l=5x4l -4l =4 x4l
95! — 94! = 95 x 94! — 94! = 94 x 94!
n+D—nl=m+Dnl-nl=nxn
a H__1 _1
6! 6x5 30
b 5x31_3'_4
6! 6
c X% =81x6=241920
nl+m-D! _nxn-D!+@-D! _ n+1 _ 1
a n+D)! T (m+Dnr-D!  (n+Dn n
b A=(=D!_ =D (-2)!- (n-1)(2-2)!
n-2)t ~ (n-2)!
=nn—-1)—-(n—-1)
=n-1)(n-1)
=(n-1)y>
c (n!)2—1:(n!—l)(n!+1):n!_1
n'+1 n'+1

@u+2)!(n)? _ (2n+2)Cn+1)2n)! (n!)?
[(n+ DI Cn)! — (n+1)* (n!)* 2n)!
2(n +1)(2n+1)
(1 +1)?
_202n+1)

(n+1)

Worked solutions: Chapter 1




Exercise 1K
1 26%x25%x24=15600
2 a 12!=479001600

b 4! x 3! x4l'x 2! x31=41472

8
3 (4} = 70 weeks
4 a (ZOJ = 4845
4
8 12
b 4845 — 4~ 4 = 4845 — 70 — 495 = 4280

6Xx7x7%x4=1176
b mustendin 0O 6X7x7%x1=294
6xX5%x4x%x1=120

5x5x%x4x3=300

ending in 0

endingin2,4 or 6

120 + 300 =420
6 26°x10°=17576000

Exercise 1L
1 a n_ n! n n! n!
7 m=)r! |\ p—r (n (n=r)!(n- r)' rli(n—r)!
b n+l) ey
ro | (mr1-n)tr!

n + n n! n!
7 r—1 (n r)'r' (n-r+DI(r-1!

_(n—r+Dnl+m!
T (m-r+Dir!

_ nxnl+n!
T (n—-r+1)lr!
_ nl(n+1)
T (n—-r+1)lr!
(n+1)!
T (n—-r+1)lr!

(n+1 (7 n
I O B % * r—1
2 a (1+2x)“=1+[111] (2x)+[121] (2x)* +

11 X
(3](2x) +

=14+22x+220x%+ 1320x% + . . ..

7 7 7 2 7
b (1-3x) =1+ [1] (—3x) + [ZJ(—3JC) + [3}

(=3x)* +
=1-21x+ 189x% —945x3 + . . ..
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WORKED SOLUTIONS

5 5 5
c Q+5x° =25+ [1] 24 (5x) + {2} 23 (5% + [3J
22 (5x) +
=32+ 400x + 2000x2 + 5000x3% + . . ..
9 9 _ 9 oV 9
_X] =99 8 (=% 7(=% 6
d (2 3j 2 +[1]2 [3)+[2J2 [3) +[3]2
(Tj +....
=512 = 768x+ 51247 - L2 x3+ ..
7
a (1-4x 4thterm = [3] (—4x) = —22404°
20 20
x _ - 95
b (l_fj 3rd term = [2 ]( 5 ) . 2 2

¢ (2a—b)® 4thterm = [i} Qay (~b)* = —17928°F

[142] 2x)} (Lj = 126720

24.£+

@+ 2y =29+ 202

5. x (5., w0
2 23.254_{3]22.

xS

1
5
4 2 @ 3125

80x 40x° 2x* x°
= + =+ ==+ — + =
32 + 16 125 125 3125

8¢ L2t ¥
25 125 3125

Q2+ 32 + 0.8 + 0.008 + 0.00004
+ 0.0000001 + ...

= 32.80804 (5 dp)

(VN2 -3)=4-4x2V2x3+6x2x3-4

2 x 3.3

=4-8V6 +36-
=49 - 20/6

=22 +3X2x% =

J5
+3\/§xi+

1
545
¥+——ff+

(1—\/_)5=2><5><I+2><10
X (N7 +2x (J7)
=10~/7 + 1407 + 9847
=2487
=2+ 2xy+ 1y = (% —2xy+)?)
:4xy

_ la+d) (a
=4 7

:32+16x+16?"+

2017 =@2+ 22y =

126 +9

(-2

W2+ 5y

(2]

(1+~7) -

a a#-"b
b) (usmg 2x=a+ band

2y=a—b)
=(@+b)(a—b)=(@—-b)(a+d)

Worked solutions: Chapter 1




b @=xX+32y+3x2+)y
P=x-32y+3x) - y=ad-b0=62%y+2y
=2)(3x* +y°) = (a = ) (3x* + )

=(a-Db) 3(a;b)2 +[“T_b]2

=8 30 4 6ab+ 30 + @ — 2ab+ F]

b
4
= =0 (402 + dab + 48)
=(@—-b)(@+ab+ b
c d=x+43y+ 622y +4xy  +y*
b'=x'—4xy+ 6x° y* — dxy’ + y*
=a - b =8y + 8x)° =8xy (x* +)?)
:8(“+b)@(xz+yz)

2

=2(a-1b)(a-b) {[;b] + [“;b]z

=2(a-b)(a+b) 7+"7]
=@-b)(a+b) @+
(@=by(@ '+a tb+a P+ ...+

e Letp(n)bea"—b'=@—b)(a '+a""%b
+ ...+

Whenn=1,a'—b'=a—bsop(l)is true.
Assume p(n) is true for n = ki.e. a* — b
=(a—-b)(a'+a b+ ..+Db)
Prove p(n) is true forn = k& + 1:
A= Pl = g x gk — Bl
=alla-b)y(@ '+a2b+ ..
+bk—1)] + g X bk_bk+1
=(@-b)[a*+d b+ .. +ab]
+abk_bk+l
=(@-b)(a*+dad b+ .. +ab ")
+(a_b)bk+bk+1_bk+l
=(@—-by(@+d'b+.. a1+ 1)
- p(k+ 1)is true.

So, since p(1) is true and if p(k) is true then
p(k + 1) is true, therefore by induction p(#n) is
true.

Review exercise

S

u,=16 S, =84
u r=16 u tu r+ur=_84
”1=? u (I+r+r?)=284
B+r+r)=84
16 + 167 + 1672 = 84r
16/ — 687+ 16 = 0
472 - 17r+4=0
(4r—1)(r—4):0r=ior4
if r:%,u1:64 64, 16, 4
if r=4,u =4 4,16, 64
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WORKED SOLUTIONS

1+3+4+6+7+9+10+12+....+46
=(1+4+7+....+46)+(3+6+9+....+45)
=2 (1+46) + 12 (3 +45)
=376 + 360 =736
c-b=b-a =% a+tbtc=S (3)
natce=2b (1) bc=a> (2)
substitute (1)in (3) 26+ b=
-9 . ,_33
3b—7 ..b—2
at+c=-3 _7362622
c=—3-a .'._73—3—a)=cz2
9+ 3a =24
20 =3a-9=0
2a+3)@-3)=0
=3 or3
d—ZOI‘
a#?sincea#b La=3 c¢c=-6

The three numbers are 3, %3, -6
1,3,7,15,31,63

p(n):u =2"-1

Step l: whenn=1,u,=1=2'-1

- p(1) is true.

Step 2: assume p(k) i.e. u, = 2* - 1

Step 3: prove p(k + 1)i.e u,., =2 -1

proof: u,,, = 2u, + 1

=202 - 1)+ 1
=28 1-2+1
=Qk+1 _ 1

Since p(1) is true and if p(k) is true then p(k + 1) is
true, by the principal of mathematical induction,
p(n) is true.

p(n): 3" —=8n—-1=644(Ae€ Z,e 7")

Step 1: whenn=1,32-8-1=0

- p(1) is true.

Step 2: assume p(k) i.e. 3% — 8k — 1 = 644

Step 3: prove p(k + 1) i.e. 32¢*D — 8(k+ 1) — 1
= 64B (Be 7)

Proof: 32¢*D - 8(k+ 1) -1

=3%*(3)-8k—9

=9(644+8k+1)—8k—9

=576A4+ 72k+9 —-8k—9

= 5764 + 64k

=64(94 + k)

=6B

Since p(1) is true and if p(k) is true then p(k + 1) is

true, by the principal of mathematical induction,
p(n) is true.

Worked solutions: Chapter 1




The spiral consists of 1.5 of the sides of the
first eight squares and one of the sides of the

ninth square.

length = 1.5 [1+1

1 8
(%
=15 Zj +1 =486
INENST
N
length = 1.5 | —+|=5.12

The spiral consists of 8 triangles

area=4(3]+(35

n+l]  (n+1)! n—1| _ (n-1)
4 |~ (n-3)4l b 9 | (m=3)2
(n+1)! 6(n—1)!
(n—3)14! ~ (n-3)12!
(ntl)n _
24
mw+n=72
mw+n—-72=0
n+9Hn-8)=0
. n = 8 (n cannot be negative)
ny (n n n
7 (1+xr= ol tly]*+ 2x2+...+ MESS N
n n n n n
a Letx:1,0+l+2+..+y+ '+n
n| (n) (n n
b Letx=-1, o1 +1, —-...+ (D . + ..
o[l =0
+ (=D |=
|
Review exercise
1V L (1Y — 21 =1
12 (3)+(3) = ¢=2 073
AV (Yo p _1 _1
[zﬁj +[2J§j b =3 b=3
1Y, (1) _ 1 1
)+ 5] =2 =y T

j2+(ljz+----J to 8 terms

4
:%(l+%+%+....)t08terms
(-]
4 2
Area =7 (1 ) = 0.249
=3
1
1
Area = jl} =0.25
2
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WORKED SOLUTIONS

a 14— 908107200
3121212121

b Consider 5 digit and 6 digit numbers ending
in 0 or 5.

5 digit numbers:
4x6xXx6%X6%x2=1728
6 digit numbers:
5X6X6%X6X%X6x%x2=12960
1728 + 12960 = 14688

c 4 x (2! =384

M (W 6 4 6 4
> |3 2><3+1><4
=15x4+6x1
=66

n n n
Coefficients are b
r=1]\{r])|r+1

n! n! n! n!

(n—r—l)!(r—l)!_(n—r)!rl - (n—r)!rl_(n—r+l)l(r—1)!

Divide by n! and multiply by ( + D)! (n — r + 1)!
n—r+1)(n—-nrn-(@F+1)

n—r+1)=@F+1)

n—r+1)—(@+ r

n—r+1)(n—r —2

F+D(m—r+1)+

r+1r=0

m—m—-—m+r*+n —r—2m+2r?—2r—2n+
2r=2+r*+r=0

n—=4dm+4r*—-n—-2=0
n+4r’=2-n@r+1)=0

n=14, 196 +4r*—-2-144r+1)=0
472 = 56r+180=0

r’—=14r+45=0

F=5@r—-9=0

r=5o0r9

Th Fici 14) (14) (14 or 14) (14) (14
e coefficients are alls e g o llio

Both sets give 1001, 2002, 3003.

Worked solutions: Chapter 1




A 2
- //1'/// WORKED SOLUTIONS

~ Mathematics as a language

2 a y=x?—-4x+2 domainis x € R

Answers y= (x — 2)2 -2 range = {yly > — 2}

Skills check b y=—-(x+2)-3 domainis x eR

1 y=x2-3x-1 range = {y|y < - 3}

sV 13 c y=+Jx+2 x+2=0 domain= {x|x=-2}
y:(x—2) v x=-—2 range= {y|ly=0}
Vertex is (Z _413) Axis of symmetry isx:g d y=+3-x 3—x=0 domain= {x|x< 3}
2 a 3x+4=0,x:—§ x<3 range = {y|y >0}
b 3x*-2x—-1=0 e y=-3x2+6x—1 domainisxeR
BGx+DHx-1)=0 =-3(x*-2x)—-1
x=—§or1 =-3[x-1)>*-1] -1
=-3(x-1)2+2 range = {yly <2}

3 a y-3=vx-2 f y=+4-2xr 4-2x>0 domain={x|x<2}
wx=2=(y=3) x<2 range = {y|y =0}
Lx=(y—-3)?+2

b _2x—1 .
YT 52 Exercise 2C
gxy+32yi§x—l 1 y=—|x| domain = {x|x € R}
¥ = 3xy =2y +1 range = {y|y <0}
x(2-3y)=2y+1 .
C2ya 2 y=|2x+1| domain = {x|x € R}
¥ 23y range = {y|y = 0}
. 3 y=—[2x+1] domain = {x|x e R}

Exercise 2A range = {y|y < 0}

1 a function, domain = {0, 1, 2, 3}, 4 y=2x—1| domain = {x|xeR}
range = {—1, 1, 2, 3} range = {y|y = 0}
range = 0] 2 range = {y|y <0}

¢ notalunction 6 y=|x+4|-2 domain = {x|x e R}

d not a function range = {y|y = -2}

7 y=-2|x—1|+1 domain = {x|xeR}
range = {y|ly <1}

8 y=3|1-2x|-2 domain = {x|x € R}
range = {y|ly = — 2}

2 a function, domain = {x|—- 3 < x < 3},
range = {y|0 <y < 3}
b not a function
not a function
d function, domain = {x|x = — 1},

(2]

range = {y|y =0} Exercise 2D
Exercise 2B 1 y=; 1+2 domain = {x | x = —i}
X
1 yzzx:y:i\/; range:{y|y¢0}
one value of x gives 2 values of y 1 4 . )
eg.if x=4, y £ 2 .. not a function. 2 Y= omain ={x|x # 2},

. . range = {y|y # 0
y= Jx , Jx is the positive square root of x ge=yly#0;

o 3
.. each value of x gives just one value of y 3 y=

3—x

domain ={x|x # 3},
range = {y|y # 0}

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute Worked solutions: Chapter 2




4 y=—6x5+3 domain={x|x¢—;},
range = {y|y # 0}
5 :itii domainz{xlx;t;},
range = {yly # —1}
6 y:—zlfxx domain ={x|x # —1},
range = {y|y # 3}
Exercise 2E
1 Y= domain ={x|x # —1}, range = {y|y > 0}
2 yzlxill domain ={x|x # 1}, range = {y|y <0}
3 yzli—l domain={x|;c¢0}
If x> O,y:;:1
Ifx<0, =" =-1
- range = {-1, 1}
4 y= I_Zx 1-x>0 -~ x<1
domain ={x|x < 1}, range = {y|y < 0}
5 a Forftobereal, x—12—2>0

=1-2>0
X

=1-2>0
X
o<t
2

so domain= {x|—1 <x L, X # 0}

NN/
b Range= {y|y>0}

Exercise 2F
1, x>0
. y:{—l, x<0
a f(-3)=-1 A0O=1 Am=1 f4=1
b "
0 %

2
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¢ domain = {x|xeR} range= {-1, 1}

1-x, x<-1
y=42.5, ~1<x <6
x2—4, xZ\/g

a f(-3)=4 A0)=25 f(J6)=2 f3)=5
b 3

4
3 /
ro}

2

1
1

4 3 2 19 1 2 3%
¢ domain = {x|xe€R} range= {y|ly =2}

3 f(x):{\/x I, x>0

WORKED SOLUTIONS

3x—1, x<0
a f-1)=-4 A0)=-1 f()=~2 f8)=3
b N

2 —]
ra

>V

0

9}

LSl

A

Ls

¢ domain = {x|xeR}
range = {yly<—-lory>1}

x*+1, x<0
g(x)= —%JH—I, O<x<2
—Jx=2, x>2

a f-2)=5 =5 f2)=0 f3)=-1
b )/

\ 4

N

32 19 1 2 4%

)
ra

¢ domain = {x|x€R} range = {y|y eR}

Exercise 2G
1 f(x)=4-x> a many-to-one

b f(=x)=4-(—x*)=4-x=f(x) .. even
2 g(x)=x°+3x a one-to-one

b g(—x)=(2x°+3(x=-x>-3x=—g(x)

- odd
3 h(x)= ;—j a one-to-one
-3 _3__

b k()= =7 =—h() - odd

4 p(x)=x*+4x+1 a one-to-one

b p(—x)=(x3+4(—x)+1=—x>-4x+1
# p(x) or —p(x) .. neither odd nor even

-1 0<x<7x
r(x)=41
-1 27<x<37

b If 0 <x<3mx, r(—x) is not defined
.. neither even nor odd

g(x)=2x3—4x a many-to-one
b ¢g(—x)=2(—x)°%-4(—x)=-24+4x=—g(x)
- odd

T<x<2x a many-to-one

Worked solutions: Chapter 2




7 w(x)=x-2x3+x° a many-to-one

b w(-x)=-x-2(x)3+(—x)°=—-x+2x3—x°

=-w(x)
- odd
8 t(x)=4x*—x a many-to-one
b f(—x)=4(—x)*—(—x) = 4x* + x # t(x) or —£(x)
.. neither even nor odd
9 f(x) = 0 is both even and odd

Exercise 2H
1 f)=2x g(x=+x
domain of f is all real numbers
domain of g is all non-negative real numbers
a 2¢(x) — f(x) domain is all non-negative real
numbers
b f(x) - g(x) domain is all non-negative real
numbers

c (3) (x) domain is all positive real numbers
f

2 f)=Ix+1] gx)=vx"'-4

domain of f is all real numbers
domain of g = {x|x< -2, x =2}

domain of (f)(x) = {x|lx<-2,x>2}
8

3 f=x*+2x—-1
fg)=r(1)=2
g(f(-1)=¢g(-2)=-
SUFO)=f(-1)=-2

8g() =g(1 - 2x— 3x7?)
=1-2(1-2x—3x?) -3 (1 —2x —3x%?

gx)=1-2x—3x2

Q 0 o

=1-2+4x+6x*-3(1 —2x— 3x2— 2x + 4x?

+ 6x° — 3x%+ 6x° + 9x%)
=—1+4+4x+ 6x> =3+ 12x + 6x%2— 36x° — 27x%)
=—4 + 16x + 12x*— 36x% — 27x*

4 flx)=1-2x gx)=x*-1 h(x)=+2x+4
fg) =fix*=1)
=1-2(x?-1)=3-2«
domain = {x|x € R} range = {y|y <3}
i g(h(x)=g(V2r+4)=2x+4-1
= 2x + 3 domain
= domain of /4 =

={lyz-1}
i f(h() = f(V2r+4)=1-22x+4
domain = {x|x>—2} range = {y|y < 1}
v h(g()=h(* 1) =2+ -1)+4
=2x%+2

domain = {x|x R} range = {y|y = \/5}
d flg)=3-2(1)*=1
h(fg(1) = h(1) = V6

a, b i

{x|x= -2} range
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WORKED SOLUTIONS

5 eg.  fix)=x-2 g(x) =«
6 eg. g(x)=2x-3 h(x):\/;
Exercise 2I
1 y=3x—1 x=3y-1
:X;-I f—l( ) x+1
SOy =3("1 ) 1=xr 1= 1=
FUfR) = M ?xzx
Ay‘y=3x—1
MRVARZY
X+1
y==3
5 X
/
_x-1
2 Y= 3
x=2"1 . y=3x+1 fl(x)=3x+1

3

a4

fU @) = S0 =y

3
y‘y=3x+1

/

w

Xt
/y_3

|
w
>

[~
w

FU@) = (Jx+2)2—2 —x+2-2=x
FU@) =V —2+2=x" =x

A y=x-2 y=x
[
, _ly=+2
/
/ R
2 2 4%
y=x*+1 x<0
x=y2+1
y=—vx-1,x21 fl(x)=—Vx-1,x21

FU@) = (Varl) 4l=x—1+1=x
S =~V +1-1= ¥ =«

Worked solutions: Chapter 2




-2 b/
y=x +14\

N

N ~y=-Wx-1

y=x*+4x-1 x=-1

~

x=y*+4y-1

yi+4y=x+1

y2+4y+4=x+5 -

N

1
N

ailTo

y+2)>2=x+5 y =+

_y+2:\/x+5

y=+x+5-2

f N x)=+x+5-2, x>—-4 (sincerange of f(x)is

yz-4)

y=1-2x x=1-2y
2y=1-x
y:l_x
-y =1 - 2xis not its own inverse
S =3x  gx)=2x+1
o=y fw=r
gof(x)=gBx)=2Bx)+1=6x+1

_ x—1 _ _ _ -1
o) ="' freg@=r1(*)=
S fTeg () = (gof ) ')
_ 2x+1
T ox-1
x:2y+1

y—1
yx—x=2y+1
y(x-2)=1+x
y:1+x

x=2

) = L’; domain = {x|x# 2}
o

Exercise 2J

1 a b/
Q
6 y=|fx)|
A
/
b 10 X
9.
y =1fx)
b y=1(x) Qyn
A
A
2 | ) X
2
y=Ax|)

0

x —

6

1

WORKED SOLUTIONS

IR SO I N

2 419\ 4%
y =1fx)
y=fllx) A y =)
3
.
\[ 1§ /
a5 AINd 4%
Roy=lfx)|
4
\
D 1 0 X
JANE
q}i
D 1 0 X
/
2
yefx1)/,
(ANREAL
/N \
/
y=1f0] my‘
- /
/
D 4 |0 X
y =|fx)
y=fx) 4 y =)
/
\ /
N\
D 4 N X
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WORKED SOLUTIONS
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5 a N 4 1'.‘}’k
\ I y=—x(x—2
Ll \ L
\[/
2 |0 75| | do* >
- (1,1) 4 | X
y = ) ' [ V-2
4 / \
00 x-2
b /
4 5 7
10 :
%3
10 |5~ | 0 7T ox oLt \ Ay=2d3
10 -5 5 10 RENGEY N
324012 3 4 5%
A _3/ :
Exercise 2K T s
1 6 a
A}f y=x+4 A
T
\
L\ ~<
Vi |0 —— ——
= ah 0 > y=1ftx) y5
\ o X
\
x=l—4 4 b N
1k [T [1]y]= o
iy
2 y=1-3 % U? i i ?V
-+ Ry
'- VAL EAVEARR
s AT T
! N x=% 1 1/l
TOECONT P 1
IR SR (e
| .
sl Exercise 2L
1 a Translation (2 ], re.g(x)=f(x—3)+2
3 2
% . -2 .
X o] 7 b Translation ( 1), e g(x)=f(lx+2)—-1
0
\ / c Reflection in the x-axis and translation [ 1}
\/ 1/ re.glx)=—f(x)—1
© 7‘1 yxr4 d Horizontal compression by a factor of 1, i.e.
2
) - Ix g8(x) =f(2x)
R aeni [ % e Reflection in the x-axis and vertical stretch of
i 2,ie g(x) = —2f(%)
R f Reflection in the y-axis and horizontal stretch
A of 2, i.e.g(x)=f(—%x)

sinstitute Worked solutions: Chapter 2




2 g)=h(-(x—3)orglx)=rh(-x+3)

3 a
)
“1,0) R
5 A |- 4%
(-4,+2) - (1,-1)
gx+1)-2
(-6,t3) A
b
(-5,2) A ew
-4,0)
AN y 4%
o @-2
h -2 8(x
(0,-4)
c Y
2
F169)
2/0) |(1]1)
o Lo 1O 2 | 4
(-2.5,+1) | | g(2x
d Yy,
2
0 _Z—wly =25 |
6 u | o |0 4 %
[5)-1 ol 1
\ 2 25"/
e
*0,3)
g+ _—1 1,
p 4,2
(-10,1) — 8(x) -2
7 7 (_8’1)
10! 8| 6 a4 o |0 4 X
4 a v
y=f(x)
%
A/ 5
010 19| 4l X
/. \
/ L x ) ) \
) D i M
b Ay=2]|(2«+3)|-2
g/
/
A
)=

X

B
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WORKED SOLUTIONS

[ o4
N v=
s Y xD+25
™~ _l 39 1

20
10

5 o740 X
10

f(x)=x(x-1)(x+1)

5 y= 2 +3 =2+9(x+2) =9x+20
3(x+2) 3(x+2) 3(x+2)

Domain = {x | x# — 2}, Range = {y | y # 3}
=_1 .,
6 a x= Y 2
b Whenx=0,y=%=5

= intercept at (0, 5)
Wheny=0,4x+5=0

4x=-5
_ 5
x__i
4

= intercept at (— %, 0)

2x +1 2x+1
- if g(x) = 1, then f(x) = 3 g2x+1) + 2
X

i.e. vertical stretch of 3, then horizontal
1

stretch of %, then translation _;
X Review exercise
1 a function domain = {x|xeR}
range = {y|y <2}
b not a function
¢ not a function
d function domain = {x|xeR, x # + 1}
range = {y|y < —-0.250ry > 0}
2 f(gr@B)))=f(g@)=f(2)=3
(' TION =T (g 2N =hTI(4) =3

o _ 1) — 1 _ -1 _ x-1
3 fof@=r(Y)= T T i) 2
x—1
_ x-1 _y1 — — 4 —
YEa X5, 2x—yx=y—1
y+tyx=2x+1 y(l+x)=2x+1 =2xx:11

2x+1

S (fef)T) = T




(=5,-3)
(=2,-1)
(7, -7

345 X

o
o
1
A
|
o
e
L s o
i

54321\ r7345*
2
3
-4
5

5345 X

LI
o
|
A
|
o
|
e
|
b &b
L 1O

Reflection in x-axis = g(x) = —f (x)
Reflection in y-axis = g(x) =f(—x)
Horizontal shift of 3 units to the left, vertical
shift of 1 unit down = g(x) =f(x + 3) -1

d Reflection in the horizontal line y = 1

=g =f(n)+1
. 5= L
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WORKED SOLUTIONS

f Compression by factor of 1 and reflection in
x-axis = g(x) = —f (2x)
Reflection in y-axis and vertical shift of 2
units upwards = g(x) = f(—x) + 2

7 f(x)is odd, s0 f(—x) = —f (%)

Let x =0, then £(0) = —f(0)
ie. 2f(0)=0

= f(@0)=0
. f(x) passes through (0, 0)

Review exercise

1

f(g@) = f(x?) = 3x>~ 1

b (g =hG) =

c g'@W=Vr g'(fe)

=g (Bx—1)=~Bx—-1

1

d Findhix= ' . y+2=-.y=1-2
yt2 x x
fE) =, =D =3(,-2)~1=>~7
_ 3-T7x
fo=22 g=x
S =1x]  gx)=4x>+2x-5
g @) =4lxl+2lx] - 5
yl
T P1 T
\ |
\ [
31 D 1\ 0 J/ X
\ /
F(g() = [4x7 +2x =5
%
|
\ " I
\ |
\ [
/ \

3 2 -1 0 1 2 3%

0

Vertical stretch of g followed by translation [32]

9 9
9x = 5x— 160
4x=-160 and ..x=-40

_ 3

8(x)= 2(x +1)
_3-4(x+1D) _ -1-4x

20 +1)  2(x+1)

Worked solutions: Chapter 2




“The long journey of
mathematics

2 —
Answers g mx—1lx=0
x(mx—11)=0
Skllls ChECk x=0or 17[1
1 a x>+2x-3=0 h exz—x/—ZO
(x+3)(x-1)=0 SN
x=-3o0rl e
b x*—11x+10=0 x=+ [
(x—10)x—1)=0 ¢

2 =
—lorl0 2 a 2x*+5x+2=0

X
© 27+x=3=0 po SEVS400)

Qx+3)(x—1)=0

2 a f)+g(x)=2x3-3 _5+3
b Zh(x)_4g(x)+Sf(x):6x4—4x2—10—8x3 4 1
+4x2 — 12x + 16 + 5x x=ororo,
—15x+5 b 3x*-10x+3=0
=6x*— 8x%+ 5x2—-27x+ 11 1o+m
| 2 3.4 .2 5 4 534 2 6 8
I {0 S A \/_
=3t Ay 32 0y 9 i6
5 5 5 5 10
_10+8
| 6
Exercise 3A x=3or
1 a 2x*-3x=0 3
x(2x=3)=0 c 5x2+3x-2=0
: 10
b 3x>—75=0 x50
10
_ s oo 3T
. 10
2
. Sx 4x 0 x_—lorg
X (5x—4)=0 d 21x*+5x—-6=0
x:Oor% x=@
42
d 7+28x2=0 5529
no real roots o 5
e 242x*+2x=0 275:223
2x(121x+ 1) =0 1=
x=00r—é
e Ix?-6x+35=0
f V222 -8=0 x—éim
x*2=2 o
x:i\/z no real roots
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WORKED SOLUTIONS

Worked solutions: Chapter 3




f 122x=143x*+24
143x* —122x+24 =0
122+ 1488413728

286
12241156
T 286
122434
286

4 6

xX=—o0r —
1311

3 a x*+4x+2=0

oo 42168
2
x=—412x/5
2
x=—2i\/§
b 5x2—-6x—1=0
= 6£336+20
10
_ 656
10
_ 62414
10
x=3i\/ﬁ

d 2x2+11x+13=0
o l1Eyi21-104

4
x:—lli\/ﬁ
4
e 11x2=23x-7
11x>=23x+7=0
x:23im

22

_23++4221

22
f 29x=>5x?-41
15x2=29x—41=0
x:29im
10

x= 29 £ 1661

10

4 a x*+px—2pP=0
(x+2p) (x—p)=0
x=-2porp

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute Worked solutions: Chapter 3

WORKED SOLUTIONS

b A2+ (k+2)x—2=0
(bx+2)(x+1)=0

x="2or-1
k

c 2ax*+6=ax+ 12x
2ax> —ax—12x+6=0
(ax—6)2x—1)=0

_x:éorl
a 2

d x2-2a*=0—ax— 3ab

x*+ax+ (3ab—2a* -0 =0

_ —axd®~12ab+8a>+4b?

X =
2

—a /9%~ 12ab+ 45"

2
g =0tBa-2b)
2
x=-2a+bora—»b

Exercise 3B
1 a x*-2x-3=0

A=4-4(1)(-3)
A=16>0
.. 2 real roots

b x2+10x+25=0
A =100 - 4(1) (25)
A=0
.. one real root

c 4x?-3x+2=0
A=9-44)(2)
A=-23<0
.. no real roots

d 5x2-11x+6=0
A =121 —-4(5) (6)
A=1>0
.. 2 real roots

e Zx —“x+2=
7 3
-4
49 5/\3
A=-312 0
245

.. no real roots

f 2x% +2426x+13=0
A =104 - 4(2)(13)
A=0

.. one real root




2 a xX-2x—k=0
A=4+ 4k
4+4k=0
k=-1

b kx?+3x-2=0
A=9+ 8k
9+8k>0

E>-2
8

c 3x?+5x+2k-1=0
A=25-12QR2k—-1)
=37 - 24k
37 - 24k <0
37 < 24k

B>
24

d x2-Bk+2x+k=0
A= (Bk+2)7 -4k
=5+ 12k + 4
52+ 12k+4=0
Ge+2)(+2)=0

E=—20r-2
5

e kx?+2kx+k-2=0
A=4r — 4k (k- 2) =8k
8k >0
k>0

f 2kx’+ (4k+3)x+k—-3=0
A= (4k+ 3)? — 8k (k- 3)

= 16K + 24k + 9 — 8K + 24k
=8k + 48k + 9
8k +48k+9<0
if 882 + 48k + 9 =0, then
szmm

16

48+ 12414

B 16

_-12+3J14
4

—12—43Jﬁ<k<—12 +43Jﬁ

Exercise 3C
1 a x*-3x+2=0
x, +x,=3
x1x2=2
2,2 _2nEx) g

X X X %y
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WORKED SOLUTIONS

b 3x?-5x+1=0
1

_> —
X =0 ax =

3x 2+ 3x?=3[(x, +x,) — 2xx)]

:Q
3
-1
c 5x*+x+3=0 x tx, = x1x2=5
5 5
) 2
1 1 x5 +x; (x1+x2) - 2xx,
LN = 5
X% X1 %, (xlxz)
1.6
_25 5 __29
i 9
25

d x?2-2x+4=0 x tx,=2 xx, =4
(= %) =(x, +x) —4xx,
=4-16=-12
e 2x?2—4x+3=0 X+ x,=2 xx=%
w3+ 20, =(x, +x) - 3xx, (x, +x)
=8-2(2)=-1
2

f x2+3x+1=0 x +x,=-3 xx,=1

4 4

1 1 Xy +x;

-+ — =
4 4 4 4

xl xz xl x2

(o, +x) =x*+4x’x + 6x7x7 +4xx’ +x°
xi+xt =+ x) - 6xx? — dxx, (x7 + x,7)
=(x,+x) —6x7 x>~ 4xx, [(x, + x) — 2xx)]
=81-6-4(9-2)
=47

L1 1 47
gty =, =47
o5 o1
2 _ _ 17 1
g 4x*-Tx+1=0 xl+xz_Z XX, =

3,2 2,3 _ 2.2
X x2+x1x2—xlx2(xl+x2)

h 7x?+4x-5=0 xl+x2=_74 x1xz=_75
(x,— x)' = x} —4xx, + 6x7x; —4dx,x; + %,
(x, +x) = x! +4x’x, +6x7x +4x, x5 + x)
s = x)t = (o + x)t — 8x) x, —8x, x;

= (x,+ %) — 8xx, (x7 +x2)

= (o, + x)* = 8xx, [(x, + x,)* — 2x,x,]

4
—| 2| 44016, 10
7 7\49 7
_ 256 , 40(86) _ 24336
2401 7 \49 2401

Worked solutions: Chapter 3




Exercise 3D

1 a
b

[

(2]

Q.

o

z=3i Re(2) =0 Im(z) =3

Exercise 3E

1 z=2+3i z

a

b

[
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1
z=-7 Re (z) = -7 Im(z) =0
_18-12i _18_9 __Ez_é
= Re(z)—;-Z Im(z)= 5 >
e=14iT Re=1 Imz)= 7
=42 Re(r)= % Im(x)= %
3z 3 3712
|12 +5i| =144 +25 = /169 = 13
|-24 - 7i| =576 + 49 = /625 = 25
|2\/§+Z\/§|=\/8+ =13
—21+20i| _ ,ﬂJr@:
29 841 841
B+dif_ [9 16 _ 5
V4 N - Tz
_ 3 . _ . 3+4i
2—5—41, z,=1-5i, z,= +5
z +z,=3-2i
21—223=2+3z'—2(%—41') =1+ 11 2
z,+tz, = %—?
524—222—5(“41')—2(;—41'):121'

3z, +4z,—z, = 5z,
=6+9i+6—16i—1+5i—3—4i
=8—-06/

22, = 2,2, = (2+3z’)(2—4i) —(1—5:')(3*5‘“)

=3—8i+§z'—12i2—§(3+4i—15i—20i2)

=15-1; - B 1

5
_52_13
5 10
2 2 N2 23 \[3+4i
zi—(z,-z,)=(1-5¢ ——(——41)( )
- 2(z,02,) =(1-507 2 (2 a3

=1—10i+25i2—2(9+6z‘—12i—16z‘2)
15\2

- —24—101‘—2(41—61')
15\ 2

__ 401 _ 46i

15 5

WORKED SOLUTIONS

Exercise 3F

_ e 1 5. _2i-1
z=1+4i,z,=2 hzy= -t &=
f_l+di 240 _2+i+8i-4 — =2 9
z, 2—1i 2+i 4+1 5
2 _1-4i 1-4i _1-4i-4i-16 _ -15 -8
z, 1+4i 1-4i 1+16 17 17
(2i-1)
2—
22.24_( 2 _2(4i-2+2+10)
Zy l—éi 3 1-5¢
2 2
_ 2y 5 1450 _2(5i-25) _ -50+10i
3 (1-5i) 1+5 3\ 1+25 78
=25
39 39
320 =223 _ 3412i-1+5i _ 2417  1-i
zz+3z4 2-i+2i-1 1+7 1-4
_2-2i+17i+17
1+1
=19 15;
2 2

2
A _ 0440 148216 _ 1548 3-4i

(z;)z @+ 4+4i-1 344 3-4i
_ —45 + 607 + 247 + 32
9+16
=13, 8,

25 25
Q2+d)(a+ib)=11-2i
a+l—b=11—2ix2—z’

241 2-1i

:22—111'—41'—2

4+1

=4—-3i a=4,b=-3
a+ib _ .
T 3+ 2i
a+ib=(-3+2)2-50)

=-6+15/+4i+ 10

=4+ 19
a=4,b=19
(Bi—=2)(a+ib)=3+28;

Lo 3+28i -2-3i  -6-9i-56i+84

a+ib= EFE RO 449

=6—15i
a=6,b=-5
1 3. N .
(7+71)(a+1b)——3+21
2 4

oo _12+8ix2_3i _ —24+36i+16i +24

atib= 449

=4
a=0,b=4

Worked solutions: Chapter 3




3 a 3% Re(z)=% Im(z)= -1
b Y257 _15+6 Re(z)=2 Im(z)=2
3 —-3i 3 3

e Ly 2 _1+it6i_ 1470 -3-3

i 1+i 3i(1+1) -3+3i -3-3i

_-3-3i-21i+21 _y_4;
9+9 3
Re(z)=1 Im(z)= ;ii

2 2 6
d 2-3i_2+3% _(2-3)" —(2+34)
243 2-3i 4+9
:4—12i—9—4—12i+9:—24i
13 13
Re(z) =0 Im(z)= =2
13
4 z =1+3; z,=3-1

N

a z -z +z-z"'=2(2,+2z))

(1+3)B3-i+3+1i)
=6+ 18/

b z.z,-z"2=(2 -2z
=(1+3/—(1—-30)(3—14)
=6i(3—1) 8
=6+ 18i

c z-z,+(z-z)=0+3)3-7)+

[ +3)@3 -

=(6+8i)+ (6 —8i)

=12

(z+ Di=(z+2i)(3 + 20)

zZi+i=3z+2zi+6i—4

i—6i+4=3z+2z

224—51')(3—1‘ :12—41‘7151'75
3+1 3-1i 9+1
10 10

b 2z—1DA+)=(—-1)(2+ 30)
22+ 2zi—1—i=2z+32zi—2 -3¢
L1+ 2=z
g=1t2i

z=2-1

z-3i+2 _z-1

4+3i

(z—=3i+2)1+)=(¢—-1){4+ 39

z+zi—3i+3+2+2i=4z+3zi—4—3i

z+zi—i+5=4z+3zi—4 - 3

9+ 2i=3z+ 2z

;=920 3-2i _27-18i+6i+4

1+14

3+2i 3-2i 9+4
= 31_12;
13 13
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WORKED SOLUTIONS

d 38-2i _ 28+5
2+ 10 + 157

3z = 2)(10 + 150) = 2z + 5)(2 +9)
30z +45zi — 20i + 30 = 4z + 2zi + 10 + 5/

26z + 43zi = —20 + 25{
5= ~20+25i 26 -43i _ ~520+860i + 650i + 1075

26443 26— 43i 26° +43°
_ 55541510/ _ 111 302,
2525 505 505
‘ eR. Letz=a+bi
2-7i
atbi 2470 _ 2a+7ai+2bi—7b
2-7i 247 4+49
Im( z ):0 S Ta+26=0
2-7i

.. TRe(z) + 2Im(z) = 0
Letz=a+bi, z2=a-bi

3-5i :3751'Xll+bi _ 3a+3bi —5ai +5b
z* - 5 5,

a—-bi a+bi

Re(3_*5i)=0

- 3Re(2) + 5Im(z) =0

a |z|—-z=4+3i Letz=a+ib
J 102 =4+3i+a+ib

=@4+a)+i(3+Db)

equating real and imaginary parts,
Vo +0? =4 +a
3+6=0 .. b=-3
@?+9=(4+a)
@?+9=16+8a+ &
8a=-7

a=——
8

b |z|+iz=2-i Letz=a+ib
Ja +6 =2—i—i(a+ ib)
=2—-i—ida+b
=Q2+b—-(1+a)

a2+b2

S 3a+26=0

z=—"_3
8

N +p2=2+b 1+a=0

a=-1
1+b62=(2+b)*
1+b62=4+4b+b> 4b=-3
:_; z=—1—%i

c z2—2z*=0. Letz=a+ib
(a+ by —(a—ib)=0
@+ 2abi—VP—a+ib=0
-0 -a=0 2ab+b=0
bRa+1)=0
b=00ra=—%

Worked solutions: Chapter 3




If6=0,a>-a=0,a(a-1)=0,a=0o0r1

Tta=-L 1 pi+l=0p=34p=+B
2’ 4 2 2
z 0,z=1,z=—1+£1',z=_—l V3
2 2 2

9 Letz =a +ib,z,=a,+ib,
a z,z=(aa, b)+i(ab,+ab)

|z, 2,| =

\/(alcz2 Y —2a,a,bb, +(bb,)" +(a,b,)’ +2ab,a,b, +(ab,)

272 272 272
\/a a, +b’b; +a’b; +a,b;

2 2 2 2
z| - lz,| =,|a; +b \Ja; +b,

2, ;2v 2, 52
=)@ +87)@} +8))
\/a @ +a’bl +bla; +bb}
wlzzl =1z 1z
b 4 _ 9 +ib, % a, —ib, _ (a,a, +bb,)+i(ab —ab,)

z ; _ 2 2
2 a,+ib, a,—ib, a, +0,

_ \/(alaz +o0,) , (@b —ap, )’

(@ +b)) (@ +b)

2

2,

\/a a, +2a,a,bb, +b b +a, b —-2aa,bb, +a b
- 2
a, +b2
\/a2a2 +b2b2 + azb2 + azb2
= Y
,[ a +b a +b 12+b12 |z
a +b2 \/“2 +b |zz|
Nl
CA A
c Letp(n)be |z"]| = |z]|"
Step 1: Whenn=1, |z"| = |z| = |z|'so
p(1) is true.
Step 2: Assume p(n) is true when n = k, i.e.
[z = |z|*

Step 3: Prove p(n) is true when n = k& + 1.
Proof : [z¥!|= |2*- z|
|2 | z|
|z|* | 2|
— |Z| kE+1

Since p(1) is true and if p(k) is true then p(k + 1)

is true, by mathematical induction p(#) is true.
d Letz =a+biandz, =c+di

Thenz +2z,=(a+c) + (b + d)i.

From the properties of a triangle, |z, + z, |

< J@+0 +\Jc? +d>
<zl + |z,

. Iz1 +zzl
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10 Letz=a+ bi, z,

(3]

WORKED SOLUTIONS

=a +biz,=a,+b

z2=a—bi () =a+bi=z
. (Z*)*:Z
z +z,=(a,+a)+i(b +b)

(z,+z)=( +a)—i(b +b)
=(a,—ib)+(a,—ib)=z"+2z’
(e tz) =zt

z .z,=(aa,—bb)+i(ab,+ab)
(z,.2) =(aa,—bb,)—i(ab,+ab)
=(a, — ib)(a, — ib,)
=(a,a,—bb,)—i(ab,+ab)
(g .z) =
z*=(a+ib)(a—ib) =

vz.zr=|z|?

a+ b= z|?

|2 = la= bl =\’ +(-8)" = +5” = ||

Lz =z

Exercise 3G

1

PR+ +=i+1-1-i=0
1'123+l'172+l‘256+l'375:_l'+1+1_Z':2_21'
2-/3)@+28)=2-1)3B+20)

=6+4/—3/+2
=8+1i
472010 _ 4; 2011 _ 43
;2012 | ;2013 245
=—4+31‘X2—5i_78+20i+6z'+15
2+5 2-5i 4+25
7,26
29 29
i(l_l.zon)
.2 .3 .2011 -
T+i7 +1 4.+ - 1-i
. .2 .3 2011 T (142+43+...42011)
1.1 .1 ...1 1
i(1+14) i(1+14)
B 2011 . 2023066
(1-4)i 2 (2012) (1-1)i
_i(1+9) :—1+i:1
(1-i)(-1) ~1+i
L TS T I B |

.2 .4 .6 .2010
B A )

. (2+4+6+....+2010)
1.1 1

—__ 1 A g |

- '10205(2012) Jloroso -1

Q2+3)+(1—-4i)*=4+12i—9+1-8/-16
=-20+4;

(B+2)+(B-2=9+12i-4+9-12{ -4
=10

Worked solutions: Chapter 3




(3 + 24)* = 33 + 3(3)*(27) + 3(3)(2)* + (20)°
=27+ 54i — 36 — 8
=-9 +46i

(3 = 20 = 3% + 3(3)*(—20) + 3(3)(—2:)* + (—2i)°
=27 —54i — 36 + 8/
=-9—-46i

S (B+2)P+(3-20)°=-18

I+ =0+)P2A+)P=(10+2i-1)

1+2i—-1)=-4

1-=0-A-)=0-2i—-1)
(1-2i-1)=-4

S0+ )+ (-9 =-8

N3+4i =x+iy

3+ 4i=x%— >+ 2ixy

x2=9y=3 2xy=4

y=2
x2—%=3 sxt=3x2-4=0
(P =4)x*+1)=0

sx=x2

J3+4i =2+ior—-2—i

V12 -5 =x+iy

12i = 5=x%— 3>+ 2ixy
x2=3P=-5 2xy=12

y=%

xz—i—g:—S coxt+ 542 —=36=0
(2 +9x>-4)=0

x=12

N12i-5=2+3i0or -2 — 3i

WORKED SOLUTIONS

xZ —_ 1 5 = i
36x 144

36x* _%ﬁ ~1=0 .. 144x*-55x2—-4=0

Ox2 — 4)(16x2 + 1) = 0

x=12
3
2 -1 -2 -1
x== = __ x=-= =__
3’.)} 4 37y 4
S5 1,2 g2 1y
144 3 304 3 4
\/z_':x+z'y
i=x2—y+ 2ixy
x2=y2 2xy=1
_1
y_Zx
1 1 1 1 1
2 — 4 — — _ —
xX*=—xt=- x=f_ == =+ =
PR M-I 2] T
V2

S 1 1, 1 1
IV N N N
A+H)=[A+H)]"=[1+2i-1]"

c (L + iy = (26

i

A+ =0+)(1+)=0+1i) Q)
froma ... (1+)»"'=1+17)Q20)

Exercise 3H
1 f(x)=2x2+3x+1 gx)=3x>—-2x-5
a A f(x)+u-gx)=2Ax>+3Ax+ A+ 3ux?

c 1[%—#—31’ =x+iy

%+3i=x2—y2+2ixy

xz—y2=%,2xy=3 = 2ux — 5u
Ly=3 = QA+ 3w + (34 — 2u)x + (A — 5p)
i o . 20+3u=0
YT 4 3A-2u=13
4x*—5x2-9=0 A—=5u=13
Ax*=9x*+1)=0 A=3,u=-2
_ .3
=1, b 24+3u=26
1/%+3z'=%+ior—%—i 3A—2u=26
A=5u=0
[ss 1. _ . . _ _
d 5 =¥ty A=10,u=2
55 1._ .2 2 . 2 a =
S TE Y +2ixy - )f 2:
x2 - 2_55 2x " X -2x
Y 4 13 2 | ox3 | _uay
y=or ) 8() = x° — 4x
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b 27x* | -36x2 | 48x | -64
3x? | 81x° | -108x*| 144x° | 19242
7x 189x* | —252x3 | 336x2 | —448x
4 108x3% | —144x2 | 192x -256
f(x) - g(x) = 81x° + 81x* — 256x — 256
3 f(x)-g(x) =(ax?>—3x+5)(7x*+ bx— 3)
= Tax* + abx® — 3ax* — 21x3 — 3bx* + 9x
+ 35x2 + 5bx — 15
= Tax* + (ab — 21)x® + (=3a — 3b + 35)x>
+(9 + 5b)x — 15

7a =14

ab—21=-17
—3a—3b+35=23
9+56=19 a=2 b=2

4 f(x)-gx)=@*+ax?—x+2)2x*+bx+¢)
=2x° + bx* + cx3 + 2ax* + abx?®
+ acx? — 2x3 — bx? — cx + 4x? 4+ 2bx + 2c
2a+b=-5

c+ab—-2=3
ac—b+4=5
—c+2b=-8

a=-1 b=-3 c=2
5 (*+px+g)=@’+prt g’ +pxtq)
=x*+ pxd + qx? + pxd + p*x? + pgx + gx?

+ pxq + ¢
=x*+2px° + 2 + p) x> + 2pgx + ¢
2p=6 p=3
2¢q+pP=a g=1x2
2pqg=1>b Ifg=2, a=13, b=12
F=4 Ifg=-2, a=50b=-12

a=13,b6=12, f(x) = (x*> + 3x + 2)
ora=>5b=-12, f{x) = (x* + 3x — 2)
6 f(x)=x*+12x2+6x+3
g =flx—-2)
=(x—-2P+12(x—2y+6(x—2)+3
=x3 4+ 3x2 (=2) + 3x(=2)* + (-2)°* +
12(x?—4x+4)+6x— 12+ 3
=x3—6x2+ 12x— 8+ 12x> —48x + 48 + 6x — 9
g(x) =x%+ 6x% — 30x + 31
7 f2x—1)=16x*—32x3+ 12x?
Lety:2x—1,x:yT+1

10D a1’ v+’
f()=162"0 32000 1120
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WORKED SOLUTIONS

="+ 4y’ + 62 +4y+1-40°+ 3> + 3y + 1)
+302+2y+1)
fO)=y" =3y =2
S fl) = x4t —3x2 - 2x
8 f(0)=4=¢=4
f(10) = 32584 = 10000a + 100056 + 100c + 10d + 4
= 32584

Since a, b, ¢, d, € Z* and are less than 10,
a=3,b=2,c=5,d=8
Sfx)=3"+23+5x+8x+4

Exercise 3l
2 +3x° +2x -1
1 a x+2)x4 +5x° +8x% +3x -2
x4+ 2x°
3x3 + 8x?
3x% + 6x?
2x? + 3x
2x% + 4x
-x=2
-x—2

gx)=x>+3x2+2x—1

x> +3x% +2x -1
b x2+0x—1)x5+3x4+x3—4x2—2x+1

x°+ 0x* — x?
x4+ 2x°% — 4x2
x4+ 0x® — 3x2
2x3 — x* = 2x
2x% + 0x%2 — 2x
—x2+0x+1
—x2+0x+1

gx)=x*+3x2+2x—1

2x° —5x% +4x -1
c x° +x+1)2x5 “3xt+xP =247 +3x -1

2x°5 + 2x* + 2x3
—5x% — x3 — 2x?
—5x4 — 5x3 — 5x?

—4x3 + 3x% + 3x

4x3 + 4x% + 4x
—x?—x—1
—x2—x-1

gx) =2x3—5x*+4x -1

Worked solutions: Chapter 3




2x° +3x +x+3
2 a x+1)2x4+5x3+4x2+4x+3
2x4 + 2x3
3x% + 4x?
3x3 + 3x?

x2+ 4x

x2+x
3x+3
3x+ 3
gx)=2x3+3x*+x+3 rx)=0
3x2 —2x+1
b x2+2x+3)3x4+4x3+6x2—2x+6

3x% + 6x3 + 9x2

—2x3 — 3x? — 2x
—2x3 — 4x? — 6x
x2+4x+6
x2+2x+3
2x+ 3

g(x)=3x2-2x+1 r(x)=2x+3

2t —xPrx—1
2 6 5 4 3 2
c x +x+1)x +0x”+0x" +0x" +0x" +x -1

x6+x5+x4
_x5_x4+0x3
_xS_x4_x3
x*+0x%+x
X+ xr+x
—x?2+0x—1
—x?—x—1

X

gx)=x*=x3+x—-1 r(x)=x

Exercise 3J
1 a ¥*—-x¥—-4dx-5=(+2x+2)(x—3)+1,
g(x)=x*+2x+2 r(x)=1
b 2 +5x%+4x+3=02x%+3x+ 1)(x+1)+2,
g(x)=2x2+3x+1 r(x)=2
c ¥=-33-2x+1=(-23+x-2x+2)
(x+2)-3,
gx)=x*-2x°+2x-2x+2, r(x)=-3
d 385-2¢+52-2=3x +3x¥*+ >+ +
6x +6)(x—1) +4,
gx)=3x+3+ 3+ +6x+6, r(x)=4
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WORKED SOLUTIONS

2 f(2)=4%x16-27x4+25x2-6=0
o (x—2)1is a factor.
f(=3)=4%x81-27%x9-25x3-6=0

o (x + 3) is a factor.

Exercise 3K
1 a g)=x*—x3+x2+2x+1 r(x)=-2
b gx)=x3+x2+x-1 r(x)=17

2 f)=@x*+2x-1DBx—4)+x+2
=3x3—4x?2+6x?—8x—3x+4+x+2

fx)=3x3+2x2 - 10x+ 6

3 f)=x"—4x*+3x3+2x*-3x+a
f(3) =0 243-324+81+18-9+a=0
a=-9

4 f(x)=x>—-2x*+2x3+bx—1
AD)=0 1-2+2+b-1=0
~b=0

5 flix)=4x3+5x>+ax+b
A=2=0 A=6
-32+20-2a+b=0 4+5+a+b=6
—2a+b=12 a+b=-3
a=-5b=2

6 f()=x*-2x-3)qgx)+tax+b
S =@ =3)x+1)gx) +ax+b

f3)=2 s 2=3a+b
f-1)=-4 =4 =—-qg+b
La=15 b=-25
. remainder =3 4 _3
)

7 flx)=xPM+ 5004+ +x+1=0
remainder = f(-1)=-1+1-1+...-1+1=0
. remainder = (

8 fl=@x+D"+x+2)-1
f(=H)=0"+({1)y-1=0+1-1=0
. f{x) is divisible by (x + 1)
f(=2)=C-1D)*"+0"-1=1+0-1=0
. flx) is divisible by (x + 2)
x+Dx+2)=x*+3x+2
. flx) is divisible by x> + 3x + 2

9 flx)=(ax—0)qx) +r(x)

f(é) - (ib _b)q(z) + remainder

a a

=(0)q (i) + remainder

". remainder = f (b)

a




Exercise 3L

1 a fx)=2x*+3x>—10x2—12x+ 8
=(x+2)7gx
=(x?+4x+4)(2x2 - 5x+2)
=(x+2)(x+2)2x— 1)(x—-2)

b f(x)=12x3—-32x2+23x-5
=(@2x -1 g
=(4x*—4x+ 1)(3x—5)
=2x-1*(3x-5)

2 a f(=x(x—Dx-3)(x—5)
=(x— 1)(x*—-8x+ 15)
=x3—-9x2+23x— 15

b f(x)=x(x+2)x+1x—-1)
=x(x+2)x*-1)
=x(x*+2x2—x-2)
=xt+ 207 —x?— 2x

e )=+ 2~ D& = Dx - 3)
=Bx*—x—2)(x*—5x+6)
=3x%—16x3+ 21x2+ 4x— 12

3 a f(=?-2)x?-3)=x*-5x2+6

b f(x)=Qx+ 1)4x—3)(x>-15)
= (2x + 1)(4x® — 3x2 — 20x + 15)
=8x%—2x%—43x?+ 10x + 15

c fin=0Gx+3)x—1-2)F-1+2)

(x*=3)
=(5x+ 3)(x2—2x— 1)(x* - 3)
=(5x+ 3)(x> — 2x* — x% = 3x2 + 6x + 3)
=5x0—Tx>— 11x* = 18x3 + 21x2 + 33x+ 9
4 a flx)=x*—-2x>-5x+6
=(x-Dx*—x-06)
=@-Dx-3)(x+2)

b f(x)=2x3—x*-T7x+6
=(x—-12x2+x-6)
=(x—-1D2x-3)(x+2)

c flx)=5x*—12x%— 14x2+ 12x+ 9
= (- D+ g
=(x?=1)5x*-12x-9)
=(x— D+ 1)(6x+ 3)(x—3)

Exercise 3M
1 a (x—2)x+2i)=x>+4
flx) =x3+3x?+4x + 12
= (x? +4)(x + 3)

remaining zeros are —27 and —3
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WORKED SOLUTIONS

b (x—(1-2)x—(1+2)=x>-2x+5
flx) =x%—6x2+ 13x— 20
=(x2=2x+5)(x—4)
remaining zeros are 1 + 27 and 4

c (x_(_;+fz~)j(x_(_;_f)i):xz+3x+3

flx)=5x3+17x2+ 21x+ 6
=(x*+ 3x+ 3)(5x + 2)
3 3

remaining zeros are — 3 71’ and —%
d (x—i)x+i)=x+1
flr)y=x*—6x3+5x*—4x+4
=@+ D2 —4x + 4)
=(x+i)(x—i)(x— 2)*
remaining zeros are Z, 2 and 2
e (x—(-1=-3)x—-(-1+3i)=x*+2x+10
Sl) =2x* + 3x3+ 1722 = 12x— 10
=(x2+2x+10)2x2—x—1)
=@ —(-1-3))x—(-1+3)2x+ )(x—1)

remaining zeros are —1+ 37 ,—%, 1

f (x—(2+i)x—(-2-0)=x>+4x+5
fx)=2x*+9x3+ 11x2 = 7x— 15
=(x2+4x + 5)(2x2+ x— 3)
=@ (=2 +))x~(=2 1))
Cx+3)(x-1)

remaining zeros are —2 — i,—%, 1

e (e B e

flx) = 6x* + 26x3 + 35x%2 + 36x + 9
= (2x%* + 2x + 3)(3x% + 10x + 3)

:2(x—(—;+fi)j(x —(—;—fz'))(sx F1)(x+3)

remaining zeros are — ! _ V5 i-L -3
2 2

’

h (x—(lJrﬁz'))(x—(l—ﬁi)) =x?-2x41
3 3 3 3 3 3

fl) =3x* = 2x% + 4x? = 2x + 1
=Bx?-2x+ 1)(x2+1)

remaining zeros are é— gi, i,—i
a f(-1)=0

~=14+134+a=0

La=-12

flx)=x—13x-12
=+ DE:-x—-12)
=@+ D(x—4)(x+ 3)
remaining zeros are —3 and 4

Worked solutions: Chapter 3




b f(3)=0 ..27-63+3a-15=0
na=17
flx)=x3=Tx2+ 17x - 15
=(x—=3)(x*—4x+5)
remaining zeros are @ =2t
¢ A=1-1)=0,(-1 =)' +2(~1 =iy
-2(-1-iy*=8(-1-i)+a=0
-4+22-9)-2Q2)-8-1-)+a=0
—4+4-4i-4i+8+8 +a=0
sLa=-8
fx)=x*+2x3—2x2—-8x— 8
x=(C-1-iNx—-(-1+i))=x>+2x+2
flx) = (@2 + 2x+ 2)(x2 = 4)
=@ —(-1=-D))x—(-1+))x—2)(x+2)
remaining zeros are —1 + £, 2, =2

d A-20)=0 (=2i) — 4(=2i) + 9(=2i)> +

a(=2)+b=0

16 —32i—-36—2ai+b=0
-32-2a=0 -20+56=0
a=-16 b=20

fx) =x* — 4x3 + 9x? — 16x + 20
(x—2i)(x+2{))=x*+4
flx) = (x2 + 4) (x> —4x + 5)

remaining zeros are 24, 2 + 4,2 — i

Exercise 3N
1 3x3-2x2-5x—4=0
)
a x1+x2+x3_5
4
b xl~xz~x3=g
_ 5
c xx, *tx x3+x2~x3_—g
-5
d £+£+£_6(x2x3+x1x3+x1x2) :6(?) _ 15
I X% % X1¥y%3 =

e x>+ 9x?+9x?=9[(x +x,+x)
—2(xx, + xx, + x,x,)]

_ol (2 _~(=5\| _of4 10
5| (4 ~2(3)] ~s(¢- 1)
=34
2 x*—3x3+2x2—-4x-6=0
1-i-'X'Z-i-x3-i-x4:3
X, X x, = —6

1~x2+x1~x3+xl~x4+x2~x3+x2~x4+x3-x4=2

a 0 o o
R R R R

l-xz-x3+xl‘xz-x4+xl~x3~x4+x2-x3-x4=4
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3,3 ,3,3 34

e 243434330
XX, X3 Xy -6

2 — 2 2 2 2

f (rtx,tx,+tx)=x’+x’+x’+x+

20, x, + xx, +xx, +xx, + x,x, T xx,)

x2 _1[q2 _
o _g[s -20)]=1
flx)=x*+2x> = 3x*+4x+5

sum =—%= —2 product = (—1)* % =5
b f(x)=4x6+x°+ 7x*—3x3+ 2x

sum = —i product = 0
c flx)=11x"° - %x7 + 5x3 — me+ 22
sum = 0 product = (—1)10% =2

d f(x)= 577 — 4x7006 + 21 + 10x + 8

sum = % product = — 3
5

Exercise 30
1 a x*—-6x*+11x—-6=0
x-1D2=5x+6)=0
x—Dx-2)(x—3)=0
x=1,2o0r3
b x3+2x2—7x+4=0
(x—1DE*+3x-4)=0
x—Dx-1Dx+4)=0
x=1,1-4
c x*+3x2-4x-12=0
(x=2)(x*+5x+6)=0
x=2)(x+2)(x+3)=0
x=2,-2,-3
d 2x3-5x2—-18x+45=0
(x=3)2x*+x—-15)=0
x=3)2x=5)(x+3)=0

x=32-3
2

Exercise 3P

1 a 12x3+17x2+2x-3=0
(x+1)(12x2+5x-3)=0
x=1DBx-1)4x+3)=0

’ 473
b x3—4x>-5x+14=0

(x+2)(x2—6x+7)=0

6+./36-23
x=-20rx= - :6i2*/§=3ix/§

x=-2,3+.2

Worked solutions: Chapter 3




c 3x3-13x*+11x+14=0
Bx+2)(x*=5x+7)=0

x:;z
3

d x*-x*-11x*+9%+18=0
(x+ Dx—2)gx)=0
x?=-x=-2)x2-9)=0
x+Dx-2)(x—=3)x+3)=0
x=-1,2,3-3

2 x*+ax’-x-3=0

a —27+9+3-3=0
a=3

b x3+3x?2-x-3=0
(x+3)x2-1)=0
G+ 3)(x—Dx+1)=0

other roots are 1, —1

~9a =127

3 ax®*—-Tx*+bx+4=0
a (x—2)(x—2)(ax+1)=0
x?—4x+4)(ax+1)=0
ax*+x?—4dax? —4dx+4ax+4=0
ax’+ (1 —4a) x>+ (4a—dx+4=0

1-4a=-7 sLa=2
4da-4=b b=4
b remainingroot =_!—-_1
a 2

4 Let x = abe an integer zero
sLat+5a+p=0
p=-a(a*+5)
- aand a? + 5 are factors of p
. pis not prime
-~ If p is prime there are no integer zeros
5 f)=x*+ax’+bx+c

a Letthe 2 zeros be p, —p

f®) = (- p)x+p) [x—;zJ

oo pfss)
p

soab=c

b third zero =

S
| O
S8

Exercise 3Q
a x*—-6x2+11x—-6=20

WORKED SOLUTIONS

x—-DE*-5x+6)=0
x—DEx-2)(x-3)=0

X

I=e0, 1[

11, 2

13, [

x-1

+

X-2

x-3

f(x)

+

+ [+ |+ |+

nxe [1,2] U3, o
x3+2x2=Tx+4<0
(x—D(x*+3x—4)<0
x-Dx-Dx+4)=<0

X

’ _4[

1-4,1[

11, oof

(x-1)

+

(x + 4)

+

f(x)

+

sox€ |-, —4]orx=1
x3+3x2-4x-12<0

(x=2)x2+5x+6)<0
(x=2)(x+2)(x+3)<0

X ]-o0, _3[

] _3! _2[

] _2! 2[

13, o[

X-2

X+ 2

X+3

+

+ [+

f(x)

+

+ |+ |+ |+

sxe]-o,=3[ul=2,2]
2x3—5x*—18x+45>0
(x=3)2x*+x—-15)>0
x=3)2x=5)(x+3)>0

X

]_°°7 _3[

1-3, 2.5

12.5, 3

13, oo

x-3

2x-5

X+3

+ |+

f(x)

4+ [+ |+

sxe]-3,25[Ul3, o
1263+ 17x2 + 2x — 3<0

(c+ 1)(12x2 + 55— 3) <0
(x+ 1)dx +3)3Bx— 1) <0

X

I-e0, -1

-1 =3
11, =l

11, oo

xX+1

+

4x + 3

3x-1

f(x)

+

+ [+ [+ |+

soxe -, —1JU [, 1]
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f x3—4x>-5x+14>0

(x+2)(x2—6x+7)>0 SEWO28 Vf‘”:siﬁ

e —or 1720 |13-4/2, -
x =2 =20 |3 31 |34 o[ |13*V2r
X+2 - + + +
X - (3+./2) - - - +
x - (3-/2) - - + +
f(x) - + - +
xe]-2,3-V2[ U ]3++2, 0]
g 3x3—-13x2+11x+14<0
Bx+2)(x*=5x+7)<0
x="2
3
-2 £
X ]‘w’?[ ]?’w[
3x+2 -
x2-5x+17 +
f(x) - +
-2
xe]—oo,7
h x*—x*-11x2+9%x+18=0
x+Dx—-2)gx)=0
x=x=-2)x*-9)=0
x+Dx—2)(x—3)(x+3)=0
X =0, =3[ |1-3, -1[ |]-1, 2[ | 12, 3[ |13, o[
x+1 - - + +
x-2 - - - +
x-3 - - - - +
X+3 - + + +
f(x) + - - +
sox€ =0, =3lu -1, 2] U3, oo
2 flx)>g)
4x3 — 17x% + 30x + 5 > —2«°
+8x?+9x—35
6x3—25x2+21x+10>0
(x—=2)(6x*—13x—5)>0
(x—2)Bx+ 1D(2x—-5)>0
1 1 5[ |15
x -, -2[]1-2,2[ [12. 5115, ]
x-1 - - + +
3x+1 - + + +
2x-5 - - - +
f(x) - g(x) - + - +

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

WORKED SOLUTIONS

3 a x"-2x*2-1=0

xe [-1,-0.921] U [1.26, o[
x%—2x8+2x°+x<0

x € |—oo, 0]

x3+x-2>0

x3>2 —x

x€ |1, of

Y

y=2—)\ y=
2

f
b —2x*+3x+120

3x+ 1> 2x°
x€ |-, =11 U [-0.366, 1.37]

b/
A y=2

;

1.37 X

y=3x+1

c x*+2x+1<0
xt<-2x-1
xe [—1, —0.544]

Y
j
1 X

y=-2x-1

REXT

Exercise 3R

1 a 2ix+Q@2+3)y=7 a=2i b=2+3i e=i
1+)x+2y=3 c=1+i d=2 f=3
2 2+3(
e 2 =4i—(1+)Q2+ 3
=4{-2-5+3=1-1
i 2+3i ' _
= 3 9 =2i—3Q2+3)=-6-7;
2 i
= e 3 =6i—i(1+7)=5+1
— 7?:1'71'X11z: 27676i277i+7 :%_%i
:1+5ixl+i :1+z'+5i—5 =—2+3;
1-i 1+ 2

Worked solutions: Chapter 3




b (1+dx+3iy=2+6i a=1+:7 b=3i
e=2+6i
R-D)x—(@4+3)y=4i-3 c¢c=2-1i
d=-4-3i f=-3+4;

1+i 3i
= 2 _4_3f =1 +4)(—4-3)—-3i(2—9)
=4-3{-4i+3-6i—3=-4-13;
2+6i 3i
= 344i 43" (2 + 64)(—4 —3i)
=3i(—3 + 4i)
=-8—-6i—24i+18+9;/+12=22-21;
1+i 2+6i
A PR (1+)(=3+4)—(2+60)
2 -1
=-3+4i—-3i—-4-(4-2i+12i+6)
=-17-9i
_ ﬁ:f; 9 :i:;i _ —88+286118J;84z+273 140
y= ;117_—12: % :::1; _ 68—221i1;—536i+117 =1-;
2 a x+ty=-1 (1) x+y=-1 (1)
x+z=4 (2) 2)—-B) x—-y=3 4)
y+z=1 3)

H+@) 2x=2 ..«
subin(l) 1+y=-1 y=-2
subin(3) -2+z=1 z=3 (1,-2,3)

b x—-5y+3z=-1(1) (1)+3@3) 7x—-2y
=5(@4)
3x—y+22=4(2) 2)+23) 7x+y
=8(5)
2x+y—2z=2(3)
G -@ 3y=3y=1
subin(5) 7x+1=8 «x=1
subin(3) 2+1-2z=2 z=1 (1,1,1)
c 2x+y+2z=0(1) 4(1) + (2):

1

14x + 3z=-2 4
6x—4y—5z=-2(2) (3) - (1):

2x—5z=2 5)
dx+y—3z=2 3)

4)—7(5) 38z=-16 z=1_—§

subin (5) 2x+ 2 =2, x=%

: -2 16 18 (- .
subin(l) —+y—->=0 =1y (191,12,13)
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3x—4y+3z=-2(1)(1)+B)5x—10y=-10

x+2y+62=6(2) x—2y=-2 (4

2x—6y—3z=-8(3)(2) + 2(3) 5x— 10y =-10
x—=2y=-2(5)

(4) + (5) are the same equation ... infinite

number of solutious x=2y—2

subin (1) 6y —6 —4y +3z=-2,3x=4— 2y,

_4-2y

3

(2y—27 Y, 4_32)})

z

x+2y+z=4() (2)-2(1)-3y=-3,y=1
2x+y+2z=5(2)
3x+2y+32=12 (3)
subin (2) 2x+2z=4 } inconsistent
subin (3) 3x+3z=10

2x=3y+5z=-11) (1) -2B3)y—2z=-19(4)
Ix—Ty+16z2=0(2)(2) - 93) 11y — 11z
=-=81(5)
x—2y+32=9(3)
(4) + (5) are inconsistent .. no solution
x+2y+z=01)(1)-B)z—kz=-2
2+y+2z=112) (1-kz=-2
x+ 2y + kz=2(3) no solution if £=1
2

If/e;tl,z—g

sub in (1) x+2y=é (4)

.. no solution

subin (2) 2x+ y=1+ 4 =31 (5)

-k

(5) — 2(4) -3y ot
-k . 1
W= YT

subin (4) x =2 +2 _6+20-K) _ 8-2

-k 3 301-k)  3(1-k)

.. no unique solution if £=1
x+y+z=11)2)-2()(k—-2)y+z
=-4(4
2x+ky+32=-22)3)-3(1)2y+(k—3) z
=-4(05
3x+5y+kz=-1(3)
For no unique solution

k-2 _ 1
2 k-3

(k=2)(k—3)=2
k*—5k+4=0
(k=4)(k—-1)=0
k=1or4

Worked solutions: Chapter 3




=-14)

kx+4y+32=2(2)2(1) +33) 11x + 22y
=11
3x+6y—2z=303)x+2y=1(5)
For an infinite number of solutious
1-k=-1,k=2
x=1-2y
subin (3) 2z=3x+ 6y — 3
=3(1-2y)+6y-3
nz=0
(1 —2)’,)’, 0)
b x+y+z=1()

2x+ ky + 3z2=-2(2)
3x+5y+kz=-1(3)
From3b, (k—2)y+z=-4(4)
2y + (k= 3)z=-4(5)
For no unique solution #=1 or 4

4 a x+2+32=1(DD)-Q) 1 -~Hx—2y X
A\

If k=1: —y+z=—4 | no solution
2y—222—4}
If k= 4: 2y+z=-4] infinitely many solutious
2y+z=—4}
z=-4-2y
subin(l) x=1-y—-(-4-2y)=5+y
(r+5,9-4-2)
5 x+y+z=m(1)(1)-B)z-mz=m+1
x+my+z=2mQ2)z(1 —-m)=m+ 1
x + y + mz= -1 (3) unique solution if m # 1

_l+m

Z_
1-m

1+m _

sub in (1) X+y+— =

m

1+m e
X+y=m-— =m-m "

1-m 1-m

-m’ -1
X+y=" 4)

2
subin (2) ¥ +my=2m - _2m=2n’ ~l=m
1-m 1-m

2
x+my:% (5)

@) = (5): y(1—m)="r—Lom=2m 21

1-m
m —m m(m —1)
_— = T =—m
1-m 1-m
=_m
y_l—m

2
subin(@) x="" "1y m _
1-m 1-m 1-m

m—m2—1 -m 1+m
1-m 1-m' 1-m
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WORKED SOLUTIONS

Review exercise
1 f()=x*—-3x3+ax?—4x+7

A=2)=7 . 16+24+4a+8+7=0

4a = —-55
a="

4
3x—2y=i-2

4y—(1-9)x=3+3i = —-(1-9)x+4y=3+3i
a=3 b=-2 c¢c=-1+i d=4 e=-2+1

f=3+3i
3 =2 )
= ‘ =12+2(-1+4) =10+ 2;
-1+7 4
—24+i -2
= ) =4(-2+9)+2@3+3)=-2+10/
* 13+3 4
|2 M o3 - (c1+ =2+ 1
Pl 343 : : :
=9+9/—-(2-3i—-1)=8+12{
oo 24107 10-2i _ =20 +4i+100i +20 — ;
10 + 2¢ 10— 2¢ 104

=8+12iX10—2i _ 80-16x +120i +24 — 1+
10+2; 10-2: 104

x=i,y=1+1

f)=m=-2+0C2m+1D)x+mx* m<0
b*—4ac<0
Cm+1)yY-4m-2)m<0

dm?> +4dm+ 1 —-4m* +8m <0
12m+1<0

m<
12

z4—2234+ 1422 - 18z+45=0
-1 =-2))z—-(1+2))=2>-2z+5
(z2=2z+5)(z2+9) =0

remaining roots are 1 + 27, =34, 3/

mx+2y=1

4x+ (m+ 2)y =4 no unique solution

%:miz m?+2m=38
m?2+2m—-8=0
m+4)m-2)=0
m=—4or?2

x>+ax+a+1=0

o+ f=-a

of=a+1

(a+ ByP=0+30*B+ 30+ B

Worked solutions: Chapter 3




(a+ B} =(c*+ ) + 308 (o + P)
-a*=9-3a(a+1)
@-3a?-3a+9=0
(@a—3)a*-3)=0

a:3,i\/§

7 P:z”

N
1

n n
2

, ne 7"
2 . X
Letn=1 22:(1+z) _1+42-1_ 4
’

- P 1s true
w it
Assume P.z"="—
Zk

Lk e+l
C2k+1) = 2,2k | D | i
Prove P, : 2 z%z z(sz i

P, =P

. by mathematical induction, z*"

.n
_1
n
2

8 ]+z:]+1xl+1:1+21—1:i

1\ 2011
( +z) = j2011 = ;2008 ;3 = — ;

. imaginary part = —1
9 x3-5x2+6x—-3=0
o+ p+y=5
o+ ay+ Py=6 ofy=3
L+L+L:azﬁz*ﬂ272+a272

2 2 2 2,2 2

a By a By
(B + Br+ ayy = &+ B2y + oy’
+2(ap?y+ 0Py + afy?)
=a’fr+ Byt + oty + afy(B+ aty)
soo2B+ By + oy? =62+ 2(3)(5) = 66
L, 1, 1 _6_6_2

" g2 7 2 9 3

Leta=§/7_\/ﬁ,b=§/7+\/%,x:a+b
x3+3x—14=(a+bP’+3a+b)—14
=a®+3a%b+ 3ab>+ b3+ 3(a+b)—- 14
=a’+ b3+ 3ab(a+b)+3(a+b)-14
a*+ b+ 3@+ b)ab+1)- 14

ab = #(7—\/%)(7#%) = 329-50 = Y1 =1

10 a

X+ 3x— 1A=+ P+ 3@+ b)(-1+1)— 14

=a’+ b - 14=0

=7-50+7++/50-14=0
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WORKED SOLUTIONS

%/7—\/% + 3/7+\/% satisfies the equation
x3+3x-14

b fix)=2z3+32-14
=(z-2)(z*+2z+17)

@z_lii\/g

2

z=2o0rz=

z=2,-1+i/6
c since 2 is the only real root,

37-50 +37+50 =2

Review exercise

1 xe [1.67, 0]
2 (mx)P?+3x+1-m=0
b*—4ac<0

9-4dm?>(1-m)<0
9—4m?>+4m’> <0
me |—oo, —1.05]

3 2x+ 14y +9z=-7
dx—3z=4+7Ty
10x — 28y =5+ 62z

2x +14y + 9z = =7
dx—Ty—3z=4
10x— 28y —62=5

=

Z 3

~ o

1
x:E,yz

4 3x3+2x=5x*+4
3x3=5x2+2x—4=0
at+fry=3 af+frray=1, afy =7

(a+B+yyP=(a+B+y)(2+ P>+ 2+ 208+
2By + 2ay)

=o'+ Bty +6afy+ 3(of + ay’ + B+ oy
+ By + B*y)

o+ B+ 7y =12275—6(‘31) = 3(ap*+ ay* + B+

a*y+ By* + B*y)
(c+ B+ PP+ By+ ay) =3afy+ aff* + oy* +
B+ oty + Byt + By
Sof? oy + o’f+ oty + Byt + By
:5(2)_3(4):—26

3\3 3 9

B 3 3 _125 (4] _a[-26
Lo+ Bty = 6(3) 3( 9)

_ 14
27

5 flx)=x"+35x%—97x°+ 33x2+ 4

smallest zero = 0.833

Worked solutions: Chapter 3




LG QW ey,
) v

Pz,
Z

‘Modeling the real world

s o
////1/////”

Answers 4 lim f(x)=8 ~f(3)=8 ~6=8 . /e:%
Skills check 5 lim f(x)=4 -~ f(3)=4 . 9a—a=4
x—>3"
1 % 8a=4
i i a= l
4 | 2
0.3) N , ,
F%x\ : > 6 a discontinuous atx = *1
Rl b discontinuous at x = 2
8 X=: 3 c continuous
d discontinuous atx = -4 and x = 1
(1) _ 5
2 255(5) T 10 e discontinuous atx =1
2
f

continuous

Exercise 4A .
Exercise 4C

1 lim * "= '3
Yool x4l 1 a hm(" )=7
x—4 \x -3
: -1 _
2 1xlgll x—1 =3 b 1im(x2+x_2j = lim ((X-;Z)(;)—l))
x—>-2 x+2 x—>-2 X+
3 l1mf(x):% lim f(x)=5
w2 ¥ = hm2 (x-1)=-3
3x-1 x<2 . .
~limy 1,55 does not exist c lim|*° =% | = lim | &8 -8
i a x>-2| 3-8 x>-2 )
4 lim'®=_1 lim"™'=1 -1im"*! doesnot exist = lim (¥’ +8)=0
x>0 X x—0" x x>0 x x—-2
2
5 linél(.x—6)3:0 d lim 22 -1 = lim (x-D(x+1
A x>0 \ 42 _ 4 x—0 x(x-1)
6 lim [x]= lim [x]=3
x—>3 x—3" = lin;)l(erl)— lln(} (1+l)
x> X x—>
. lim [x] does not exist. . .
x=3 which does not exist
Exercise 4B e lim ¥ ! = lim (1+i) 2
x—1 x2 _x x— x
1 lim f(x)=0 lim f(x)=2 .
! =r f lim 1 = lim 2_x =0
. . PN 1 =1 2—x
. lxlirll f(x) doesnot exist e
2 2
-. fis not continuous at x = 1 g lim (2+3x) 6_ 4+ x)
x—> X
2 xl_ile, f(x)=1 }E}; f(x)=1 }gl}zf(x)zl hm4+12x+9x —4-8x—4x?
. . ) 6x
Also, f(-2)=1 . fis continuous at x = —2 i S5t sre4_2
3 lim f(x)=-1 lirg f(x)=1 #0  6x #>0 6
x—1" x>
) . ¥ -a (x—a)(x +a)
. lim f(x) does not exist h £l§al x—a xlil;ll x—a
x—1
. fis not continuous at x = 1 = lim (x+a) =2a
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2 a lim-% =2
x—0 X +2

b lim > -3

xoe 42

2 -_—
c lim 2x“+x Izg

xo0 32 1 5y 1 3

. 2
d lim—>* _0
x>0 g4y3 49

e lim_—*=L _p
x>0 42 3y 45

f 1lim —V‘l"”\/t Ni+vx _ 4
xX—0 X

3 a y=3 b J’=% c y=0

d y=-1 e no horizontal asymptote

Exercise 4D

1 a converges b converges c converges
d diverges e converges
2 a converges, Y& =1 _2
=0 2" L3
2

b i(L) diverges since - >1

=\3.14 3.14

n é
c converges, 25(1) -3 .3
S\ T L1

3

3

<3 10 _1
d converges, > =10 =~
Z 13

10

e converges, ¥ 23 =3 (%)_i (%)

=1 7 n=1 n=1
2 3
- 1_71_.2_3_-
T 5 4 5 4 2
77
< n-1 __ 4 _
f converges, 21 4(-0.6)"" = o6 2.5
3 u, =35 r=2*
a —-1<2°<1 2*mustbe positive
L0<27<1 L x<0
b P =40 ~1-2-7 2721 . x=-3
1-2° 8 8
4 1< ¥ <1 - -025<x<0.5
x+1

Exercise 4E
1 a y=2x*-1 (x=1)

Ay 201+ k) -1]-[200)° ~1] _ (1+4kh+247) -1
Ax 1+h)-1 h

2

gradient = lhlrrg (4+2h)=4
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2 ff)=-5
f=2=75=2
=x=-1=x=-1 .. pointis (-1, 1)
S =dx—
f)=3=4x— =3

=24 -1=3x%=4x-32-1=0
S-1D@r+x+1)=0

=x=1 .. pointis (1, 3)

WORKED SOLUTIONS

y=2 (x=-2)
X
2 2z 2 +1
N 24k 2 2+n  _2-2+h _ 1
Ax (24 h)-(-2) h W-2+h) -2+h
ient = lim =-1
gradient 70 (—2+h) 2
y=x° (x=1)
Ay (B =T 1430430 4 B =13 3y g2
Ax (1+h)-1 h B

gradient = lim (3+ 34+ r)=3
. gradient = 3
y=-x  (x=1)
P (i~ 4 B) = (=x)
1) =ty 8-

— lim (%" = 2xh— K"+ x%)
h—0

= lhl_r)l’ol (-2x—h)

=—-2x
f)=-2(1)=-2

X

y= x+1
x+h x

/ —lim xt+hA+1 x+1
fo) =l 2 el

i (xHR)(x+1)—x(x+h+1)
= )

h . 1

=M e B e

f0)=
_ 1 —
=z (x=2)
. 1 1 2_ 2
f'(x) =lim s——y =lim X ¥ 2(x+h)2
h=>0 (x + h) x =0 py (x + h)
h
—lim x2 x272xh7h2_1im 2x—h
B0 (x4 By =0 2 (5 4 By’
—2x _ 2
x4 x3
ry= 2__1
r@=2
2
x3

2

Worked solutions: Chapter 4




Exercise 4F

1 a y=x?+2x+1 fl(x)=2x+2 f'(0)=2

y=x*-1 f'(x)=3x* f/(1)=3
c y=2 f’(x)=;—§ NiOEE-
d y=Vx1 f@= 405 ~f@=;
e y:m, f)= J‘—, f’(l):l
f L W= @)=
2 a Average velocity = w

_12-5(a+h) ~124 52
- h

=—10a - 5h
b velocity = lim (average velocity) = —10a
Exercise 4G
1 y=9-x? %=—2x

a When x = -1, gradient = 2

b When x =-1, gradient = §, jx—y =2

s tangentisy—8=2(x+ 1)ie. y=2x+ 10
¢ Normalisy—8 =—%(x+ 1)i.e.y=—%x+ 175

1 dy -1 . -1 -1

2 V5w @-1)° -1y
L= 1P=1 x-1=%1
x=0o0r2 (0,-1),(2, 1)
At(0,-1) y+1=-1(x-0) y=-x—1
At2,1) y-1=-1(x-2) y=-x+3

D=3 6x
dx

Lo
2 274

3 a y=4-3x—3x?
-3-6x=0 .. x=x—

b y=x3+1%=3x2

3x2=0 .. x=0 (0,1)
_ 1 dy _ -1 -1 . .
c y_;a_;7¢o .. N0 points
d y=x2—3xd—y=2x—3
dx
2w-3=0 . x=> (%‘79)
dr_ 1 1 49 - i
e y=+x o 2f¢ .. No points
— 1 dy_q_1
4 y—x+; =
At(1,2) ¥-1-1=0
dx

Equation of tangent is y = 2
s.normalisx =1
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WORKED SOLUTIONS

Exercise 4H

1

2

a y=4-x-3x?

b y=2x'-3x+1 Y=8"-3
dx

=12x"+ 2 +4x -2
X 3x
2—3xz+5x4

- =2x1'—3x+ 5x3

d y=

D = 2x2 -3+ 15x2= -2 —3+15%°
dx 2

X

y=203x%*— 2x) = 6x* — 4x

dy _ -

a—le 4

-2y Y _

At (1, -2) ” 8

Equation of tangent: y — 2 = 8(x — 1)
y=8x—6

3 -1-3x7"

. gradient of normal = -~
Equation of normal: y — 4 = —é x+1

1 11
=__Xx+ =
3x 3

Exercise 4l

1

a y=(Qr+3F L=502x+3)(2) =10Q2x+3)
1
b y:\/2—3x:(2—3x)2

v 7(2 3x)2( 3)=

o PYou
¢ y=2-3x+50,50 =2 -3+15¢
d ;;=J5x‘23i=—3(5;52+1)'é

&3 (52 1) F(109) =

\/(Sx 1)

2 y=+3x"—2x = (3x2—2x)7

3x—1
\3x? —2x
d .
Atx=1 l:2andy= 1, so tangent 1s

-1=2x-1Diey=2x—-1
X

dy _ 1 - 9y —
&= Gr 217 (6x-2) =

At (1, -2), d—z = 3 so gradient of normal = -1

3
. equation of normalisy + 2 = — %(x -1

1 5
Le.y=—3x—3

Worked solutions: Chapter 4




4 y=— 1 =(@x2-6x+1)"
3x" —6x+1
Y= —(3x2—6x+ 1)2(6x—6) =— (=0
dx G’ —6x+1)
6x-6=0 ~x=1 y=—1 1 (1,_;)

1

5 =i =[1-4]

-1 l—x% K —1x_% =— !
dr 2 2 4W1-Vxx

Exercise 4)J
1 y=@x-1)(x+3)°
ux)=x-1 (x)=1
Wx) = (x + 3)° V(x) = 3(x + 3)?
Yo =13 e+ 32+ (@ + 3P ()
=(x+37QBx—-1D+(x+3)
= (x + 3)? (4x)
= dx (x + 3)?
2 y=(2x-37@x+1)
u(x) = (2x — 3)? U (x) =4Q2x - 3)
wx)=(@Ax+ 17  V(x) = 12(4x + 1)
% = (2x — 3)? 12(4x + 1) + (dx + 1)° 42x - 3)

= 4(2x — 3) (dx + 1) [3Q2x — 3) + (dx + 1)]
= 4(2x — 3) (4x + 1) (10x — 8)
= 8(2x — 3) (4x + 1) (5x — 4)

3 y= =Gt )@E-1)"
ux)=x+1 wx)=1
) == VE)=-(x-1)7

Yom e+ 1) (= )2+ (= 1)

Y =12 [~ D)+ (= 1)] =2

& —
4 y=x1-2x
u(x) = x Wix)=1

W9 =(1-22)° V() = L(1-20F(-2) = ~(1-22) 2

dy 1 1
o —x(1-2x) 2 + (1-2x)?
1 3y
=(1-29 2 [-x+ (1 - 20] ==

5 y=(@-3x+1)"

dy _ -1 2(4x3—3): 3—44°

e (x*—3x+1) (x* —3x+1)
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WORKED SOLUTIONS

6 y=(x-1)Gx-2),

= (1) 2(3x-2) x 3+ 4(x— 1) (3x 2y
_ 2(x—1)"

4 4(x— 1) GBx-2)
(3x—2)

2(3{71)3 (7x75)
(3x—2)f

Exercise 4K

2
1 a :X;7
X
ux)=x—-7 u(x)=2x
nx) = x° V(x) = 3x?
4y _ P e)-( -3
dx i
_2to3 e
- 4
X
C21-4"
- 4
X
X
b y=
\/x2+1
ux) = x W (x)=1
L 1
Wx) = (o +1) V@) =@ +1)
d 1 1
Ey = ((X2+1)2 —xX(x*+1) 2) @2+ 1)
:(x2+1)—x2= 1
3 3
(x2+1)2  (x*+1)?
¢ y=———=(@'-3x+1)
x*=3x+1
Y = (x4 = 3x + 1)72 (4x° — 3)
dx
_ -4
(x4 = 3x +1)°
_l+x
d y_l_\/;
1 1
ulx)=1+x2 u'(x):%xz
1 1
V(x)=1—x2 v’(x):_%xz
11 11
dl:(l—xz)2x2+(lfx2)2x2
dx 1\2
-
_1
_ x* 1
e y=Gx-x)?’

Worked solutions: Chapter 4




x2-2 _ 1-2/x  _ 1-2Jx

4(\/;_,()% 4‘/;\/(\/;—36) 4\/x—x\/;

f y= (l_x\/;): (1_x;;)3

u(x) = x3 u'(x) = 3x?

-1

nx) = (1 \/;)3 V(x) = 3( I)Z(%xT)

303 %
dl (1 \/;) +5x ( )
o (1)’
:3x2(1—\/—)+;x%
(1-=)’
3 s
_ 6x2 —6x2 +3x2
2(1-x)*
5
_ 6xz+3x2
2(1- o)
:3x2(2_\/;)
2(1-x)'
2 y=" (r="-1)
x +1
u(x) = 4x U(x)=4
x)=x2+1 V(x) = 2x
dy _4(’+1)-8x" _ 4-4x
dx G +1) " +1)°

Atx=—1, gradient = 0

3 y= - =84 +x%)! x=1
4+x
= -84+ x%)7? () =
dx (4+x2)2
8\ dy _ -16 25
At (l’g)> it gradient of normal = T

3

Equation of normal: y —% = %(x -1, y= %x *80

80

4 f(x)=m =(1—(2+x)’1)%

f(x)= §(1 -2+ x)*)’% 2+x)7

_ 2

32+%° 3/1—%
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WORKED SOLUTIONS

Exercise 4L
1 f)=4x+1 +%

f)=4-x7
fx)=x*—-2x—1
fi(x)=4x-2 f7(x) = 1242
f0)=-2 f(-1)=12
fx)=x—4x + 16x— 16

f(x)=4x - 1242 + 16

f7(x) = 1242 — 24x
f)=x+2)(x-2y=>x=-2o0rx=2
FE2)=f1(=2) = f"(=2),

but f(2)=f'2)=f"(2)=0sox=2
f)=x*+m?+sx+t

4 —_— —_2
f(x) =2x 3—;

f)=16=r-s+t=15 (1)
flx) =4+ 2rx + s
f')=-16=>s-2r=-12 )
f7(x) = 1252 + 2r
ff-)=16=12+2r=16 3)

Solve equations (1), (2), (3) to find r =2, s = -8,
t=35.

s@=@—-4P> B -2
a Velocity = s'(f) = (r — 4)3 2(3 — 27) (-2)
=3(t—4)* (3 - 217
s’ =(—4)P 3 -20)[-4(—4) + 33 - 2]
=(@—4)P@B-2t)(25-109
s’(4) =0 ms™!
b 5'(H)=(t—4)* (75— 80t + 20¢?)

s”(6) = (t — 4)* (—80 + 401) + 2(t — 4)
(70 — 80z + 20¢?)

= (t—4)[-80¢ + 40¢* + 320 — 160¢ + 150
— 160z + 40¢?]

= (¢t —4) (80¢% — 400¢ + 470)

acceleration = s” (4) = 0 ms™
c () =80¢% — 720¢2 + 2070¢ — 1880

jerk = 5"”(£) = 240¢* — 1440z + 2070

s"”(1) = 240 — 1440 + 2070 = 870 ms™!
foy= L =x"
S =-—x72 S =2x7 () = —6x7
f@(x) = 24x7° fO(x)=-120x"°

1 l
fo@="5 ,L:’

Worked solutions: Chapter 4




Exercise 4M

1 a y=x?-3x+1
Y =2x-3
dx
_ . 3 3\' o(3 5
2-3=0 x= y:(z) ‘3(5)“:7
x | x<3 | x>3
2 2
dy
dx - +

.. -5 3
.. minimum value = o whenx = 5

b y=-2+6x2—3)

WORKED SOLUTIONS

i x:_17%7% ii ]_1’1[ o ]%’oo[
- 13

i |—oo—1[ U ]5,5[

. 1 1

o x=- ]—57‘”[

i ]—eo,—

y=-3x2+6x—1

Yo bx+6 —6x+6=0 =x=1 (1,2)

X | x<1|x=1| x>1
dy _
- + 0

maximum at (1, 2)
f is increasing for —co, 1]

f is decreasing for 1, oof

y=x3J2-x’ (—\/ESxS\/E)

T=xle-x)? 2 (<2x) + (2= x7)

2 1
= il 1 +(2—x2)2
-]
—x +(2 - x) —

Fawci

d—y=—6xz+12x

—6x>+12x=0 .. 6x(—x+2)=

x=0 or 2 0, -3) (2,5)

X |[x<0|0<x<2|x>2

.. minimum value = —3 (atx=0)

maximum value = 5 (atx=2)
c y=3x*—-2x*-3x*+4

D = 1293 — 6x2 - 6x

dx

1263 —6x2—6x=0 6x(2x>—x—-1)=0

6x2x+1)(x—1)=0

_ -1 -1 59

X x<% 71<x<0 0O<x<1| x>1

dy

dx - + - +

.. minimum values are % atx = —% and
2 (at x =1) maximum value =4 (at x =0)
d y=x%—4y3

Y — g3 — 2
i 4x° — 12x

4¢3 = 1242 =0 dx2(x—3)=0
x=0or3 0,0 3,27
X x<0 0<x<3 x>3
dy
& - - +

.. horizontal point of inflexion at (0, 0)
minimum value = —27 (at x = 3)

Exercise 4N
1 a i x=-lorl i
i -1, 1]

=0, =1 [U] I, o]

2
2-2 =0 =x=%1(1,1) (=1,-1)
2 - x?
X [x<-1|x=-1|-1<x<1|x=1|x>1
dy _
dax - 0 + 0

minimum at (-1,

increasing for |1, 1]

decreasing for [

¢PHD-x2y _ 1-x

dy

i =0 when

«*+1)?

x==*1 (11)

o +1)°

’2

—\/E,—l[u]l,\/ijl

=

—1), maximum at (1, 1)

3

X

x<-1

x=-1

-1<x<1

x=1

x>1

dy
dx

0

+

0]

minimum at (—1,—7) maximum at (1, 2)

increasing for |1, 1|
decreasing for |—c, —1 [
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Worked solutions: Chapter 4

U1, e




1
2 ?

w\»&‘ w

minimum at [
2

increasing for ]%,oo[ ,decreasing for ]—oo,%[
e y=xN2-x° (—\Est\/E)

dy — o 1

. o¥ (2 —x?) 2 ( 2x) + 2x(2 — xz)2

42w (2-47)  ax -3

(2_xz)% NC

%=0:>4x—3x3=0,x(4—3x2)=0

=025 0.0 [ﬁs@(jg3 i)

X x<—i x=—i —i<x<0 x=0
J3 J3 J3

:—i + 0 - 0

X 0<x<% x=% x>%

% + 0 -

. 2 2 4 |2
maxima at (\/_ 3[) and (\/53\/;),
minimum at (0, 0),

increasing for ]—\/E,—%[ U ]0%
decreasing for ]—%,O[ U ]%\/E]

Exercise 40

1 a y=2x3+3x?2-12x—-3
Y = 6x2+6x—12
dx
6(x*+x-2)=
6(x+2)(x—1)=0
x=-2orl

dy—12x+6
dx

f7(=2)=-18<0 .. fhasa maximum at
(=2,17)

f7(1)=18>0 .. f hasa minimum at (1, —10)
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WORKED SOLUTIONS

b y=—x'+2x-1
dy — _ 4.3 — 43 L1
cT 4’ +2 AP +2=0. 2= %
=0.794
2
jTy = —12x2 < 0 .. maximum at (0.794, 0.191)
c y=x"—b5x
P=5xi-5 5x*=5=0, ¥=1, x=4%l
2
¢ % =20
f7(-1)<0 .. maximum at (-1, 4)
f7(1)>0 .. minimum at (1, —4)
_ 2 _ ) el
d y i3 12(x? + 2x — 3)
Y = _12(x2+ 26— 3)2 (20 + 2) = _24G+D
dx (2 2
x+2x—3)
V=0 = x=-1
dx
X | x<-1|x=-1|x>-1
% + 0 -
maximum at (=1, —3)
_ 3x+3 _ 3x+3
xB-%  3x 47
dy _ GBx-x)3-(Bx+3)(3-2%)
- 2
dr (Sx—xz)
_ 9% —3x% —9x + 6x% — 9 + 6x
= e
(3x—x)
_ 37 +6x-9 _ 3 +2x - 3) 3(x+3)(x D
xz(3>fx)2 x(3 x) x(3 x)
Y=0 = x=-3orl
dx
X |[x<-3|x=-3|-3<x<1|x=1 [x>1
:—i + 0 - 0 +
maximum at (—3, é), minimum at (1, 3)
1=
2 b y=i%

dy _ (~x2+8)-2x(1-x) — x2-2x-8
dx? (x2+8)2 (x2+8)2

%=0:>(x—4)(x+2)=0
x=-2or4

X<-2 | x=-2|-2<x<4 | x=4|x>4

L/ + 0 - 0 +

maximum at (—2, %) minimum at (4, %1)

Worked solutions: Chapter 4




ii fisincreasing for |—oo, =2 [ U] 4, oo
f is decreasing for | -2, 4]

i 2 4
= 4
1\ (0, =)
8
(1,0)
-6 _A D 0 2 4 6 X
1 N
8 (4,_%
Exercise 4P
1 a y=x*-x
2
i P =3x2- 97 = 6x
dx dx
d2
d)TJz/ =0 = x=0
X x<0 x=0 x>0
d* - 0 +
o’

point of inflexion at (0, 0)
ii concave up for ]0, oof
concave down for [—oo, 0[

b y=x*-3x+2

i Y=4-3 9Y = 1242

dx x

d2
—z=0 = x=0

dx

X x<0 x=0 x>0
d’y + 0 +
dx*

no point of inflexion

ii concaveup for ]-o0,0[U]0, oof
¢ y=+4x—x" wherexe [0, 4]

1
. ody 1 2\72 . 2-x
i 5—5(436—36) 4-2x)=—"=_

%
(4x—x2)

(4-2x)

D=

—(2—x)%(4x—x2)

S =
dx (4x_x2)

~ —(4x—x2)—(2—x)2

3

)

_—4x+xz—4+4x—x2
- 3

(o]

—4x

oot

€2 <0 .. no points of inflexion

N|w|
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WORKED SOLUTIONS

ii concave down for [0, 4]

y=(x-1)°
2
e A s (O
Cy_ 2 dygg
2 4 2
9(x —1)3

.. no points of inflexion

i x | x<1 | x>1
dzy _ 0
2
dx

concave down for |— oo, 1[U]1, oo
2

_ 3
y= x—1
2 2
i dlzéx(x—l)—Bx :3x —6x
dx -1 -1
2 2 2
dy _ (x=1)"(6x—6) - (3x" —6x)2(x — 1)
dx? -
_ x-1)(6x - 6)— (3x" —6x)2
-1
_6x" —12x+6-6x +12x
-1
_ 6
o -1)°
a2 ) ) .
2 %0 .. no points of inflexion
dx
ii X x<1 x>1
2
d }; _ "
dx

concave up for |1, o[, concave down for
]=oo, 1]

Exercise 4Q
s(®)=—5¢2+ 5¢t+ 10

s(0)=10m

=5t2+5t+10=0

t?=t—=2=0

t-2)¢t+1)=0

- t =2 seconds

v(®)=-10t+ 5 a(f) =-10

v(2)=-15ms?  a(2) = -10ms>

The diver is moving downwards and speeding
up when he hits the water.

50t — 15¢2
v:50—30t:0whent=§

maximum height = 5(;) = 41§m

Worked solutions: Chapter 4




b 20=50¢r— 15¢2
3t2—-10t+4=0
t=0.4648 or 2.8685
v =150 — 30r v(0.4648) = 36.1 ms™!
v (2.8685) = —36.1 ms™!

speed = 36.1 ms™ upwards (when ¢ = 0.4648)
and downwards (when ¢ = 2.8685)

c a=-30ms>2

d 50r—-15¢2=0
5¢((10-3) =0
.. rock hits the ground again when ¢ = %s

3 s=T7t+ 52213

a v=7+10t-6t> a=10-12¢
v(0) = 7 ms™! a(0) = —10 ms
Initially the particle is moving in a positive
direction and is slowing down.

b v(2)=3ms" a(2) = =14 ms™
The particle is moving in a positive direction
and slowing down.

4 s=10-1¢°
a s(3)=63m .. average velocity = 63—3 =21 ms™!
b v=20r- 3¢ a=20-6¢
v(3) = 33 ms! a(3) =2 ms>
c Speeding up.
d 20r—3*=0
t20-3n=0

20 ..
t=0or 7 direction changes when ¢ = ?s

5 s()=.1-30+8t

a v()=r2—-6tr+8 a()=2t—6
b i 2-6:+8=0
t—-2)(t—-4)=0
t=2sords
ii t O0<t<2 |2<t<4 | t>4
Vv + - +
t O0<t<3 t>3
a - +

v and a have the same sign for 2 <r <3
and ¢ > 4 .. the particle is speeding up at
these times.

iii the particle is slowing down for 0 < ¢ < 2
and3<r<4

c a(2)=-2ms! a(4) =2 ms?

the particle changes direction from positive to

negative when ¢ = 2s and from negative to

positive when ¢ = 4s.
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WORKED SOLUTIONS

d r=2sandt=4s.
e 0—2s distance=s(2)—s(0):6%—0:6%

2 - 4s distance = s(4) — s(2) = 55 — 62 = —1

=1

2
3
1
3703

. - — A2
4 - 5s distance = 5(5) —s(4) =65 =5

) 1 1
total distance = 6% + 15 + 15 = 9%m

Exercise 4R

1

4

o(x) =20000 + 180 x— 0.1x?
a (x)=180-02x
b (100)=180-0.2x 100
= 160 euros / tank

¢ «101) — «100) = 159.9 = cost of producing 1
extra tank is nearly the same as the marginal
cost function.

p(x) must be > 050 0.002 x< 71.e x< 3500

.. domain is 0 < x < 3500

it ¢’(x) =3 euros / unit = it will always cost
3 euros to make an extra memory stick
ili 7(x) = x(7-0.002 x)

b Break-even points: 7{x) = ¢(x) when
7x =0.002 x* = 500 +3x
i.e. 0.002 x> —4x+500=0
= 4+.16—4
0.004

= 134 or 1870 (3 sf).

For profit, need to make x memory sticks
where 134 < x < 1870.

Average cost per 100 units = o) - 500 + @

X

. d
To minimize cost, need [c—x)] =0
X

= 500 - 15 =

=>x=2=x=141(3sf)

.. costs are minimised by making 141 units.
b nx)=35x— 3 and p(x) = {x) — o(x)

50 p(x) = 35x — 3 — 400 — 20x + 0.2
— 0.0004+°

= 15x— 403 + 0.22% — 0.0004x°
2’ () =15+ 0.4x—0.00122 = 0

= x = 367, so 367 jackets must be made to
maximise profit.

¢ Minimising costs will not necessarily
maximise profits.

Worked solutions: Chapter 4




Exercise 4S

1

Y

(x, 10 - x?)
0 X

A=2x(10 — x?)
=20x — 2x3

A" =20 — 6x?

20-6x°=0=x= %

A" =-12x

If x= %, A” <0 .. max.

base = 2@ height = 10-'2 -2 (3.65 by 6.67)

800 - 2x
A=x(800 - 2x)
= 800x — 2x?
A" =800 — 4x
A=0 = x=200
A”=-4<0 .. maximum
maximum area = 200 x 400 = 80000 m?

N

X

x+2y+”2—x=4
2x+4y + mx =8
y:

8—2x—7x
4

A=xy=%(8x—2x2—ﬂ:x2)
A’=%(8—4x—2ﬂx)
A=0=>x4+2m)8
x=_8 =0778 y=1

4427
A”:i(—4—27r)<0 . maximum
. . .8
dimensions: 1, by Im
Exercise 4T
1 a 3y*+x2=4
dy - L
6ya+2x—0 Ty
b y'=x'+1
3dy 3,0 . dy 30
4ya 3x% . P
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WORKED SOLUTIONS

c x*+y?-3x+4y=2
2+2y ¥ -344% =9
dx dx
dy  3-2x
dx  2y+4

d 2x?—-3x%*+y?=9
4x — 3(x2 Zy% + 2xy?) + Zy% =0

— Zdl— 2 dl:
4y 6xydx 6xy +2ydx 0

gl_ﬂf—M
dr ) -32%y

e (x+y)P=5-2
2(x+y)(1+j§)=—2

1+&=_1
dx x+y
dy _ _ 1 -1 =_(1+x+y)
dx xX+y x+y
F x2=2"2 x3+xy=yx-
x+y Y y

3x2+x2d—y+2xy=l—d—y
dx dx

L@+ 1)=1-3¢-2x

dy _ 1-3x*—2xy

dx x*+1
x*=y?=9 (54

_Y—00 - I
2x 2ya 0 ..

W= \By+22=5 (/3,2
- dy dy —
2x \/g(xdx+y)+4ydx 0

_2d dy — _
\/ga+4ya \/gy 2x

dr 4y -3x
Tangent: y = 2 Normal: x=+/3

x2+y?—6x—8y=0
20+ 2yY - 6-82 =90

dx dx
dy _3-x dy _ _
iy 4 E_O = x=3
9+9y2-18-8y=0

Worked solutions: Chapter 4




y2=8y-9=0
0-9@+1D=0

y=9or-—1

stationary points (3, 9), (3, —1)
(1,-2)
6x +2x % dy +2y+2ydy =0

6 3x2+2xy+y2=3

dl:_(3x+y) _ (-2

dx x+y - -1 =1

dy dy _
+ + v+
3x+x y+y 0

2 2 2
3482y, dy (D)
de dx dx de dx

2 2
d
3+9242-29241=0
dx dx
dy _
w O

7 x*+xy+y?=3
y=0 x2=3 x=%.3
2x+xj§+y+2ydy—0
dy _ _@x+y)
dx X+2y
At(ﬁ,O)%:—z At(—\/g,O)%’:—Z
.. tangents are parallel
9 x+ty=x?—2xy+y?
a l+jﬁ=2x—2(xgz+y)+2yz

1+j§‘2x 2xdy 2y+2y

dy dy _ dy _ _ _
dx+2xdx 2y 2x—2y—1

dy _ 2x-2y-1
dx  2x-2y+1

_ 2x -2y -1)
1-Y=1-&=2-D
b dx Qx—-2y+1)
—2x-2y+1-2x+2y+1
2x -2y +1
dx 2x =2y +1
» (Qx- 2y+1)(2 Zdy)—(Zx 29— 1)(2 2dy)
c dy _ d dx
dx? @x -2y +1)°
4-4Y
— dx
(2x -2y + 1)
,@x-2y-1)
— 2x -2y +1
(2x — 2y +1)?
:4(2x—2y+1)—4(2x—2y—1)
Qx -2y +1)°
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WORKED SOLUTIONS

_ 8 _( 2 )3
Qx-2y+1°  \2x—-2y+1

3
Ly (1 dy) (from b)
dx dx

Exercise 4U

1

2

A — gy I
dr dr

A=2nr*+ 2nrh

d4 dr dh dr
L =dnr = +2nr - + 21 —
dr T dr T dr T dr

A= mr?

L =Arr+ 272'h) dr o+ Zﬂrd—

Let x = diagonal of the box.
2 — ZZ + W2 + h2

208 =21 % 42w 4 20

19 4w g pdh
de _ dr " dr " dr

dr

T
(P +w?+ h?)?
dl — -1 dw — -1 — —
—=2cms! ===-2cms!'/=12cm,w=5cm
dt dt
a A=lw
a4 _gdw  dl
dr dt dt
=12(-2) + 5(2)
=—-14 cm?s7!
b p=2/+2w
dp —pdl L Hdw
dt det dr
=2(2)+ 2(-2)
=0 cms™!

c Let x = diagonal of the rectangle.
2 — 12 + WZ
I

dx d/ _ _ —
=2t 2w ™ (1=12,w=5x=13)

134 =12(2) +5(-2)

dx _ 14C Sl
dr 13

= 1.5ms!
dr

Let x = side length of cube
A = 6x?

y=8lm* x=381m

= 1.5 X 3.7 X 12x
=6

X
d4 _ 6 _ 20-1
@ 1.39 m?s

Worked solutions: Chapter 4




X

5m

—
0 3m X

When x = 3m, % =0.5ms™
a x?2+y*=25

dx dy _
2xdt +2ydt 0

dy _
3(0.5) + 45 =0

dy _ _
S 0.375
.. 0.375 ms™! down the wall
_1 d4 _ 1 dy | 1 dx
= % (3)(—0.375) + % (4)0.5
=0.4375 m?s!
7 4 =2cmx!
dr
A= mr?
d4 _ dr —
o n (r=15)
2=107% ¥ =1 -00637cms™
det dt S5
10 ¥ =12 ms! 4% = 1.5ms™!
der det
A=rrt-rr)
%22717’1%—272'1’2%
dt dr dr

=27 (9%x1.2-1x1.5)
= 18.6mr=58.4 m?s™!

Review exercise

1 a lim* 3=-1
x>l x+1

b lim V¥ -1

=1 does not exist since the domain
X

x—0

is |00, 1] U [1, oo

¢ lim ¥ -1-1.10 (3sf)
x—0 X

2 2
3x" +x :4

d lim
x—0
52
e lim2* =0

o o 3
*2 2% +1

f lim =0

T T 41
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WORKED SOLUTIONS

2 3 x*+2x x<2
7 xX¥—6x x>2

f@=8 limf(x)=—4

f(x) is not continuous at x = 2

2
3 a:2n -3

2
n -

an—>0asn—>oo.

had n . . . .
4 Y 3[(‘1}1)] is a geometric series with 7 = —é
n=0 5

hence it converges.

5 Geometric series with, 7 = 5

1+a
; < 1provided a # 0
1+a
2 2 2
sum = ¢ =2 (1:a ):1+(12
1— 1 1+a” —1
1+a2
3 2
6 _x -2x"+5
y b _X3
a y=-
b x3—2x2+5_ 1
2 3
X — X
2 =2x"+5=-x"+%’
5=x*
xzi\/g
5-1) (=51
x°+1
dl:Z(x2+l)—2x(2x+l)
dx («* +1)%
-0 Y=
Ifx—O,dx 2
Tangent: y — 1 = 2x y=2x+1
Normal: y — 1= —%x y:—%x+1
9 x+y=-3 gradient = —1
y=xvx+1
d—y—xl(x+1)_%+(x+l)%
dx 2
_x+2(x+1)
- 1
2(x +1)?
3x+2
1
2(x +1)?

Worked solutions: Chapter 4




10

11

12 a

3x+42 _ _ B 3
=71 = 3x+2="2x+1)

2(x +1)2
Bx+2P2=4x+1)

Ox?+ 12x+4=4x+4
9%2+8x=0
x(9x+8)=0

= _8

x=0or 5
—n Y _ __8 - _
Ifx=0==1 Ifx——9 1

. y=x+x+11s parallel to the linex + y = -3
at (_§ _i)
9’ 27

dy _ 1 _ _ _
3—5(8963 152 — 10x +3) = -7

PYEIER YOV
normal: ¥+ 7(x 1)

1 37
=—X—==
Y 7 14
1 1
Loxt—5x3-5x243)=Lx-3%7
2 7 14

14x* — 35x% — 35x% + 21x = 2x — 37
14x* — 35x3 — 35x2 + 19x +37 =0
x=3.0782 y=-2.2031 (3.08, —2.20)
_ 3. (1P 1 1
f@=[s0] - SO=( == (0~}

8

f1(x)=3[g®)] )
ro--f ()

3
1

y+ % = 2xor y=2x—g
y=(1-3x)7"Bx+5)}
= (1-3273(3x + 5 3+ (3x + 5)°
7(1 = 3x)° (=3)
= 9(1 - 3%) Bx + 5)2 — 21 (1 — 3x)°
(Bx + 5)3
=3(1 = 3%)° Bx + 52 [3(1 — 3x) — 7
(Bx + 5)]
=3(1 - 3x)° (3x + 5)* (=30x — 32)
= —6(1 — 3%)° (3x + 5)2 (15x + 16)

b y=y@x*-3x+1)°

Ay 5040 2 (8 —
i 2(4x 3x+1)2(8x-3)

WORKED SOLUTIONS

1 _1
(x+1)22x—%(x+1) 2(x% -3)

b _
dx (x+1)
2(x+1)%
:3x2 +4x+3
2(x+1)%

1
N
d y=+vx+vx’+1 =(x+(xz+1)2}2

jﬁ:i(m(xzﬂ)

ef

1

)2 (1+;(x2 + 1)‘52x)

N[ =

_1
Faxt 4 1) 2

i
1\2
x4 +1)?

1
(P )? rx

d

1
7 1\2
x2+l) x+ (x4 1)?

[t T
(x"+1D° +x

1

2(x2 + 1)2

e y=(x+2+(x-3)%°
jx—y=3(x+2+(x—3)g)2(l+8(x—3)7)

13 f(x) = ax®+ 6x% — bx

2+ 12x-b

S6a+12=0 .c.a=-2

f'(x) = 3ax
f7(x) = 6ax + 12
f71)=0
f=1)=0

L=6-12-56=0 ..b=-18

1
14 y=x-3x =x-3x°

a (0,0
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12
x3(x3 —

3)=0
2
x=0or x3=3

x=+27 (/27,0) (-/27,0)

Worked solutions: Chapter 4




=2 1 2
1-x3 =0 1=—2 x3=1 x=
3
2 -5 x
d};:gx3: 2
dx 3 33x5

2

fx=1,%2>0
dx

2

-, minimum at (1, —2)

Ifx=-1,"2<0 . maximumat(-1,2)
d
d’ )
¢ “2#0 . nopoints of inflexion
dx
d |x|x<-1|x=-1|-1<x<1 |x=1|x>1
dy
a + 0 - 0 +

i function increases for |—co, =1 [U] 1, oo

ii function decreases for |-1, 1|

2x

x2—1

15 y=

a x=1,x=-1,y=0
b f—x)=—"2 =" =—f(x)

0’ -1 -1

.. function is odd

_ (" -1)2-2x(2x)

¢ dl 2 2
dx > -1
2
= _22x _f<0
(x" =1
- d—y<0
dx
Y
d 4
x=-1
—2 [\[2 o
12
x=1
Lg

16 f(x)=CY

x2—3

a (0,-3) (3,00 x=+.3 y=1

2 2
b f’(x) _ (x" =3)2(x —-3)—-2x(x-3)

2 2

(x"-3)

_2x-3)[x’ ~3-x(x-3)]
(xZ _ 3)2

_ 2(x-3)(3x-3) _ 6(x-3)(x-1)
(" -3) (> -3)

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

WORKED SOLUTIONS

fx)=0 = x=3orl
/ 6x° —24x +18
(x"=3)

F0) = & =3 (125 - 24) - 22" ~3)2x(6x” ~24x +18)

@« -3
_(xF =3)(12x - 24) — 4x(6x" —24x +18)
- 2 3
(x"=-3)

_ —12x° + 72" ~108x + 72
(-3’

Ifx=3,f"(x)>0

Ifx=1,f"(x)<0

. minimum at (3, 0)

c ff®)=0 = x=4.1958
X Xx<4.1958 | x> 4.1958

f”(x) + —

.. point of inflexion at (4.20, 0.0979)

d i increasing for]—o, =3 [U] -3,
1[ U3, eof
i decreasing for |1, \/3 [U]+/3, 3]
Y,
e |8 1
e
ANE
= ,/ S 42000:0979)
INEPREEDERG
(Uu_ﬁ)/ :(1, -2)
x=4814 ] lx-lv3

17 x=y>-y 0=y(*-1)
»=0,%1(0,0)(0, 1) (0, 1)

dr _ o4 R |
dy oyt =1 "dx_5y4_1
At(0,0) 2 =-1
At(0,1) ¥t

dx 4

Review exercise

1 (1.5,0) (x,vx)
P=x-15%+x
=x2—-2x+2.25

Let / = distance

1
[ = (x> —2x +2.25)2

-T2 -2x+2 25)%(2x—2)
dr 2 ’

_ x—1

1
(x? —2x +2.25)?
d

a:0$x:1

-, maximum at (1, —2)

Worked solutions: Chapter 4




X | x<1 x=1 x>1
dy
a - 0 +

.. minimum distance when x = 1

minimum distance =+/1.25

Let » = radius, x = side of square

drr + 4x = 80
x=20- 7r
A =21r’+ x?
=2mr*+ (20 — 7r)?

= 2mr’+ 400 — 4077 + 7r?

Z—f = 47y — 407 + 2727

M — 0= 4+ 27 = 407

—4 cm min™!

dr
2r+ mr=20
y= 20
2+
dzA . .
72:47T+ 27 >0 .. minimum
dr
S, 20
2+
4 =3 cmmin!t ¥ =
dt dr
v = mr’h

e Y LA
dr dr d

= m(81) (—4) + 27 (9)(12)(3)

= 3247 cm® min™!

increasing at a rate of 3247 cm3 m™!
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WORKED SOLUTIONS

X

xy =180 y=%

printing area, A = (x — 2)(y — 3)
A=xy—3x—2y+6

x=+120=1095 y=16.43

2
a’4 _ -720 )
—r= <0 . maximum

dx2 x3

.. dimensions are 11.0 cm by 16.4 cm
& 1 =(1+29)"

dr 142« ( »)

. 2
acceleration = d% = —(1 + 2x)? 2%
dr

-2

C(+20)

At x = 2, acceleration =%

Worked solutions: Chapter 4




WORKED SOLUTIONS

. LA T
e

: s
s v

Answers
Skills check

1 f@=_"jx%1

. y
inverse: x =

x(-1D=y
Xy—y=x
yx-1D=x

Y= x1
f Y x) = *oox#1

x—1’

) =)

-4
2 fW=ax—b gx="""

a

fog@=f[t)=a(*1t) - b=x

a

gof() =glax— b =" =y

a

< fog (%) = gof(x)

Exercise 5A

1 ulzl u :h
" I+u,
1
1 2 1
= U, == =—
1/12 5 3 i 3
2
1 1
3 _1 _4_1
u, ===— U =—=—
4 £ 4 5 é 5
3 4
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ne 7Z*

) )
_3 _~2 5 _2
=575 BTT Ty
3 5
-2
-1 _2 _n 2 2 2 2 -2
Y 9 2, 2’3’5’7’9 S
7
a u,=2 u=u71=ln ne Z*
n n 2
2 2 2 4 4
w=5-129 4, 0 1.1
4 8 8 8 16 6
_17_1_33 5,3 5 9 17 33
16 32 32 27478716 32
b u _2 +1

- P(0) is true

Assume P(k) u, = 2041
2k

Prove P(k+ 1) u,, =u, —

k+1

2411
- 2k k+1
20" +1)-1
- 2k'+l
2421
- 2k+1
_ 2k+1+1
- 2k+1

- P(k) = P(k+ 1) and P(0) is true
2" +1

.. by mathematical induction, u, =
5

u=u_+2 -3, nelkl
n—1 n

u,=5+8-3=10
u,=10+10-3=17 1,2,5,10,17

Worked solutions: Chapter 5




b Pn):un=n*—-2n+2
Pl)=u =1"-2(1)+2=1 .. P(1)istrue
Assume P(k) u, =k —2k+2
Prove P(k+ 1) u,, , =u,+2(k+1)—3
=k -2k+2+2k+2-3

=k +1
(+1P-2F(+1D)+2=+2k+1
—-2k=2+2
=kF+1

Sy, = (kT 1P -2(k+1)+2

.. P(k) = P(k+ 1) and P(1) is true

. by mathematical induction, u = n* — 2n + 2
Exercise 5B
(64)° =

1 a 42=16

N
-]
/——q\
@“
¥l
b
‘\
“ o
1l
—
>
& oo
)R
S
\—u/\.\,
|
~~
o0
=
w
(a )
w
N
w

Oxx’ %
=% =1

' x
3 Vg?+d;5:y%+y%:y€%)=y%

5 5
when y = 64, yo = (¢/64) =2°= 32

5 1
4 'y xAlx 7y 2 2y 2 X 2y22

(x2)

ol ~
N
N

5 5x471—-20x8"=5x(22)"" - 20x (2
=5x 202 — 20 x 20"
=5 X 2% %20 — 20 x 2%
=20 x 26" — 20 x 26"
=0
6 4"+2=3x2"
29-329+2=0
2-1)2*-2)=0
2=1lor2*=2
x=0orl
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WORKED SOLUTIONS

Exercise 5C

1

250000 (1 + »)? = 450000
1+rn*=138
1+7=1.0298

r=10.0298 = 2.98% = 3% (nearest percent)

a 61.08=1748(1+7r)
(1+77=3.494
1+7r=1.1957
r=10.196 = 19.6%

b 77.45=61.08(1+n*
(1+7r*=1.268...
1+7r=1.0612
r=0.0612 =6.12%

c 97.87=7299(1 +n"
(1+7r)'2=1.3408
1 +7=1.0247
r=0.0247 = 2.47%

Samira: After 15 years (60 quarters), she will
have

1000 (1+¥) = 1000 x (1.02)
~ $ 3280
0084 12x15
Hemanth: 500(1.08)"* + 500 (1 + 0 )

= 500(1.08)'S + 500 (1.007)'
= 1586.08 + 1754.99

= §$ 3340
5::r°f Amount owing Pays back
1 15000 x 1.05 = 15750 10500
2 5250 x 1.05 =5512.5 3675
3 1837.5 x 1.05 = 1929.375 1286.25
4 643.125 x 1.05 = 675.28 450.1875
5 225.09375 x 1.05 = 236.348 157.565625
16069.00313

.. Guiseppe has paid back approx. € 16700

Exercise 5D

1 Redcurve: (1,2.5) 2.5=4'

sa=2.5
4=g" .'.cz=l

Blue curve: (-1, 4) 4

2 f(x)=2° flx+1)=264D =229 = 2f ()

flrt+a)=27=212)=2f(x)

-2 1 -2 4
4 44
2 2
T T T T
4 2 0 2 4% 4 o 0 2 4K

Worked solutions: Chapter 5




4 e +1=e"!

x=-0.541

5 a reflection in the y-axis
b reflection in the x-axis
c

rotation of 180° about the origin (or reflection is 3

the y-axis followed by reflection in the x-axis)

Exercise 5E

1 a 5=125 = log, 125=3
b 10°= 1000 = log,, 1000 =3
c 27°=3 = log, 3 =1
d 10°=0.001 = log,,0.001=-3
e m=n = log m=2
f a=2 = log 2=5
2 a log,9=2 = 3*=9
b log,, 1000000 =6 = 10°= 1000000
1 1
c log497:5 = 49:=7
d log 1=0 = a=1
e log,a=5b = 4°=q
f logp g=r = p=q
3 a log,64=2
_1
b log,3= 5
c log,001=-2
1
d log,12= 5
e log, 1=0
f logaif_=§
4 a log8l1=2 =81 .~x=9
b log,x=4 .. 3= x =81
c log 121=x ..x=2
d log5=; .x=5 .x=125
e log16=2 .x=16 ~x=16=4'=64
folog32=-5 ~x7=32 . =32,2"=_,
x=!

Exercise 5F

1l a

log, - =2logp —log g
g
b logas\/? =llog, 2 =1 log,p-
qZ 3 q 3 a
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2
3 logaq

WORKED SOLUTIONS

4><9

a logd+2log3 —logb = log =logb6

b %logup + iloggq2 =log, p + logu q* =log, \/E
c 2-1log5=10g100 - log20

log5 + log8 —log4 = log —=logl0=1

log, 48 — 3 log2 27=log, 48 — log2 =log,16 =4
¢ 2+logl0—-log.2=2+log5=2+1=3

10g5 =

a 3logy=2logx=3y’=x* .. y:xg
logy =logx +log2 =y =2x
c logy—3logx=log2= 2 =2.y=2¢
X

d logy=2+3x=y=10**"%*

Exercise 5G

log381

a log,2xlog,81 =log, 2 X =4
b log10xlog6=log, 10x = =
0} X 10 0} X
g6 g g5 gém
1
¢ log,8xlog,5=1log .8 x OB bg 8 =3
log 3
a ! L o_ 1 g
10g26 Iog36 10g26 10g26
_ 10g22+10g23 _ 10g26 _
log26 log26
log46 log96 log46 log46 10g46
_ 10g436 _ 210g46 _
Iog46 log46
f log,40 ———_ =1log, 40— =log5 =
8
a letd*¢’=x=log x=1logb
log x
loga = log b
logx _
logh Iog a
logb x=1loga
L x = pous
logb b[oga
1 1 log a log b
b + gab
log ab logbab log ab log ab
a ab
= logab® + log ab®
= logab'®®
=1
S R S
log ab logbab
p=loga q=loge
1
log a= I -1 =log a= =-
x log x p y log y ¢
i log a 1 1
a log a= = =
&y Iog xy log x+logy  p+gq
1 1 1
b _ -

log a= = =
gxy log (%) Iogﬂx—loguy rP—q

Worked solutions: Chapter 5




Exercise 5H

1 a »=7
xlog5 =log7
x= log7

B log5

x=1.21

b 429#1 — 3
(2x—1)log4 = log3

log3
2x—1=2%
log4

x=L1(183 11
2\ log4

~.x=0.896
2 (2909 =0.01

100=0.01

SLox==2

Exercise 5I

1 a 2*=5
3xlog2 =1log5
:10g5
3log2

x=0.774

b 33 )=10
329#1 — 10
(2x—1)log3 =1og10

1
2x—1 o3

x=L{1 41
2 \log3

x=1.55
2 a 4log,x=log3

1
log3 x

4log,x =

_1 . _ 31
(log,x)* = 4 ~log,x = iE

x=3% or x=37%
b 3log,x+log,27=3

log,(27x°) =3
S 278 =38

3 9-6(39-16=0
(3?2 -6(39-16=0
3*=8)(3+2)=0
3*=38
xlog3 =1og8, x=1.89

© Oxford University Press 2012: this may be reproduced f or class use solely for the purchaser’s institute Worked solutions: Chapter 5

WORKED SOLUTIONS

4 log,x+12log4-7=0

12 _
10g4x+@_7—0

(log,x)" — 7log,x + 12=10
(log,x —3) (logx—4) =0
log,x=3orlog,x=4
x=4orx=4*
x =64 or 256
5414 4 —21=0

5

5(59*-21(5)+4=0
GGEH)-1D(5*-4)=0
5=+ or 5=4
x=-1 or xlogb=1og4
x=-1 or 0.861
log,x+1og 9-3=0

10g39

log, x + -3=0

log_x

(log,xf — 3log,x =2 =0
(log,x—=2) (log,x—1)=0
log.x=2 or logx=1
x=3? or x=23!

x=3 or 9
IXP-2X4=5%6
3(3)* = 529)(3) - 2(29* =0
BBH+29(3-229)=0
3(3)=-2* or 3*=2(29
31.5=-1 or 1.5=2
No solution, xlog 1.5 =1og 2

x=1.71
6log,x + 6log,y =7
6log2y _
6log,x + g8 7

6logx + 2logy =7
log x> =7
¥y =27 - x=128 (1)

4log,x+4log,y=9
410g2x

log 4 +4log,y=9

2log,x + 4log,y =9
log,x** =9
Lxyt=20 soxly?=512 (2)

x X

16384 = 51240 . x0=32
x=+2

¥ =12=16 y=4

from (1) y? =128 x(m) =512




9 2logxy=1=x=)>

xy=125 .. ¥ =125
y=5x=25
10 ylog,8=x=3y=x

2°+ 8 =64
2%+ 2% =64

23y+l:26

3y+1=6

y=3, x=5

11 a log, x=y=log,(2x—1)
x=5 25 =2x—-1
&y=2x-1
¥—-2x+1=0
x=1)’ =0
x=1,y=0

b logx+y)=0=x+y=1=y=1-x
2logx=1log(y +5) =x*=y+5

¥*=1—-x+5
X*+x—6=0
x+3)(x-2)=0
x=2 y=-1

(x cannot be negative)
Exercise 5J
1 f(x)=e":domainisxe R
rangeisye R, y>0
fi(x) =Inx:domainisxe R, x>0
rangeisye R

yl
4_
y=¢

2 4
T T T L
4 2 0 24X

2

_4_y=|nx

2 f(x)=a" y=da
Inverse : x =@, y=logx
s fi (%) = log x
fof (9 = f(og @) = aos

alogax =x

3 Y 4 Y,
4 4

fix) = |Inx|

29| &) = [Inx] Q'V
9 o T 29/ 3 ax

24 f(x) = -Inx -2

44 &X) =nix|
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WORKED SOLUTIONS

0 2 | /4 s

3
translation of (0 ]
X

¥ =logy(x - 3)
y
2_
¥ =logs(x) -3

) 0

0 5 40+ translation of 3
-2
2

a y=Inx—-1)-1

x—1>0 . x>1
domain:xe R, x> 1
asymptote : x = 1
x-intercept 0 =In(x — 1) — 1

In(x—-1)=1

(e+1,0) x—-1=e
x=e+1

Y
2_
] e+1
0 4 X
24
44
y=log, (9 —3x) +2
9-3x>0
9> 3x
x<3

domain:xe R, x<3

asymptote : x = 3

x-intercept 0 = log, (9 — 3x) + 2
-2 =log, (9 - 3x%)
32=9-3x

9 9

80 (80 )
x="
27 (27’0

y-intercept y =1log, 9 + 2 = 4(0, 4)
Y,

N

\

0 80\ 4 X
27

Worked solutions: Chapter 5




Exercise 5K

WORKED SOLUTIONS

e y _ e te
. d T
1 a y:%e J:_Z(er) 3xe e-e
b S = _5ee) Y (5e-Grn= :51 dy _ (e'+e)e'-e)-(e'+re ) +e )
! & dx e dx (e =e™)
c y:e4x—l+4 d7—44x— 4
d y=e+ lze+erPoe_er=e-1 €-e?)
e dx o )
o y—e(13x)jl=3e(l3x) 5 f(x)=xe* -3<x<3
X ’ f—
. a xX)=xe +e*
f =2 Y =21y e&:eﬁ S
Yy dx 2 V; ex(x‘l'l):() wx=-1 y:_e_l
". one stationary point at (—1,;1)
—_ X — — AaX X €
2 a y=xe e* + xe Fr(x) = e +e(x+ 1)
b y= x2 = x%e™ % =2y~ — yler =T f"(=1)=e'>0 minimum
€ ¢ b For point of inflexion f"(x) = 0
2x 1 1 3
c y= S =¥y %2 2e*x e“%:ﬂ eflx+2)=0 .. x=-2 y=-2e2
_ 2e™ " _ dxe” —e” X -3 -2 -1
3 g 0y fx) | -e*<0| O |e*>0
| *. change of sign
_ Lody 1 5 1,75 a0 _
d y=vxe =Y e+ Vroxve . point of inflexion at (—2,22)
(S
i
e 1 v
= +— y,
i 2 50,
. ; L 40
— € @ 2x 2 1 ’% 4 T—e” 4
3 a y=74 & =2Jxe"—e 2% =# 38_
2x? 9
2 dy x 2 x 2 (_2’?) 109
b yzl—xx - =e(—Zx)—z(xl—x)e =x—2xx—1 _.3 _'2__?0 i é é Y
¢ ‘ ¢ 1,2
Te
e dy 1+ x3eT—e” M2 +3x)
c Yy T iy dx 2 - 2 . . . -2
(1+x) (1+x) ¢ Atpoint of inflexion [ -2, =
d y= 1+e" Ay (-eDe’-(+el)(-e) | 2¢f 1 ¢
1—¢" dx (l_ex)z (l_ex)z f’(—2) = —e_z :_7
4 a y= lxe - Equation of tangent: y + (—2 2) = iz (x+2)
+e
dy _(d+e)(xe'+e)—xe"(e") _xe' +e" +e” 4
== = = +
_exrtlve) d y=0,x=—4 (-4,0)
1+e")
PO . e yintercept=[0, 2| area= !x4xt=2%
b y=(l+e) L =2e(l+e) y P ( e 2 R
1
c y=Vl+er=(1+e?)’ Exercise 5L
d
o 1. . 1 a y=5% + =(31n5)5*
325(1+e )2 ( e =~
2V1+e™ _ dy 4
. b y=In(dx+1) 4 =
x+e
d y= =ef(x+e)
dy ¢ 2 a y=1+2Inx b2
L, —el+e)+et+e) de ¥
— A X — L — -1 dy -1
=e{(l +x+ 2¢Y b y=,, =" =-(nx ) g
x(Un x
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Worked solutions: Chapter 5




Exercise 5M
1 a y=xInx jx*y:xz(%)+2xlnx=x+2xlnx

b y=uxa %=(xlna)a"+a*= (xIna+ 1)
2 a y=1n(%):—lnx

b y=Inx¥*=2Inx

_hx d _ =
cry= x dx o o
3 a x=¢"
ylnx=x )
= x dl:m_x(?):mx—l
Inx dx (In x)* (lnx)®
b y=x
Iny=2xInx
1 dy _ 1
;E—Zx(;)+21nx

dy _ o«
E—xz 2+ 2Inx)

4 a y=e'(x—1)

dl— X X J— —_— X
L, ¢ te (x—1D=xe
%:0 if x=0 .. onlyone stationary point
&y vy o
b o o Xe +e
. d’ ..
if x=0, dxy2 =1>0 .. minimum at (0,—1)
c (1,0
d A
4_
24
4 2~/ 2 ax
-2
5 a xR

b f(—x)=In(1+(—x)?
=In(1 +x%) = f(x)
.. the y-axis is a line of symmetry
c fx=In(+x)
=22 =0 if x=0

2
1+x

wen — (14x7)2-2xQ2x) _ 2-2x"
x) = =
f ( ) (1+x2)2 (1+x2)2
f"(0)=2>0 .. minimum at (0, 0)

f'"x)=0= «x=%1

X -2 -1 -0 1 2

w | =° -6
F® | 2<0| 0| 2>0|0|0_2<0

.. change of sign
- point of inflexion at (—1, In 2) and (1, In 2)
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b arclength=—;

WORKED SOLUTIONS

At(1,In2), f'(H)=1
tangent: y —In2 =x -1

y=x—1+1In2 (A)
normal: y—In2=—-(x—1)
y=—x+1+1n2 B)

At(-1,In2), f'(-1)=-1

tangent: y—In2=-(x+1)
y=—x—1+In2 (O

normal: y—-In2=x+1
y=x+1+1In2 (D)

(0,1n2 + 1)
Q

Angles are 90° since gradients are 1

A and C intersection:
x—1+In2=—x-1+In2

2x=0
x=0 (0,In2-1)
B and D intersection:
—x+1+In2=x+1+1In2

x=0 (0,In2+1)
—> 1) —» 1 —> -1
PQ= ,OR=|_1|,RS=|_4

1

5 (-1
=]
~PQ=QR=RS=SP=42
-. PQRS is a square, area 2

Exercise 5N
a arclength=r0=—

S5
4 b
1 257
sector area = r* = e
L Y
=3,

I AU (0
sectorarea—zx X 2= 3

Worked solutions: Chapter 5




X

c arclength=542r-1.3) =269 cm
sector area = % x54*(2r—1.3) = 72.7 cm?

Area = OPQ - OAB = ; x 9 x 0.8 - x 5?x 0.8
=0.4(81—-25)=22.4m?

Perimeter =5x0.8+9x0.8+4+4=192m

Length = AB + AC + BC + 3 x % perimeter of

circle
=75+75+75+2nx75
= 69.6 cm
a Arclength = 5000 stadia
norx 22225000 <= 20005 stadia
circumference = 277 = 27 x 50()79;7:80 stadia
— 9 5000'><180 « 185m
=46250km
b Error = 2 =000 % 100% = 13.5%
Let AB =xand BC =y, s0 AC = /x” + y*

Crescent APBA + BQCB = semicircle ABA
+ semicircle BCB
— (semicircle ACA — AABC)
x’  nyt

:T+T—%(x2+y2)+AABC

=0+ AABC
=AABC

Review exercise

1

3
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92n+2><62n73 _ 34n+4X62n—4 _ 3 n X3
35n x 6X4n—2 35n x 22n—4 35n
_ 3" _
=, =3
3
2 3
8°+4> _4+8_3
ER 2
16*

a 9 —12(3)+27=0
(39— 12(3) +27=0
B=-90B-3=0
3=9 or 3=3
x=1 or x=2

b 3->=8

3
(3)?-8(3)-9=0
G=-9@+1)=0
3¥=9 or 3=-1
x=2

a log x+log 3 —log 7=1log, 12
log, 37x =log 12

3*=84
x=28

WORKED SOLUTIONS

b Iozc.;‘lx—log45=E

2
5
a5
43:§
x_ —
3—32 x =160
c log, x logx:

(log,x)* —log,x—6=0
(log,x—3)(log,x+2)=0
log,x=3 or log,x=-2
x=3 or x=37
x=27 or é
d log x+2log7°=3
2

log, x + @—3

(log, x)* — 3log, x+2 =0
(log,x—=1) (log,x=2)=0

log,.x=1 or 2, so x=7 or 49
a xy=28l1 3log,.y=1..x=)
yt=281 Ly=3x=27
b ylog,d=x 2°+4 =512
2y=x 2"+ 22 =512
2+ 2°=512
2= 256
~x=8 y=4
c In8+In(x—6)=2Iny 2y—x=2
In 8 (x — 6) = Iny? x=2y—2
8(x—6)=»y°
8(2y—-8)=»
y?—=16y+64=0
y-8’=0 ..y=8 x=14

a Iogy+logi:10g1:0

log X’ = log x° _ 3logx
310gx+log\5 3.5log x

=6
7

¢ In(ln?) —In(Inx) = 1n(1“2 ):m 2

Inx
log, x + log, ¥* + log x* + ... + logx" = 3m (m + 1)
log,x(1+2+3+...+m)=3m(m+1)
logzx(%(m+l)) = 3m(m+ 1)

log, x=16
x=20=64
y=5¢=+8e> =10~ 16e>

T2 = 20> + 32e7 = 4 (56> + 8e )

:4y

Worked solutions: Chapter 5




9 y=e¥*(2+5%)

d 2
5 = ¥ (5) + 3e¥ (2 + 5%) = e (11 +15 )
d 2
e = ¥ (15) + 3e¥ (11 +15 x) = e¥(48 +45 x)
dZ
o 6%+ 9y = e (48 + 45x — 6 (11 + 15%)
+9 (2 + 5x)
= & (48 + 45x — 66 — 90x + 18 + 45%)
=0

10 ee—e~*=4

()2 —4e —1=0
4J_r\/216+4 — 245
e>0- e=2+45

sox=In (2+\/§)

ex+e*=2+/5+ 1

2+\E
— (ZJ—“/E)ZJrl — 4+45+5+1
2¢4s 2445
_ a5 +10 _ 2V5(2+45)
2+\/§ 2+\/g
\/ge"+e"‘=2\/§
4e”
11 =
/& (e +1)°
o) = (e + 1)24e*—4e"42(e* +1)e’

(e +1)
4e*(e* +1)° - 8¢
e+’
de” — 4¢™
(e +1)°

f’(0) =0 ... stationary point at (0, 1)

, __ 4e” —4e™

@ ="y

(ejr +1)3 (4e’ —8e“)—3(e* +1)2 e (4ex —4e2")
=f"(x)=

£ o
_ de* —16e™ +4e*
(e* +1)4

4-16+4 . . .

S f10) = 16+ >0so (0, 1) is a maximum point

Points of inflexion: f"'(0) = 0
= 4e* — 16e* + 4e =0
=4e* - 16e*+4=0

=>e*—4er+1=0

4+12
2

=e'=

=243
= x=1In(2 +/3)
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WORKED SOLUTIONS

12 a f(x)=(Inx)2 xe R x>0

b f1(x) =22

() = x(z)_21nx _ 2—221nx
X

X

c ff0)=0=>hx=0=>x=1 (1,0
f"(1)=2>0 .. minimum at (1, 0)
f"@)=0=>Inx=1=x=e (e, 1)
X 2 e 3
f”(x) 0.153>0 0 -0.0219<0

change of sign
.. point of inflexion at (e, 1)
2

d flle)=¢

y=2x-1
€

z

y-l=¢c@—-¢

\

Jox=e€
area = %(2)(6) =e

13 Radius of sector = AN = g+/3,

1
area of sector = 3

1 T
2 — — 42 i
7 G—Za ><3><3

2
ma

- 2
. _nd
.Sl—T—areaAADE
_7ra2 1 2 o °
=5 =57 sin 60
na’ 1 NE}
=T 132y
2 23a x %
@ 3243 _ @ (2m-343)
2 4 4

V3 AaM _ 3

AE 7

AC~ 22~ 259,y T2
J3 3a
7><a 3:7

AM? 6 A AFG
= 5 x 2 x5~ L AME sin60°

na’ 1 94> \/3

8 2% 4 X7
B a2<67r79\/§) 3a2(27r—3\/§)

16 16

Worked solutions: Chapter 5




WORKED SOLUTIONS

14 Area required = area of regular hexagon of side

Similarly S, = > AC? 6~ 1 AC? sin60° :
2 8 cm — 6 x area of sector of circle

= % 3“;5 2 g - %[3";/3 ]2 g of angle 120° — central czircle
, , _ . . r
"8, = % y 2172 o g B % o 217;1 o g = ? >7<r ;Lr(ia:oi)equﬂateral triangle — 6 x S
= L (187-2743) = 2% (21~ 343) = 6 x L x 2rx 2r5in60° - 377
Hence S, §,, S, form a geometric series =6 x % % 64 x ? —37x16
with 7 = %. 2 = 96./3 — 487
Total area = ﬁ = %(271—3\/3)=a2 (27— 3V3) =15.5 cm?
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Answers

Skills check

1 Write in ascending order: 85, 88, 91, 94, 95, 96,
97,103, 103, 107, 110, 114

a Median is between 96 and 97 = 96.5 kg
b Mode = 103 kg (most frequent)
¢ Mean = total ~ number of observations
=1183 + 12
=98.6 kg
d Range=114-85=29kg
e Lower quartile = %th observation
=91+ ix3 =91.75kg
Upper quartile = % x 13th observation
= 9%th observation
=103 +3 x4

=106 kg
f IQR =106 —-91.75=14.25kg

2 a [8]=8X7X6=8x7=56

3 3!

b Total number of ways — number of ways
where all 3 have brown eyes

Tl

Exercise 6A

1 a Discrete (as they are asked for an answer in
whole minutes)
b Y,

IS
o

w
o

N
o

—
o

Number of students

10 20 30 40 50 60 70 80 90 t

Time spent studying
maths (minutes)
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2 a
3 a
c
4 a
b
c
5 a

Continuous
5+4+3+2+3=17

y\
© 5 |
<5}
21
8 3
Sy
(5
€1
2
0l 10 20 30 40 50 60 70
Age in years
Continuous
Mass (kg) | Number of chickens
1<w<?2 8
2<w<3 24
3<w<4 50
4<w<b 14

8+24+50+14=96

Continuous

Time to get home (mins) | Number of students

5<r<10 1

10<r< 15

15<¢r<20

20<t<25

25<t<30

30<r<35

35<r<40

[N N I T I T I O O B

40<tr<45

5 mins

First diagram = D
Second diagram = 4
Third diagram = C

Worked solutions: Chapter 6




Exercise 6B

1

2

a
b

1 goal (highest frequency of 7)

170 < & < 180 (highest frequency of 10)

t(minutes) | Frequency | CF
0<t<1 8 8
1<t<2 11 19
2<t<3 10 29
3<t<4 7 36
4<t<b 8 44
5<t<6 4 48
6<t<7 1 49
7<t<8 1 50
50

7\
= 50
§4o ///
£ 3 A
% 20
Enl

0 1 2 3 4 5 6 7 8t
Waiting time (minutes)

% waiting longer than 5 minutes

= 2% 100% = 12%
Estimates from table and graph:
Mean = 2.8 mins, Median = 2.6 mins

Modal interval is 1 < ¢ < 2 mins

WORKED SOLUTIONS

Number less than 18 m = 47
%< 18m =£ x 100% ~ 22%

Mean = 11.0 m
Median = 9 m
Modal classis 5 <2< 10m
Mode =3
Median = 3
Use: 30+a _ a+3
8 2

30+a _ 3+6
2

Both givea=6
This makes the set bimodal at 3 and 6.

or

.. 1 1 1
Ser1651slna+Elna+Zlna+glna+...

This is a GP with common ratio r = %

Since |7| < |, this converges with sum

A 1
= =% =21na
1-r ;1
2
i 1
277
Mean = £ — Al=r')
(1-7)n
_ lna[l 2 ] _ 21na[1_i]
1, n 2"
2
2Ina 1
Need 1—27 <00llna
n

:[l—zin]<0.005n
=n=200

Exercise 6C
1 Arrange in order: 30, 45, 55, 60, 65, 65, 70, 75, 75,

110, 120, 125
a Range=125-30=95cm
b Median = 6%th reading = © ; s 67.5 cm
¢ LQ="threading =55+ ; X 5 =56.25 cm
d UQ=9threading =75+ > x 35 = 101.25 cm
e IQR =101.25-56.25cm
2 a From graph, median = 75 cm
77.5-72=55cm
c 50% of the boxers have a reach with a

maximum difference of 5.5 cm

Y

Height (m) | Frequency
0<h<b 15
5<h<10 20

10<h <20 15

20<h<30 10

60

Height (m) CF

5 15
10 35
20 50
30 60
Y
60
g 50
2 40
o /1
ERE
3 10
0 10 20 30‘X
Height (m)
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40 e

7

4

w
o

/

Y

—_
o

Cumulative frequency
N
o

0 10 20 30 40 50X
Length (mm)

Worked solutions: Chapter 6




100
80 /
60 ~
40

Cumulative frequency

0 5 10 15 20t
Time (minutes)

i From graph, median = 11 cm
ii IQR=13.7-8.1 =5.6 mins

b 24+36+p=92=p=32
24+36+ p+¢q=100= p+¢q=40=¢=8

5 a From graph, number of students = 1100

b Lower quartile = %Ooth = 1050th
observation = 39
Upper quartile = 3150th observation = 64
Middle 50% lie between 39 and 64
=a=39, b=64

c¢ Number getting more than 80 = 4200 — 3900

=300

% awarded grade 7 = m x 100 %

=7.1%
6 a 23 mins
b IQR=UQ-LQ=231-16 =15 mins
¢ 37 mins

Exercise 6D

a+b+15
6

(a—3)2+(b—3)2+1+0+4+4_
- =
Solve to find that eithera =2,b=1ora=1,5b=2.

Giventhata< b ... a=1, b=2.
a-1l+a+a+2+a+3 _4a+4
4

(-2 +(—1£)1 +P42 10_,5
b Mean=a+1+3=a+4
Variance = 2.5
3 a Mean=94
Standard deviation = 1.41
b IQR=10-9=1
2+3+6+9+x+y:6

6
=>x+y=36-20=>x+y=16 1)

(2—6)2+(3—6)2+(6—6)2+(9—6)2+(x—6)2+(y—6)2:10
6

=16+9+9+(x—6)
:>(x—6)2

1 =3=a+b=3

[FIRN

2 a Mean-= =ag+1

Variance =

4

+(y—6) =60
+(y—6) =60-34=26 )
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WORKED SOLUTIONS

From (1), y =16 -, so

(x—6)" +(10-x)" =26

Sx? =12x+36+100—20x + x2 =26
=2x*-32x+110=0
= x’ -16x+55=0
= (x+5)(x-11)=0
x 1s positive, so x = 11 and .. y =5 (from (1))
The last 2 score sums are 5 and 11
.. score sums are 2, 3, 5,6, 9, 11
Range=11-2=9

IQR=9.5-2.75=6.75
a Mean 4k -2+k+k+1+2k+4+3k
5

_ 11k +3
5

b Variance
32 (S
T 5 | 5

(k-2 e R (1) 4
5

(2k+4) + 9% (116 +3Y
5
_ 34y 56k 96
50 25 25

¢ Mean = 11k5+3 o= 11k5—7

d The variance will be unchanged as the spread
of the data about the mean is unaffected.

a Mean:;(zrnl) %( Zr—)
:%[n(nJrl)—n}:%xn =an

Exercise 6E
1 a P(2,4,6,8)=g

1
b P(3,6)=1
1
c P( ) "
d P(1,2,3,56,7)=2
4
3
e P( ) 3
30 1
1505
1
a P(4)=;
42
b P(B)=2=2
¢ P(A4uB)=1=2
12 6
d P(AnB)=2=!
12 3
’ 0
e PAUB)={=2
_27_3
a P(A)_%_Z
b P(B)=1=2
36 2

Worked solutions: Chapter 6




€ P(4uB)=2Z=2
d P(4nB)=1=2
e P(AUB)=2=]
Exercise 6F
1 25
French Malay

15—-x+x+13-x+5=25
=28-x=20=>x=8
.~.P (French and Malay) = 2%

2 . |32

Golf Piano

a P (golf but not piano) = %

(-2

P (piano but not golf) = 3%

3 A B 100

a 2-033
100
b =024
100
c X-03
100
4 a P(XUY)=P(X)+P(Y)-P(XNY)
_1,.1_1
- 8 8

A s

b P(XuY)=1-P(XxuY)="

4

5 a P(4UB)=P(4)+P(B)-P(4nB)
=02+05-0.1=0.6

b P(AUB)=1-0.6=04
¢ P(LUB)=P(4)+P(B)-P(4'B)

=0.8+0.5-[P(B)-P(4NB)]
=0.5+0.5-0.5+0.1=0.6
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WORKED SOLUTIONS

Exercise 6G

8
2

1 P (Sophie and Jerome selected) = —

<)

g
P (two lines) = -2 = 3 -3

5

3
@
P (two different pieces) = 1/ \I/ _ 2x3x5 _ 15
8] 8x7 28
2

PR,R,R)="x0x>=T
12 11 10 44

P(not all same color)
=1- P(R, R, R) -P(Y,Y,Y)

4 (271710

35

T 44
P (all orange) = ~~=—==

15 455 91
3

P (all different colors)

) o

15 455 91
3

P (at least one green) = 1 — P (no green)

)
2)_5 _11

P(Bob scores on 1st shoot)

= P (Bill misses) x P (Bob hits)
=0.7x0.25=0.175

ii P (Bill scores on 3rd shoot) = P (Bill
misses, Bob misses, Bill misses, Bob
misses, Bill hits)

=0.7x0.75%x0.7%x0.75x 0.3 = 0.0827

iii P (Bill scores on nth shoot) = P (Bill
misses, # times, Bob misses, # —1 times,
Bob hits)

=(0.7)" x(0.75)" ' x0.25

P Bill wins) = 0.3 + 0.7x0.75x 0.3 + 0.7
x0.75x0.7x0.75%x0.3

=0.3(1+0.525+(0.525) +...+3]

_ 1
=03x 1-0.525
p=-0 —5-0525p=03

1-0.525
=>p=03+0.525p

Worked solutions: Chapter 6




c PBobwins)=1-P (Bill wins)
— 1 _

1_1 0525”0368
Exercise 6H
1 a P(4nB)=P(4)+P(B)-P(4UB)
=04+0.6-0.7
=0.3
b [, o

P(ANB)=P(4)-P(4NB)
=0.4-0.3=0.1
¢ P(4UB)=1-P(AnB)=0.7
2 P(160 </ <180)=P(h<180) - P(h<160)
=0.75-0.2=0.55
3 a P(4UB)=P(4)+P(B)-P(4nB)
=0.6 +0.55-0.2=0.95
b P(4'nB)=P(B)-P(4NB)
=0.55-0.2=0.35
¢ P[(AUB)\(4NB)]|=P(4'nB)
+P(B'nA)
=0.35+P(4)-P(4n B)
=0.35+0.6-0.2=0.75
4 a P(4)=05+02=0.7
P(4UB)=P(4)+P(B)-P(ANB)
~.0.85=0.7+P(B) - 0.2

- P(B)=0.35
¢ P(4nB)=P(B)-P(4ANB)
=0.15
5 [a g U

P(A4)xP(B)=(a+x)(f +x)
=af +x(a+p+x)
But af >,0, so P(4) x P(B) > x(a +,B+x)

=P(4ANnB)P(AU B)
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WORKED SOLUTIONS

U

P(AUBUC)=a+fB+y+x+y+z+w

=(a+x+y+w)+(B+x+y+2)
(7+w+x+z)—2x—y—z—w

=P(4)+P(B)+P(C)
—[x+y J+(w+x)+(x+2) x]
=P(4)+P(B)+P(C)-P(4NB)
-P(ANC)-P(BNC)+x
= P(4)+P(B)+P(C)-P(4nB)-P(4NC)
—P(BNC)+P(ANBNC)

7 B U

P(B\d)=P(BA)=P(B)+P(4)-P(BnA)

Exercise 6l

1 a i 021
ii 0.19+0.14=0.33
b 1200 x 0.21 =252

2 a 21-027
100

b No. If it was fair we would expect around 16
or 17 occurrences of each number. The spinner
appears to be biased towards 1.

c 0.15x 3000 =450

100 500 250

c P(2,4,6,8,10,12,5) =222 ggz

4 a P(2,3,57)=1=

(
(

b P(2,3,574,8)=
(

8‘0\ (.n\l\)
ux\w

c P36948)=%=%

Worked solutions: Chapter 6




Exercise 6J

1 a . Py
4
15-x+x+20-x=23 -.35—-x=23..x=12
P(T\A4)=20"*_3
27 27
7 2

P(4'~B)=1-P(AU B)
= P(A4UB)=1-0.35=0.65

P(A4NnB)=P(A)+P(B)-P(AuUB)
=0.25+0.6 —0.65
=0.2
_pl4nB) _02 _1
b P(|B)=PLEN = (2=
c P B/|A/ _P(B'ﬁA')_ 0.35 _%_l
( )= P(4) 1-025 075 15

P(roller N skateboard)

3 P(roller | skateboard) =

P(skateboard )
_039_13
048 16

P(even M not mult. of 4)

4 a P(even | not mult. of 4) = P(not mult. of 4)
2
P(2,22) g _ 1
6 63
8 8
2
g ._2

5<x<15
b (<15'>5)ﬁ—§—g
8

3
¢ P(<5l< 15)—1’(“;(:‘:115’;“5) —83

d P(10<x<20|5<x<25)

P(10<x<20and5<x <25)
P(5<x<25)

o0 | oo | b
Il
N | —

P(laptop and desktop) __ 0.6

5 P(laptop | desktop) = P (desktop) 09

=0l
9
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WORKED SOLUTIONS

6 P(Spanish | Tech) = P(Spanishand Tech) _ 0.1 _ 1
P(Tech) 06 6
7 a P({UandV)=P(U NV)=0
(mutually exclusive)
_PUNnV)_
b P(UIV)— -
¢ P(UorV)=P(U)+P(V)=0.63
_ P(land2) _ 0.35
8 P(passed 2 | passed 1) = P 052 =0.673

. 67.3% of those who passed the first also passed
the second.

9 P(white on 2nd | black on 1st)
— P(Ist black and 2nd white)

P(black on Ist)
— 034 _34
0.47 47

10 a P(male N left handed) = % =1

10

b P(right handed) = &
¢ P(right handed | female)
11 1
— P(right handed and female) _ 50 _ 11
P(female) E 13
50
P(both male)

11 P(other is male | one is male) = -
P(one is male)

1

— 4
P(not 2 females)

AW | =
Q| =

Exercise 6K

1 P(A4nB)=024=04x0.6=P(4)xP(B)
. A and B independent
P(BNC)=0.15#P(B)x P(C)

.. Band C not independent
2 P(ANB)=P(RedQueen)= 2 =~
411
P(A4)x P(B) = %5 %
.. A and B independent
P(BNC) =P (redfacecard)= 5% = 23?

12_6_3
P(B )XP(C)_EXE_E_%

-.BandC are independent
P(4 N C) = P(Queen and face card)

P(A)xP(C)=2=2

52 52
=1y3 1
B7137 13

.. A and C are not independent

Worked solutions: Chapter 6




3 A g |U
a P(AnB)=P(4)-P(4NB)
=P(4) - P(4)P(B)
=P(4)(1-P(B))
=P(4)P(B)

. A and B’ are not independent

b P(4'nB)=P(B)-P(4NB)
(B) - P(4)P(B)
(B)(1-P(4))
(4')P(B)

.. A" and B are independent

P
P
P

¢ P(4nB)=1-P(AUB)
=1-[P(4) +P(B)-P(4nB)]
=1-P(4)-P(B)+P(4ANB)
= (1-P(4))(1-P(B))
=P(4')P(B')

~. A" and B’ are independent

=P(Bn 4)=

.b\w
w\
»Jk\v—l

<
P(AU B)=P(4) + P(B) - P(4r B)

5 1
== P(B)- P(AmB)

5 1 1 5 1,1_3
=53 tP(B)-;=>P(B)=g-3+7=1]
P(4)xP(B)=x2=_=P(4NB)

.. A and B independent
5 a P(4)xP(B)=P(4NB)

b P(4nB)=P(4)-P(4N B)
=0.45-0.18=0.27
¢ P(4nB)=P(4)xP(B)
=0.55%0.6 = 0.33
6 a P(4nB)=P(4)+P(B)-P(4UB)
—3,_5_
=3a-2=P(4)P(B)
:»2a2—3a+§=0:>16a2—24a+5=0
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WORKED SOLUTIONS

=(4a-5)(4a-1)=0=a=>ora=_
4 4

Since P(4) and P(B) must be <1, P(4) = L
1
P(B) = )

'S

~ N | —

a P(x X, X, even

b P(x,x,x, OorS):1X1X1x£=1
10 5

¢ P(divisible by 4) = P(last 2 digits divisible by 4)
=P(x, x,0,0) + P(x, x, 0, 4)

+ P(x, x, 0, 8) + ...
+ P(x, x, 9, 6)
— 25 _ 1

100 4

Since there is a large number of integers, can
1
assume P(odd) = P(even) = 5

Suppose we select n. Then P(neven) = Gjn
~. P(at least one odd) =1 — @

Need 1 - Gj >0.92

= (1] <0.08

nlog 0.5 > 1og 0.08

= n> 3.64 .. need to select 4 integers
P(Julia fails to score a winner) = 0.45

<. P(Julia fails 7 times in a row) = (0.45)"
~. P(at least one winner in 7 shots) = 1—(0.45)"
1-(0.45)" > 0.999

= (0.45)" < 0.001

log 0.001
log 0.45

.. Julia needs to hit 9 shots

=>n> =n>8.65

Exercise 6L

1

2

P(Rain, not late) = 0.2 x 0.6 = 0.12
P(Correct diagnosis) = 0.85 x 0.98 + 0.15 x 0.12

=0.851
P(1 Score out of 2) =0.75 x 0.15 + 0.25 x 0.8
=0.3125
a P(B’):1><3+3><1
375 372
=241
15 3
z

—_
w

Worked solutions: Chapter 6




b P(AUB)=2x1+1x2
3 375
315
12 4
15 5
. 16
5 a P(orange, orange, orange) = ->
( g5 8 ge) = 30 29 28
:éxgxé
572077
_ 204
1015
b P(atleast one purple) = 1 — P(all orange)
204 _ 811
1015 ~ 1015
¢ P(more orange than purple)
=P(0,0,0)+ P(0,p,0)
+P(0,0,p) + P(p,0, 0)
_204 18 12 17 18 17 12
1015 T30 29 <28 T30 29 28
12 18 .17
30 29 28
_ 204 , 459 _ 663
T 1015 1015 1015
6 a PRRR)=2xZx2-2
52 51750 17
b PHHH)=2x2xl=1L
52 51750 850
52 (12
P(all same suit) = = ===
c P(all same suit) = X 1% 5= 15
d P(faces in same sult)— Ryg2y -1

52 51 50 5525

Exercise 6M

14,13
1 a P(even)= 2Xgt%5
=2,3_4
9 10 90
P(firstb
b P(first box | even) = Irs; (:;(ern\)even)
1.4
_279_20
47 47
90
2 a P(defective) = 0.6 X 0.05 + 0.4 x 0.02 =0.038
b P(first machine | defective) = %;)
_ 0.6x0.05 _ 0.03
0.038 ~ 0.038
=0.789
3 a P(V)=0.6x0.35+0.4x%x0.75=0.51
P(V’'|G)=0.25
_16 13 12 12 1
4 a P(BB from 2nd box) = 30 520 X 1o + 12 30 TR
= 44  _0.381
30 x 20 x 19
b P(1stbox W | both from 2nd box W)
_ _P(WWW)
P(WW 2nd box)
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WORKED SOLUTIONS

14 8 17

— X — X
30 20 19 _ 784 _ 49

1676148714569113

30 20 19 30200 19

5 A
6
2 B
3 1
6 A
3
- A
1 4
3 B
ISy
2
i P(A)—g><§+1><3=§+l
3 6 3 4 9 4
:20+9:Q
36 36
2 5
(Bnd) _3°6 _20
ii PB|A)= =——=_—
Bl = "G =
36
1.1
iii P(B |A/)_P(B('\A) 3 4 :é
P(4) 2 1 1 1 7
IX X=X
3 6 3 4
P(6):lx3+lxl:l+izi
2 3 2 6 3 12 12
. P(unbiased and not6)
P(unbiased | not 6) = P (not6)
1 5
1.0
_ 26 _s
1 5 1 1 7
e~
2 6 2 3
P(non-smoker) = 0.18 X 0.1 + 0.82 x 0.8
=0.674

P(lung problems | heavy smoker)
_ P(lung problems and heavy smoker)

P(heavy smoker)
0.18x0.7+0.82x0.05 )
P(R)_l 2,1,3,1.3
3 3 3 8 3 5
9 8 5 360
1.3
P(C| )_P(CmR)=375=1X@ 72
P(R) 197 5 197 197
360
P(on time) = 0.45 x 0.95 + 0.2 X 0.90
+0.35 x 0.80
=0.8875
P(A4 | on time ) = P(4 and ontime )
P(onnme)
_ 045x095 482
0.8875

P(Bandlate ) _ 02x0.1 _
P(B | late) = = 5 = 1-gsers ~ 0178

Worked solutions: Chapter 6




WORKED SOLUTIONS

10 a P(Jar 2 B):ixixi+ix9xﬁ 2 A and Bindependent
’ 15 14 11 15 14 11 P (A|B)=P(B) p(B) =]
T TS TR
_ om0 1 Let P(4)=x:
15x14x11 33 - P(4uB)=P(4) +P(B)-P(4N B)
b P(Jarl=PP|Jar2=P)=m %:x+%—xx%
RV 1 2 1_11
1514 11 SZx+o=—
= - - 3 3 1
1-P(B)
2,7 =7
_ 5x4x6 _ 6 XY= 7Y%
980 49
c P(Jar1=BB | Jar2=P) 3 From graph:
0.9 4 a Median = 68 kg
— P(BBP) _ 15 14 11 ‘
P(Jar2=P) 980 b Middle 50% = 61 — 77 kg
" 15> 14 11 c There are 36 students
S 12
11 a P(male)=0.1x0.6+065x0.7+025%x03 4 a ( 3 ) =220
=0.59 e .
b P(management | male) = ° (male and management) b Probability = 1 — P (both on committee)
P(male) (10]
0.59 =" 220 22
¢ P(marketing | female) = P(female and marketing) [ 3J
P (female)
— 0.25x%0.7 ~ 0427 (o4 P(2 girls, 1 boy) + P(3 glrls)
1-0.59
12 P(second machine | D’) [SJXCJ [5J
_ P(second machine and D) = 2 ! + i
- P(D') 220 220
B 0.35x 0.97 0 4
0.5x0.96 + 0.35 x 0.97 + 0.15 x 0.94 220 11
~(.353
13 P(320, 320 | S = 160) 5 a dividend
_ P(320,320,160) 3
P(5=160) 7
8 Tx12
_ 20719718 X
- 4 .
Lrago 12,8 11, 8 12 11, 8 7 12 % 7 3 no dividend
20719718 20719718 20719718 207 197 18 : dividend
=672 _ 28 3
4104 171 S Y
14 P(S)=2x09+2x0.6+2x02=0.6 >
11 11 11 ) 5 no dividend
_3.2_1,3_4_2 1
15 P(Vowel) - 5 X g X g + ? X g X g 9 :Z:]?Izztﬂot
45342, 4,3,3
776 5 7 6 5
=_% _3 b P(dividend) = +x 2 +2x?2
T Tx6x5 1 377 775
. . _1,1_10
Review exercise T7 3 2

X

1 Mode = 6, so smallest set is 6, 6, x, ¥
Median = 7, so setis 6, 6, 8, y
Meen = 8, SOW:8:>20+31:32

c.setis 6, 6,8, 12
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X

P(Y and dividend) _
P(dividend)

¢ P(Y | dividend) = m

1

|| wn
| w

Worked solutions: Chapter 6




_ P(GG) 3
6 P(stG | 2nd G) P2nd G)
ERVE]
_ 12711
B S 45 54
2711 12711 12711
15+20+20 55 11 4
7 P(prime) =8 =1
a P(prime) == =~
b P(even) =27 = % 5
P(multiple of 3) =20 =2
¢ P(multiple of 3) %9
d P(divisible by 6 | even) = P(divisitleby 6andeven) g
P(even)
15
—36_5 7
379
4
i 8
8 a i mean=2" -540_1g
n 30
2 2
ii Variance = L —(Zmlj
n n
=220 -18"=333-324=9
~SD=3
b No, as 95% of the students should get marks
within 2 standard deviations of the mean, i.e.
between 12 and 24, and 99.7% within 3 standard
deviations of the mean, i.e between 9 and 27.
3n+1
9 a 5
b There are » number of the form 3% as & runs
from 1 to n. But every other one is even, so
number of odd numbers is ”T”
n+l
C e _ 2 _ n+l
Hence P(divisible by 3) = 3" il 9
2
@ Review exercise
1 Mean height = 23 x 168 + 17 x 1716J;3 8 x 163 + 20 x 177
=170.8cm
2 a 1% —50400
313121
9
b P(S )= 213121 _ 15120 _ 3
————————— 50400 50400 10 10
c P(_________ consonant)
9! 9!
—1_ 313121 _ 3131
50400 50400
_1_ 5040 _ 10080
50400 50400
_1_15120 _ 7
50400 10
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WORKED SOLUTIONS

10x10x5 _ 1
10x10x10 2

. _ 142 _ 71
P(abc divisible by 7) = 1000 — 300

P(abc = perfect square) = P(xz, 1<x< 31)

31
~ 1000

Probaility =1 — 0.93 x 0.93

o 9o

=0.1351

Mean = 337.5 cm
Standard deviation = 132.64 km

Mean = 4.69
Standard deviation = 0.552
RBC | CF
3.4
3.8
4.2 |22
46 |58
5.0 | 80
5.4 | 107
5.8 | 120

Median = 60th observation = 4.64

¢ Number of children with
RBC>55=120-110=10

14!
714131

20!
61714131
_ 14160 _ 1
200 38760

P(all stats books in first 6 places) =

14!
P(all calculus books together) = 6!4!'3!

6!171413!

_ 17t 7
20! 38760

P(Keith wins bet i.e. 4 winning)

=24 %04+2x055+2x0.75
11 11 11

~ 0.568

Worked solutions: Chapter 6




Y
%

PR R =
ﬁ . P A
~ 19 x X' YT, -
L, L

Answers
skills check
1 a y=xlnx dy=x(1) +lnx=1+Inx
dx x
b — ezxf3
Yy N
dy ((Z—x)%Zer—s+ezx73%(2_x),%J
dx (2-x)

_4@2-x)e e

3
22-x)°
2x-3
¢ 0O-4v

202-x)°
c y=x¥-1

d—y=4x3)-;-4x‘5=4x3+i

dx JE
2 a y=3x—-2 y’=x*-2x+4

X=2x+4=3x-2

X*=5%+6=0

x=2)x—-3)=0

x=2o0r3 (2,4 o0r(3,7)

b y=1-x y=+2x+1
1-x=+2x+1 (1)
(1-x?=2x+1
1-2x+x*=2x+1
¥ —4x=0
x(x—4)=0
x=0or4
Check in (1)
ifx=0,LHS=1 RHS=1V
ifx=4,LHS=-3 RHS=3 X

~x=01(0,1)

c y=g+3x y=x—5x
S 4 3x=1x—5x
6+ 322 = — 5¢
¥=-8-6=0

x=—2.948 or 2.948
(=2.95, -10.9) or (2.95, 10.9)
3 s()=3¢-F+¢
W) =s() =128 -3+ 1
a(t) = v'(¢) = 368 — 6t
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WORKED SOLUTIONS

~ The evolution of calculus

Exercise 7A

1

N

w

A

(4}

-]

N

-]

J—Zxdx=—x2+c

j3x‘3dx=";+c
J—5x4dx:—x5+c
1 (s = -1
Jde—Jx dx=—"—+c=—+c¢
x 4 4x
3
J\/;deJdexzingrc
1 1 =3 -1 )
J - dx=Jsdx=Jx2 dx=-2x%+c=""“+c
\/x— x2 \E
2 gp=(2x? dr= 2 o=t 4o
Jx 3 3
2
4f s fut -3
J_J: dx = —%x“dx:—lx4(_—4)+c
75’ 7 3
-3
=4yt 4
21

Exercise 7B

1

a J(5x2 —1) dx = j(sz —lx’z)dx
55" 5

3 Sx
b J(x +3)2x — 1)dx = J(sz + 5x — 3)dx
—2 50 3
3 2

(2]

fxlzl dx = J(x‘2 - x)dx

X 1 1
=—x'+ " +c=-—+ —+c
3 X 3x

d J(Hi)z dx = J(xz £ 24 x)dx

3 1
=% +2x——+¢
3 x

f"‘ P gy =J(x‘3 — xt = 12x%)dx
X
12t

== +X 4
23

=_ 1! +i+%+c

2" 3% &

+c

Worked solutions: Chapter 7




2 dy—(3x2 4 @, -1

y=x—4dx+c¢
-1=8-8+¢ c=-1
y=x—4x-1
3 fo=r+3-L (1,7
IS 2
_ 1
f(t)-7+3t+;+c
1_1
-——=_+3+1+c¢ c=-5
2 2

f(t):L+3t+1—5

4 dy = (2x + 3)’ = 8% + 3(2%)%(3) + 3(2%)3% + 3°

= 8x° + 36x% + 54x + 27
y=2x+ 12+ 27x* + 27x + ¢
=2-12+27-27+¢c . c=12

y=2+ 123+ 272+ 27x + 12 = 3

5 U=t -1)=20+2-20-1

A=*+* — ¥ —x+¢
2 3
7
O=1+l-1-14c ne=?
2 3 6
i) 7
A="+2 —x2—x+ -
2 3 6
ds 8
6 — =3t——
dr £
2
s=3 48 4,
2 t
1.5=15+8+¢ .. c=-8
2
s=3 1838
2 t

dx’ dx
4=12-2+c¢ ..c=-6
Y =32-x-6
dx
y=x3——2—6x+c
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Qx+3)*+15

WORKED SOLUTIONS

a(f) = 6t + 1

W) =3F+t+c

2=c -~ WN)=3F+t+2
SO=F£+"5 +2+c

1=c¢ .'.s(t)=t3+%+2t+l

Exercise 7C

1

2

w

4

a

6

J(Sx— 1y de= &0 4o
24

1
J— 22x +1dx =f—2(2x +1)2 dx

2Qx+1)°

3
— -22x +1)* tc=
)
2

LM - dr J(4x—1)5dx

+c

_ (4x-1° + -1

c= +c
4(-4) 16(4x - 1)°
1
) L
2 gy :fz 3-x) ¢ dr
J Bx (3=
_26-0" = 86-0" , .

j 2
@ -5%)°

+zr_dex:j(z<z—5x)5+<1—x>§)dx

2 4
:2(2—5x)3+(1—x)3+c
EHI
3
2 4
_-32-5x)°  3(1-x)°
h 5 4

+c

H4\/2 “3x —6(3x + 2)§jdx

1 2
:J(4(2 —3x)2 — 6(3x +2)° jdx
_ 4230 _6G3x+2)°
3 5
S(3) s(3)
_-8(2-3x)° 6(3x+2)°
- 9 5

+c

+c

Exercise 7D

j— Se 2 dy =
j 3x+2 dx j e zdx

+c

—3x 2+C

Worked solutions: Chapter 7




WORKED SOLUTIONS

X

3 J(f \/7) =[(e* -2 ")dx 4 jl3.2x+1dx=m32[2"“]f

=3ed +2e 1+ ¢ = 2 6-4=2
4 [3ar= v s [ 20-syar- 2 (030,
5 de J3‘2"dx— = [1 7]
= 13072
6 J4lxdx—— 4 <
In4 1-Jx :J 5
6 Jl rdr= | (@ -ndr
7 jm“"”’dx Letu=ax+b

1 4
du _ L gy= Z[sz—x}

1

jm,,dx J_ jmdu =(@4-9H-Q2-1=-

Exercise 7G

R 0 0
a n(m 5
X 1 j(Zr—l)“dxz[M]
— max+b+c 1 10 B
aln(m)
: =5 (D= (=3))=20="2
Exercise 7E
1 1 2 Not possible, s#0
de=ln|x| +c ,
3% 3 3 Not possible, x#+ 1, 1 € [0, 2]
6 4.
j_xd"‘_éln'x'” 4 J(2x+1) Sdx
0Q2x +1)’
3 j L de=-ln|2 - 3x| + ¢ 1
2 -3x 3 _ l[(2x+1)—2] _ 1[ 1 }
5 4 ex+1)’ |
4 |——dx=-In|3-5x|+¢
3-5x :_1(1_1):2
4\9 9

5 j—2(4+ 30 dr= -2 1n|4+3x| + ¢
3 5 Not possible, x #— 1

Exercise 7F

1
6 J( 3 _ 2 )dx=[1n|3x+4|—21n|x+1|]:)
5 , 3 0 3x+4 x+1
1 3x 1 27 1 3
1 ﬁ(3x+xz)dx=[2—xl:2—3—2+l =(In7 — 21n2) - (In4 — 2 In1)
=In7 —In4 — In4
=12-1+1 ;
=In~
_ 38 16
_? L esa ! )
. 7 J - deJ (1 + 4e¥)dx
2 -1 € -1
j 3Vax+1dx=3= ‘4’”31)2 -
f :[x_4e ]71
ERE =(1 - 4e") - (-1 — 4e)
=1[(4x+1)2} .
2 0 =2—-2+4e
€
1 2
=127-1=13
477D 8 JlO"dx: L[10°]
2 L 2 s 0 In10 0
3 J 2 de= e ] = 1 (100-1)
1 In10
= 2 (o5 — o4 = 20-¢) _ 9
;e e 36"  In10
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Exercise 7H
1 y=x-x=x(-1)

Y

. area _l+i = 1sq. unit
10 10

2 y=x-2x-3=@(x-3)x+1)
A

\ |

10 X

= Jl(xz — 2x - 3)dx

=|:’§—x2—3x:|_1
:( _1+3)—(—9—9+9)

= 32 5q. units

3

1
J (@ — 2x — 3)dx:{’;3x2—3x}
-1 -1

=(;—1—3)—(—;—1+3)=—16

. 32,16 .
.. required area = ?+? = 16 sq. units

4 J; (e*-3)dx z[e" —Sx]3

In3
=e’-9-3+3In3
=e’+3In3-12

In3
e —3)dx=[e* —3x |™
jo ( ) * [ x:|0
=3-3In3-1
=—(3In3-2)
soarea=e’+ 3ln3-12 + 3ln3 -2
=e’+6ln3-14

|
wl L
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WORKED SOLUTIONS

5 y=x+32-32-7x+6
)/

-2
(¥ + 32— 352 — Tx + 6)dx
-3 }_2
-3

@+&+27 18)

+

x
5

et

( 2412+48-14- 12)

- 124 (- 10.35) =205
1

j (o* + 3x° — 3x* — 7x + 6)dx
2

1
2
7+3L_x3_7i+6x
5 4 2 )

:(1+3_1_7+6)—(—12.4) = 14.85
5 4 2

area = 2.05 + 14.85 = 16.9 sq. units

6 y=+4-x x—O x=4

f(4 x)zdx [_(4 x)ﬂ

—_“ — 42 :7
= 3(0 4) 3 sq. units

7 y=%+1 x=

X

A :ﬁ(x-z +1)dx :[—;HI
()

= 6.3 sq. units
8 y=2" x=1,x=2
fpu— [27],
1
= lwua-2n=2 i
_EM 2) 54 units
9 y=2e*1 -1 x=0,x=3
3
=J |2 — 1| dx = 3.32 sq. units
0

1
5,x=5

10 y=i x=-1,x=2

2
Azf U dy=[Ilx+21]
g x+2 -1
=1n4 — Inl = In4 = 2In2 sq. units

Worked solutions: Chapter 7




11 y=

T x=1,x=3

3
2 ) _ 3
Jl3_41dx—_4[1n|3 4x|]

= -2 (In9 - In1) = —;1n9 = —In3
. area = In3 sq. units
12 y=—x+ 62>+ x— 30 x-intercepts: =2, 3, 5

3
j (=2 + 622 + x — 30)dx
E 4 2 3
- |:_x+2x3+x—30x:|
4 2 ,

=(‘81+54+9—90)—(—4—16+2+60)
4 2

=—-51.75-42
=-93.75

S 4 2
J (- X+ 62+ x — 30)dx = [_z+2x3+’;—30x:|
3

5

3
=(625+250+25—150)—(—51.75)
4 2

=—-43.75+51.75=38
- area = 93.75 + 8 = 101.75 sq. units

x* 0<x<1
13 y=
2—-x 1<x<2

1 2
Area = J xdx +f (2 — x)dx
0 1

3 1 2 2
{16
3 0 2 1
:1+(4_2)_(2_1):5 sq. units
3 2] 6

14 y:{\/; 0<x<1

x* 1<x<2

1 1 2
Area =j x2dx +J x* dx
0 1

1 2
3 0 3 1

_2,8_1

3 3
= 3 sq. units

8_
3

Exercise 71
1 y=x+1 y=1,

r=\p=1a=[ -0ty 2017 | =20y

= 18 sq. units

2 y=Jx y=0, y=4

x=3
N 4
Azfyzdy:[y:| =54 5q. units
o 3], 3

y=10
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WORKED SOLUTIONS

3 y=vJd4-x y=0, y=2
=4 -x
x=4—y?

4 =L(4 — ) dy:|:4y_3’:|

3
0
=838 _-16 5q.units
33

4 y=4-x* y=3, y=4
A

AD\

=

>V

[ o
xX*=4-y
x=(-y)

a=2 a-yfoy=2 2a-]

4

3

e 0 O A s i
—?(0 1) ; sq.units

—_

- 1 -1 o _
5 Y=o VT2 y=2

1
_x.|_4:—2 x:4—i
2
y y

2 2
AIJ (4—1)dy= 4y+1}

1 ¥ y 11

2

2

:(8+;)—(2+2)

= 4% sq. units

Exercise 7J

2-x=—x
¥-x—-2=0

x-2)x+1)=0
x=2or—1

2
Area:J. 2-x+x)dx
-1

3 2 2
302
-1
(4—8+2)—(—2+1+1)
3 302

9 :
= - 5q. units

Worked solutions: Chapter 7




WORKED SOLUTIONS

2
A=f(16—x2—(x2—4x))dx
-2
y=x 4
=J(m—2ﬁ+4@dx
-2
4
1 X =|i16x—§x3+2x2}
-2
Py =@4_§f+3ﬂ—(32+f+8)
#@-D=0 = 72 sq. units
x=0orl 6 )
1 gl y =2
A= (xz—xs)dx:["_x:|
0 0
=", M units
3 ) y=xt-2x2
e ST T
y=4-x
X = 2x =24
¥ —4x*=0
2 0 * 2 —-4)=0
-2+ Px—-2)(x+2)=0
4-x=2-x x=0,2i2 2
v—-x—-2=0 A:J (sz—(XA—sz))dx:J (4x* — x%dx
x=2)(x+1)=0 5 2 5
x=—-1lor2 Jar & (2 = 5 B
2 2 _[3_5} ‘(T?)‘(T+?)
Area:f (4—x2—(2—x))dx:J (2 -2 + x)dx .,
- -1 128 .
= . t
=%sq. units  (see gn. 1) 15 9. units

7 23 +5xX%+x—2=8—4x— 20« — 84°
10x° + 252+ 5x—10=0
283 + 522 +x-2=0

x=-2,-1,

-1
Area = f (107 + 25x% + 5x — 10)dx

2

1
+j2ﬁwf—%%—%+NMx
1

-1
4 3 2
= SL_’_ZSX +5i_10x
2 3 2

-2
1

4 3 2 2
+[‘5x —2§”-5;+10x]

-1

=(5—25+;+10)—(40—%?+10+20)

2 3
+(—5—25—5+5)—(—5+25—5—10)
32 24 8 2 3 2
=20_10_ 305 20 _ 1265
(x—4)(x+2)=0 3 3 9% 3 9
x=4dor—2 = 13.2 sq. units (3 sf)
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1
8 x4_4—m(x>0)

-4 +x)=1
P+ —dy—5=0

x=1.449
1.449
A=uf (1 —f+4%x=5@squmm
0 1+x
9 N
y=el¥-1 W/
0 X
0.4755 —
x=4

A= f (\/x — e+ 1) dx = 7.00 sq. units
0.4755

3
2a° =8
3
a=4
2
a=43
11 Y
y=x
o o 1 X
y=2-x
¥=2—-x
¥»*+x—-2=0
x+2)x—-1D=0
x=-2orl

A=ﬂﬁ@+f@—@m

3 2

a=[5] een] ey

0 1

5 .
= ¢ 9. units
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13

WORKED SOLUTIONS

1

Area = ZJ e *dx
0
:2[—e”‘]:)
=2(-elt+ 1= 2(1—%) or 1.26 sq. units
)y
y-x3
1
Y x
0 1; X
1 2 3
A=Jx3dx+ 1ax
0

=3(1-0)+ 3 ~Inl

:é+

In3 sq. units

Exercise 7K
W) =t(t—4)

1

2

v(t)

distance = If(t2 — 4¢) dt|
0

W)=5+4—-~P=01+)0G -9

v(t)

TF

1
a distance = j (5 + 4t — )dr
0

1
=|:5t+2t2—t:|
3

=542-1_-20
3

(=R

m

W | —

Worked solutions: Chapter 7




5
b distance = j (5+4r—-£)de
1

6
+ |J(5+4t—t2)dt|
5

6
[ F+2t% - ] |:5t+2t2—t3]
5

(25+50 125 20+‘(30+72 72)

(25 +50— 125)

01— 30m
3

3

3 a(t)—l—e-zf 0<t<3

v()=t+ e‘2f+c

10)=0 0_, ==
_ 1

v(t)—t+Ee3 -

distance = J (r + ; o )dt
0

3
= [fz_lem_lt} =3.25m
2 4 2

0

4 v(H)=10+5e70

a a(f)=-2.5e%" <0 .. always negative
2
b distance = J (10 + 5e79%) dr
0
=26.3m

Exercise 7L
1 y=@x—-1P%-1=x—-2x

1 1
y= nJ (2 — 2x)dx= nJ (¢ — 423 + 44%) du
0 0

1

5 3

- L_x4+4x
5 3 0

= %7[ cu. units or 1.68 cu. units

2 y:1+\/;

v:nf(1+\/§)2dx:n2(1+2\/§+x)dx

:n[ﬁgxhj]z
_n(2+ (2\/_)+2) (4+§(2\E))

- 4?” (3 + 2 +/2) cu. units or 24.4 cu. units

2

_x —
y== x*=2y

2 2
= nj 2y dy =7r[y2]0 =47 cu. units
0

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

WORKED SOLUTIONS

4 y=\2x-x" yP=2-2
2
v:nf(Zx—f)dxzn[xz_xS]z
1 3
1
=7z[(4—8)—(1—1ﬂ—2” cu. units
3 3 3

e
7

6 y=2\36-x" y'=* (36-x) = e

6 2 4 3 5
_ X _ X — L_L
v—nf0(4 144 ]dx ﬂ|:12 720:|0
= 7(18 - 10.8)

= 7.27 cu. units

1) = 16.1 cu. units

Exercise 7M
_ _ X
1l y=x y= Iy

5 ) 5,2
v:nf [xz—xjdx:nj 3 dx
2 4 2 4

5
3
= 7{’;} = 71'(125—2) = 1127: cu. units

i 4
2 Y
o\ 1 x
4
x—4=x—4x
x¥—5x+4=0
x=Dx—-4)=
x=1or4

y= nj (2= 42 — (x — 4))dx
= nf(x“— 8 + 16:° — x + 8x — 16)dx

= ﬂf(x“— 8+ 15x? + 8x— 16)dx
1

= ﬂ[i—Zx“ +5x° +4x° —16x}

1

:ﬁ[(mj‘l—512+320+64—64)—(;—2+5+4—16)}

1087
T cu. units

Worked solutions: Chapter 7




y2=2x

*=2x x(x—2)=0
x=0o0r2 y=0or2

<
1l
3
|
w‘%w
\€Ll|
| S—
Il

n(ﬁ_ﬁ)_&n cu. units

“ 201, 3 2/ 15

= 72'(8) - 71'(1) = % cu. units

12 5

X Review exercise

ji =ax + ( 1,2) (-2, 0) = stationary point

when x = 2dy—0 = 2a+ % 0
. b=8a (1)
(-2,0) 0=2a+2+c (2
(-1,2) 2=2+b+c  (3)
_(3)_9 _3a_b -
@-@-2=2-2 b=8a

—2:32i—4a:>—4:3a—8a:>—4=—5a
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WORKED SOLUTIONS

a:é b:g C:—Za—é:—,_&:ﬂ
5 5 2 5
2.2 32 24

_7x —_—— -

Y 5 50 5

b/

1
3 3
2 3 2 1_1 .
=|2x2-% | =2-"="5q. units
3 3 3

07459 3.1\49 X

3.1149 2
v:nf ((1+3x—x2)2—(2) )dx
0.7459 x

= 41.3 cu. units

-]

—_ 8}
VR
=
+
ol
|
xb‘_.
[N
=
1]

— &)
—
x®
+
®
(3]
|
®
NG~

= [ng —Sxé} = (2(4)% - 8(4)%) -(2-9)

= (64— 16) — (- 6) = 54

(3]

2
flsdx: [In|x—3|F =Inl- In2 = —In2
1%~

Q.

f Ly = ni1-ad];

11— x
=, (In |1 - 4e| —In3)

1 _
= -, (In(de - 1) - In3) = In %57

Worked solutions: Chapter 7




Review exercise
W)= —dt=1F—-4)=tt—2)(t+2)

1

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

v(t),

4:\’“‘

j B —4nde =

+2t2:|

=4-8=-4

3 . 3
J (f —4pdt = f—2t2]
2 4

=(il—18) (4)_7

2

*. total distance = 4+E = %m
W) =P —32+2
v(t)
10,2
0 7 t
(2,2)
1 1
J (B —32+2)dt —|:t—t +2t]
0 4 0
=l _1+42=23
4 4
2 . 2
j (F-32+2)dt :[;—r3+2t]
1 1

—(4-8+4)-(3]=

. total distance = +° =>m

4 4 2
4

B 0] B *
y—.’3c2—4+i2
X
x2—4+i:0
xZ

¥—-4x*+3=0

-1 -3)=0 x=+1,+/3

-5

WORKED SOLUTIONS

, V3
(x2—4+%)dx =[x—4x—3}
X 3 X 1

4—3):—4J§+2;)

3

J

= (3-43-5)-(1-

.. total area = 2(4\/3 - 230) 8J3 -4 sq units

f3x +6dx j3x2+dx x3—f+c

| o L e

c fl dx="11In |2 - 3x| +¢
2 —3x 3

(-

1

dx = Jza 4x)2dx__i“ f”‘)2+c
2

Q.

2
JVi-4x
=—+1-4x +c¢
J(ze“ 13 )dx = J(Ze” ve')dr
e +3e +c

1

X
= 23 4 3e3 4,o="2
3 3

x+2

2x—1i2x2 +3x

2x* — x
4x
4x — 2

2

2
. 2x  +3x :x+2+
2x -1 2x -1

2 2
j 2% ¥3% qy = J(x+2+ )dx
L 2x -1 2x -1

=[x;+2x+1n|2x—1|:|

2

1

=(2+4+1n3)—(%+2+1n1)

=2 +1n3
%
i —
\ho X
_ 1 . _
y—m .x+1—7

Worked solutions: Chapter 7




WORKED SOLUTIONS

y=3

[13- ) =trs1

=(n5-5)—(nl -1)
=In5-4

i

X

1 1
.. area = 4 — In5 sq. units V= ano(g’_x)z dx = anos—Zx dx
7 2z 25
"~ 2In3 [3 ]0
-2
= E B3 -1
. _ (8)
3

J e+ 1) dx = (x+l)2} 319
o -1 =87 ¢y units
5 5Q. units 9In3

J@

j(3ax 3x)dx=4

[w . }:

31—‘13:4

2

3

2 -4 PF=8 .r.a=2
2
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Worked solutions: Chapter 7




and modern methods

Answers
Skills check
: ) EF _ CF
1 Using A’s CFE and CBA, 65-cB
5 ) 4 6.5
Using A’s CDF and BAF, oF T BE
4 _ 65
CF CB-CF

CB-CF_65 B _1-1.625= 2 =2.265
CF 4 CF CF

EBE_ 1 .'.EF=%=2.48m

6.5 2.625
Exercise 8A
1 a BAC=90°-28 =62°

sin28° = % - AB=8sin28°=3.76 cm
C0s28° = % . BC =8c0s28° =7.06 cm

QR =+/31.36 =5.6cm
sinPRQ = % - PRQ =36.9°
QPR = 90° — 36.9° = 53.1°

2 tanaz% - BT =30tan52.3° =38.8 m

b QR2=72-4.2

3 cosf= é ~.r=15c0s1.23=5.013...

arc length = 277 = 31.50...

159 =31.50... ..¢ =2.10radians

4 A B

V%

cosa = % Sa=1.369...

20 =2.738...
0=2m—2.738...=3.544

Area AAOB = %(1.5)(1.5)51112.738...

=0.4409...

Area major sector AOB = %1.52(3.544...) =3.987...

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

Cross-sectional area of milk = 0.4409...+3.987...
=4.428...

.. Volume of milk =4.428... x3=13.3m3

Exercise 8B

1

a sinl44’ =sin36°
b c0s210° = —cos30°
tan230° = tan 50°

sl ) -on(

Y
5 13
0
12 X
cosf = -2 tang=-2>
13 12
Y
" @
X

3 5
secd = —%:> cosd = —%
tané = % sind = —%
a 2+ 4cos0O

i maxvalue=6 when 0 =271

ii min value = -2 when =1
b 5 - 3sinf

i maxvalue=8§8 when 0 = 37”

il min value =2 when 0 = g
c 2sinf -1

i max value =1 when 0 = %

ii min value = -3 when 0 = 37”
d —2cosf-3

i max value =—1 when 6 =1

ii min value = -5 when 6 =271

Worked solutions: Chapter 8




Investigation - trigonometric

identities
1 a sind=cos(90-¢), cosd=sin(90 - 6),
tanf=— 1
tan(90 — )
b tand="?
cos &

sin’@ + cos*@ =1
e tan’d+1=sec’d
f cot’0+1=csc’d

Investigation - exact values
of sin, cos and tan

1 a sinf:\/5 cosZ=Y2  tan%=
4 2 4 2
b sinﬁzﬁ cosZ=1  tanZ=.3
372 372 3
sinf=1 cosZ=¥3 anT-L
6 2 6 2 6 3
Exercise 8C
1 sinf=1 ZzZ<@<g
4 2
cos?@=1-sin20=1-L=L .'.cosﬁz’*/g
16 16 4

tan® = sind _ -1

cosf J15

2 cosf= _1—132 0<0<rz (Olies in 2nd quadrant)

sin2@=1-cos?@=1-144 -2 .5ing=2
169 169 13

tan@=S"0 = 5

WORKED SOLUTIONS

Exercise 8D
1 a sin75° =sin(30° + 45°)
=sin30° cos45° + cos30° sin45°

:1xi+£xi
2 2 2 2
:1+\/§
22

b tanl5° = tan(60° — 45°) = @n60" — tand>"
1+ tan60° tan45°

_ i
1+«/§
c secl05° = ! = L .
cos(60° +45°)  cos60° cos45° — sin60° sin 45°
— 1 _22 __ 22
1,1 3 1 13 B3l
2 2 22

2 a co0s70°cos10° +sin70°sin10° = cos60° = L

2
tan 30° + tan 45°
b tan75° _ tan(30° +45°) _ 1-tan30° tan45°
tan15°  tan(45° -30°) tan45° — tan 30°

1+tan45° tan 30°
bl
R
(15 :[ (1+5) ] )
Gy \Boee) —

3 sind=2% 0<0<=Z
25 2

2
c052€=1—(§) =% cosf=_L tanp=2
25 625 25 7

sin¢:§ %<¢<7r:>cos¢:;54 tan¢:’Z3

cosfd 12
i 24 3
; ; 3 LY (7 _ 7 6 +tan g 74
3 sin|arcsin - arctan[—j = s1n[— — —j tan(@ + ¢) = 22 =_17 4
2 V3 3 6 ( 2 l-tanftang | 24 -3
. 7 4
=sin? =2 (QED) 75
=28 75 _3
4 sin@ + 1-cos@ _ sin® 8 + (1 - cos 8)* - 100 T 100 4
1-cos@ sin @ sin 8(1-cos ) 28
1
— sin*@+1-2cosf+cos’ -
= j 4 COt(A + B) — 1 — 1-tan Atan B % tan Atan B
sin §(1—cos 0) tan(4 + B) tan A +tan B 1

= 2-2cos¢ _ 2(1-cosf) _ 2 (QED)
sinf(1-cosf) sinf(1-cosf) sind

. =2 2
5 tand + cotf = sin & + cosd _sin 0 +cos” 0

cosd  sinf cosdsiné
1
=——__=secHcsch ED
cosfsin @ (Q )

(sinf + cos@)(tand + cotd) = (sinf + cosB)secHcsclH

=sin@secHcscl + cosfsecHcscl
=secH + cscd (QED)

2 29 2 Deinl
6 cot?d —cos?f == 0 _ cos? @ = 05 0=cos bsin’ 0 cos Osin’ 0
sin” @ sin” @

— cos’O(1-sin’ §) _ cos’ fcos’ 6
sin® @ sin® @

cos*@csc’ @ (QED)

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute Worked solutions: Chapter 8

tan Atan B
1

— 1
_ tan Atan B — cot Acot B—1 (QED)

I .1 cotd+cotB
tanB tan 4
a sin(4 + B) — sin A cos B+ cos Asin B
cos Acos B cos Acos B
—sind  snB _and+tanB (QED)
cosA cosB

b (sin4 + cos4)(sinB + cos B)
=sin Asin B + sin Acos B + cos Asin B

+ cosAcos B
=(sinAcos B + cos Asin B)

+ (sin Asin B + cos Acos B)
=sin(4 + B) + cos(4 — B) (QED)




6 a Leta= arctan[ij and f = arctan[%j

Then tana = % and tan f = %

tan(a+,8): tana +tan S
l-tanatan
1.3 17 S
—+=
1 3 17
—x2
45 20
La+ f= —orT

But0<a<4or5‘f

so0<a+ f< %”
a+ == 1e arctan(ij + arctan( j Z (QED).

b Let arctan (4) = y
Then tany =4 =

tana

Ly===2

NN

Similarly if & = arctan(3), then =% — 3

~—
[\

c.arctan (4) + arctan(gj = % a+ % -p
=T — ﬁ
* 7
=3
4

Exercise 8E
1 a sin(4+ B)=sinAcosB + cos Asin B

Let A=B=6
sin26 = sin@cosé + cosfsin b
-.sin26 = 2sin@cos (QED)

b cos(A4+ B)=cosAcosB — sin Asin B

Let A=B=6
co0s20 = cosfcosf — sinfsinf
cos26 = cos’@ —sin*@  (QED)
c tan(A+B)= tan A +tan B
1-tan Atan B
Let A=B=0, tan29=%
~tan20 = meg (QED)
cosa = % cosf = 2—5
sinazig sinff = +24
cos(a + ) = cosacosﬁ —singsin S

:éxliéx%
5 25 5 25

_100 44 _4 44

T 125 125 5 125

cosA = 1, c0s2A=2cos?A—-1= 2(1j2 —1=27
3 3 9

cos4A =2c0s224 —1= 2(—?7) 1= 18%
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tan(e + %)tan(ﬁ - Ej =

WORKED SOLUTIONS

(tan9+\/§) (tan&—\/g)

3) (1-V3tan6) (1+3tan0)
_ tan’6-3
T 1-3tan’0 (QED)

2cos’A+sin?A=cos’A4+1= 2(cosZA +1)+1
= %(cosZA +3)

cost A =(cos? 4)’ = 4(cosZA +1Y

sin* A = (sin? A)’ = i(l —cos2A)

(1+ tan?6)(1 - cos26) = (1 + tan?0)(1 - (1 - 2sin’0))
=(1+ tan?6) 2sin0
=sec?d 2sin0

_ 2sin’* @
cos* @
=2tan?6 (QED)

(1 + tan®@)(1 + cos26) = sec* (1 + 2cos* & — 1)
=1 (2cos?
=——(2cos*d

coszﬁ( )
=2 (QED)
1-cos24 _ 1-(1-2sin* 4) _ 2sin® 4 —tan? A (QED)

1+cos2A4 1+(2cos* A-1) 2cos’ 4

sm A
1-tan’4 _ " cos? 4 _ cos’ A—sin’ 4
l+tan’ 4 1+M cos® 4 +sin* 4
cos® 4
= COSIZA =cos24 (QED)
sin2A4 — 2sin Acos 4 — 2sin Acos 4
1-cos24 17(172sin2 A) 2sin* 4
=54 _cotd (QED)
sin 4

cos3A4 =cos(4 + 24)
=cosAcos2A —sin Asin2 A

= cos A(2cos® 4 — 1) — sin A(2sin 4 cos 4)
=2co0s’ A — cos A — 2sin® Acos A
=2cos® 4 — cos A — 2cos A(1 - cos” A)
=2cos’ A —cosA —2cos A+ 2cos’ A
=4cos’4-3cosA  (QED)

Exercise 8F
1 a

8(6)

o | 8(6)=csco
\ [N
1
2n | -m 10 T 2719
AR EN/AR

Worked solutions: Chapter 8




B 01

N [

| L —

— .
o b~ W NS

(-»
<

=

—
—
—
—1

by
o

—

—
——
e

—

—

—

—

—
—
—
—
—
|
— |
|

27
%5

—

—

—
=
Il

—

=3(1 + sin(3x))

AA

—
=
—
=<
—
=

w

W |
VNN IVE VT

=27 -T 0 T 2r

X
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WORKED SOLUTIONS

N
2 ~ = f(x)
0
T T X
) I~
y =8

f(x) =g(x), 1 solution

5 a f(x)=4sinxcosx =2sin2x

b

f(x) is odd, period = 7

2)’
BIAREE/AA
HAENER
RN EEAR L
AEEENEEEY
\ 1/ \ 1/
-2

2(x) = 1-2sin’x = cos’x
g(x) is even, period = 7
yl

1

-1

h(x) = xsinx

h(x) is even, not periodic
yl

2

—~

0

i X

ol
1N

-5
)

Exercise 8G

1

flx)= 7sin[6[x - %ﬂ +3

2

a amplitude=7 period = =

~3
e T
phase shift = 5
b min. value = — 4, max. value = 10

Y

10
Eav

| —
—_—

[ —
| L —

|
|
!
|
I

| —
| —
| L —

| —
—

0

1
(I

Vil

4

Worked solutions: Chapter 8




i flx)= —3sin[2x + gj— 5= —3sin[2(x + gﬂ— 5

a amplitude=3 period=""=7
phase shift =~

b min value = -8 max value =-2
y\

N

I
0 _o>>—7F N o
I
—
I
—
I

2 V(t)=220sin(1207¢)

a max =220 b min =-220
_1
¢ amplitude = 220 d perlod—lz—0 <
e V()
v(t)
220
AREN/ER
0 t
\Lpo |\ ] R
-220

3 h(t)=asin[b(t+c)|+d

a a= 14.42—142 —66

2712 b=
b

h(z) = 6. 63111[ (t+ c)} +7.8

oy

h(8.25) = 14.4
~14.4= 6.6sin[g(8.25 + c)} +7.8

sm[ (825+c)} 1 - 2(825+¢)=

2
5825+ ¢=3

a=66 b=~
6

c=-5.25
c=-525 d=178

b ),
16

. F1\ AR
. \ \

4 / \ | I/
\ \

h \/

4 8 12 16 20 24

h(¢) = 6. 6sm[ (£ -5 25)} +7.8
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WORKED SOLUTIONS

1.2 = 6.6sin| Z( — 5.25)] + 7.8

sm[ (£ - 5. 25)} -1

g(t - 5.25) = ‘7
t—-525=-3
St =225

First low tide is at 02:15

Points of intersection: (0.086757,5), (4.413243,5),
(12.086757,5), (16.413243,5)

ht)>5 for 0<r<0.086757,

4.413243 <t <12.086757,and 16.413243 < ¢ < 2*

Time intervals are: 00: 00 to 00:05,04:25t012:05
and 16:25t024:00

4 f(x)=asin[b(x +c)]+d

d:

_1275-10.65 _1 5

12.75+10.65 :117

2
=365 . b=2C
365

fx) = 1.055m[%(x + c)} +11.7

On 21 June, x =172, f(172) =12.75

12.75 = 1.05sin[327”5(172 + c)} +11.7

- |27 _ . 27 _
sm[%(lﬁ + c)} =1 ~Z(172+¢)=

172+c:ﬁ

z
2

c=-80.75

a=1.05 b_L”S c=-80.75 d=11.7

On 4 July, x = 185, f(185) = 12.72

.. 12.7 hours

Exercise 8H

1 a

b

cos[arcsing) = cos[gj = g

sec[arctan 2) Letd = a1rctanE . tan@ = %
sec’0 =1+ tan?0 :% secﬁzg

sec(arctanlj =3

2 2
cos[arcsin(——
tan(arcta

sl -
)-

arcsm(sm(%

Worked solutions: Chapter 8




2 a sinlarcsinl +arccosl|=sin[Z+Z%|=sinZ =1
2 2 6 3 2

4

b Let arcsing =6 ..sinf= %, cosd = .

arccos(_?‘lj =¢ ..cosg= %4, sing = %

cos(arcsin% - arccos(l:)j =cos(6 — ¢)

=cosfcos¢ + sinfsin g
=433
575 55 25

c Let arctan% =6, tanf= %

tan[ZarctanGD — tan(20) = _2tand

1—tan’ 6
3
-2 _3,16_24
9 277 7
16
3 a Letarcsina=60 ..sinf=a cosf=+1-a?
tanezsinaz a
cos 1-4%

~.tan(arcsin @) =——=— (QED)

1-a
b Letarcsing = 6 and arccosa = ¢
sinf = a cosp=a
cos(arcsing + arccosa) = cos(6 + ¢)

= cosBcos¢ — sinBfsing
=+\1-d’(a)—aVl1-a*
=0 (QED)

¢ Letarccosa =0 .. cosO=a,sinf =+1-a’

. 2
tan(arccosa) = tan@ = zzlsz = 1;“ (QED)

Exercise 8l
1 3sinx = 2tanx -T<x<Tm

3Sinx = M
COosSx
3sinxcosx — 2sinx =0
sinx(3cosx —2) =0
sinx =0 or cosx =

x=0, 7 orx=10.841

W

2 cotb+sinf=6 [0, n]

0s0 4 sinf =6

sin @

Using GDC: 6 =0.170
3 3c0s20=2cos?0 [—m, 7
3(2cos?*6 — 1) = 2cos?0
4c0s?0 =3 ..cos?6 = %, cosf = i?

O =+% +7
6’6

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

WORKED SOLUTIONS

3tan?d - 4 +18=0

cosé
3(sec’0— 1) — 14secO+ 18 =0
3sec’0 — 14secO+ 15=0
(3secO — 5)(secO—-3)=0
secf = g or 3

sinx — cosx = 1 0<x<rm

2sinXcos® — (2coszf - 1) =1
22 2

2sin¥cos® — 2cos?¥ =0
22 2
2cosZ|sin¥ —cosX| =0
2 2 2
cos® =0 or sing =cos? = tan¥ =1

2 2

o
=N R

T

z
4

IR ~

x
2

SX or 7

NN

cosf + sinf =2 -T<0<nm

1

sin
1 + sin?0 = 2sinf

sin? — 2sin@+ 1 =10
(sin6—-1)>=0
sinf=1..0=

+ sin@ = 2

T

2

sinx — 3cosx _

sinx — cosx

sinx — 3cosx = 7sinx — 7cosx

4cosx = 6sinx

tanx = é = Z
6 3
a tan2x = _2tn*
1-tan” x
4
-3 _4,9_12
17& 3 5 5
9
2tan =
b tanx =
I-tan? ¥
2
x
g: 2tan5
3 I—tan2£

2 — 2tan2* = 6tan®
2 2
tanzg + 3tan% -1=0

tan* = 3P -4 _ 3413
2

2 2 B

%sian = \/;sinx 0<x<2rm
From graph, x=0, &, 5.17, 2x
—5x2c0s8x = tanx 0<x<Z

Using GDC, x =0, 0.294, 0.536, 1.02, 1.32

[\S]

Worked solutions: Chapter 8




Exercise 8J

1 a QR?2=52+8 -2x5x8c0s30°=19.17...

QR =4.44
cosQ =44 -8 _ _g434)
2x5x%x4.44

POR =11.6° PRQ =34.3°

b XZ?>+42+52-2x%x4x%x5c0895°=44.48...

X7 =6.67
cosZ = £ +667 -5 _ 6650,
2x4%x6.67

XZY =48.3° YXZ=236.7°
c cosA=%+8-5_(859375
2x4x8

BAC =30.8°
cosC=8+5-4_(9125
2x8x%x5

ACB=24.1° ABC=125°
2 cosA=32+23-45 _ (1393 .

2x3.9x2.3
A =89.2° largest angle = 89.2°
3 cosP=3"4-2_(g75
2x3x4
P =29.0°, smallest angle = 29.0°

4 (2x —1)2 =x2 +5%2 - 2x°cos60°
4x? —4x +1=x>+25-5«x

3x2+x-24=0
(Bx—8)(x+3)=0
x=28

3

2><5><g
3

ABC=32.2° ACB=87.8°

5 InAABC, p* = a® + b — 2abcos ABC
In AABD, ¢* = a* + b* — 2abcos BAD
BAD =180°— ABC
~.cos BAD = cos(180° —~ ABC) = —cos ABC
~.q* =a* +b* +2abcos ABC
~pP+q" =2(a* +b*) (QED)

2x -1 =§, cosB =M =0.8461...

Exercise 8K
1 a ACB=180°—(30°+125°) =25°
ACB =25°

A€ _ 10 . AC=16.4cm
sin125°  sin30°

AB _ 10 . AB=845cm
sin25°  sin30°

b PQR=95°
RP__ ~RP=9.86cm
sin95° s1n45°
QR __ QR =6.36cm

sin95°  sin 45°
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WORKED SOLUTIONS

c Si‘;A - Sin;°° -sinA =0.4999...

A =29.996° or 150.004° (only the acute angle
is possible as this angle is opposite side 7 and
therefore smaller than 40°)

BAC=30.0° ABC=110°

AC _ 9 . AC=13.2cm
sin110°  sin40°

sinQ _ sinl> . 6inQ =0.1380
80 150
Q =7.934°
R =180° — (15°+7.93°) =157.07°

_PQ___ 150 . pQ=22584km
sin157.07° sin15°

extra distance travelled = 230 — 225.84
=4.16...km

time lost = % hours = 0.0104.. hours

=37 sec(nearest second)

250
B
In A ABC,
$in68° = 253 - AC=269.63...
CD _ 269.63..

sin 36° sin32°

~.CD =299 ..length of lake =299 m (nearest m)

InA MBC, MBC =116°, BMC =41°

ME _ 1S . MC=20.5m
sinl16°  sin4l1°

MC _ 15 . MB=893m

sin23°  sin4l°

InA ABM, sin64° = 503 . MA =8.03m

A 31m B
sinC _ sin35 . <inC = 0.9405
31 27

~.C=70.1°0r 109.9°
A =55°C=70°0r A =15°C=110°

Exercise 8L
1 PR2=10%+132-2x10x13cos125°=418.129...

PR =20.448..
Area = % x 10 x 13sin125° + %x 15 x 20.448sin70°
=197sq.units

Worked solutions: Chapter 8




X

52cm

20°
C 104cm A
sinB _ sin 20°
104 52
sinB =0.68404...

B=43.16..0r 136.83...
C=116.83..or 23.16...

Area, = x 52 x104sin116.83..= 2412.7...
Area, = % x 52 x 1045in23.16.. = 1063.49...
. difference = 1349 or 1350 cm?(3sf)

In AOXY,cosa = 52X5X5 =0.82
o =34.915°...
InAOYZ,cosf§ =2 2255 ;572 =0.02
B =88.854°...
Area OXYZ:%XSXSSin34.915°+%><5><5sin88.854°
=19.7 cm?
4 InAABC, tan60° = ch . AC=6.928
In AABD, tan55° = % - AD =8.402

6.928% +8.402% —15%
2x6.928x8.402

In AACD, cos CAD =

. CAD =156°
Area ACAD = % x 6.928 x 8.402 x sin156° =

-0.9138...

11.8m> 3

5 a area APOQ = fr sm%” = Erzg = %r

area AROS = fr sm6 irz
_\/7 17 _N13)_7 _
e [5 T]—ﬁ(llﬂ' 3@)

2
c area=1p2%_lp_pfr _l1_7(,_3
2 6 4 12 4 12

b area=_.r2%%
20 3

d shadedarea——(47r 3.3) - (7r 3)
=E(3ﬁ—3f+3)=z(n+1—f) (QED)

Review exercise

B 1 2
1 sinf= 251nzcosa—2ﬁﬁ—ﬁ (QED)

cosf = 2c0529 1= 2[

2
mj—lzm—l
(QED)

2-(1+2)

2

12
1+17

1+¢
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2 a

WORKED SOLUTIONS

J3sin@ +cosf=1 0<0<2rx
2\/—1‘ 1-£2 -1

1+# l+t

23t +1-r2=1+1¢2
~2J3t=0

2t(t—J§)=0

tan =
2

%

=3

=0ortan—=

[\

9_0orrorl=
2 2

9=0,%”0r27r

u\k}

sin165° = sin(120° + 45°)
=sin120°cos45° + cos120°sin45°
V3 V21 V2 _J6-\2
272 272 4

b tan105°=tan(60° + 45°)

_ tan 60° + tan 45°
1-tan 60°tan 45°
=\/§+1
1-43
c COS——cos(ﬁJrﬁ} cos cosf—sm ZsinZ
6 4 6 4
£ Q l)( 2:\/6_\/E
2 2 2 2 4
x 2tan—
d tanZ= 8
1-tan?”
8
1—tan21:2tan%
tan2%+2tan%—1=0
244/ 2+
tan” = 2EV4+4 _ 238 _ 1 5 sincetan” >0
8 2 2 8
.'.tan%:\/z—l
1 _ 1 cosé
a =— = :
l-tang |_sind  cosd-sind
cosé’
cosf
. D
"cosO— sm9 1- tan& (Q )
b cos(4-B) _ cosAcosB+sin Asin B
cos Acos B cos Acos B
— cos Acos B sin Asin B
cosAcosB  cosAcosB

=1+tanAtan B (QED)

¢ cos34 =cos(A+2A4)=cosAcos2A - sinAsin24
= cosA(Zcos2 A- 1) — sin A2sin Acos 4
=2cos> A — cos A — 2sin® cos 4
sin3A4 =sin(A+2A4) =sinAcos2A4 + cos Asin24
= sinA(Zcos2 A—l) + cos A2sin Acos A

= 2sin Acos’ A — sin A + 2sin Acos* 4

=4sin Acos* A —sin 4

Worked solutions: Chapter 8




cos3A4 —sin34 =2cos’ A — cos A — 2sin* Acos A

— 4sin Acos®> A + sin 4
= 2cos A(1 - sin® 4) — cos 4 — 2sin* Acos 4

— 4sin Acos* A + sin 4
= cos A — 4sin® Acos A — 4sin Acos” A + sin 4
=cos A(1 — 4sinAcos A) + sin A(1 — 4sin Acos A)
=(cosA +sin4)(1 - 4sin4cos4) (QED)
d 2sin26(1-2sin* @) = 2sin 20 cos 260
—sin46 (QED)

e 1+2c0s2A+cos4A=1+2cos2A+2cos*24—1

=2c0s2A(1+ cos24)
=2c0s24(1+2cos* 4 1)
=4cos’ Acos24 (QED)

4 a Letarcsin%z&,sin&z%,cosé’z%

5

L_ =1 sing="3
arccos. = @, cosg = X sing 5
cos(arcsing - arccos%j =cos(6—-9¢)

=cosfcos¢ + sinfsing
4.1 .,3 +3_4+33

=Zx-+2xX =
5 2 5 2 10

b Let arccos(?] =6 ..cosf= _?3, sinf = %

sin [2 arccos(?ﬂ sin(26) = 2sinfcos b

3)3)=%%

¢ arctan(-1) = %
let arccos(ilj =0 ..cosf= ﬂ, sin@ =2
5 5 5
. 4\ _ o oz
sm{arctan(—l) + arccos(?ﬂ —sm[ﬁ ZJ

=sinfcos” — cosé?sin%

y=gx)

7T
B

6 Let arcsinx =0,siné = x,cos0 =+/1—x*
arccos x = ¢,cos ¢ = x,sin ¢ = /1 - x>

sin[arcsin x —arccos x] =sin (6 - ¢)

=sindcos¢—cosfsin ¢

——(1=x?) =¥ —(1-%)=24~1 (QED)
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WORKED SOLUTIONS

arcsin x —arccos x = arcsin (1—x)

~.sin(arcsin(1-x)) =2x% -1

l-x=2x*-1
2x*+x-2=0
x= _1% V1+16 arcsinxacute —=x2>0
arcsin(1-x)acute = 1-x >0

X = _1+\/E :> X Sl

4

S 0<x<1
x= i(\/n ~1) (QED)
tan(2x+y)= tan2x +tan y
l-tan2xtan y
tan(” |= tan2x +tan y -1
4 1-tan2xtany

stan2x +tany =1-—tan2xtany
tan y(1+tan2x)=1—tan2x
tany = 1-tan2x

1+tan2x

2tanx

tany = “l-tan’x _l-tan’x-2tanx

1+ 2tanx  ]—tan’x+2tanx

1-tan’x
2

.'.tany — 1-2tanx —tan” x (QED)

1+2tanx —tan’ x

Review exercise

cos(A—B)—cos(A+ B)=cos Acos B+ sin Asin B
—(cos Acos B —sin Asin B)
=2sin4sinB (QED)

sin3xsinx =—1
LetA=3x,B=x

cos2x —cosdx =2sin3xsinx
cos2x —cosdx =-2

cos2x —(2cos2 2x —1) =-2
cos2x —2cos’ 2x +1=-2
2cos’ 2x —cos2x-3=0
(2cos2x —3)(cos2x +1)=0
cos2x=-1

2x=r1

X =

NN

a siny+sinx=1.1= y=arcsin(1.1-sinx)

cosy+sin2x =1.8 = y =arccos(1.8 —sin 2x)

b Using GDC, x = 0.619, y = 0.546
or x =1.09, y = 0.216

Worked solutions: Chapter 8




ADB=110° .. ABO=180°-(15°+110°)=55°
OBC=§(180°—70°):55°

. ABC =55°+55°=110°

b InAABC, 2B = 06 - AB=190m

sin55°  sinl5°

[ oS 0.3m B 0.3m

X
15°
A 0 C

AX=1.898-0.3=1.598...

tan15°=_9X
1.598...

.. 0X=0.428m
radius =0.428 m

Flx)=2838% g<y<og
4+3cosx

For vertical asymptotes,
4 +3cosx =0

Cosx = ?(no solution )

.. no vertical asymptotes (QED)

b f(0)=2 [o, %j

7’77

c p=3.87 ¢=555

d Y,
3 (2.77,2.56)
2
2
17
0 ST
1 3P Q6 X
5 (4.44,-0.279)

e Points of intersection at x =0.510,
3.53,3.99, 5.49
f(x)> g(x) for 0.510 < x < 3.53
and3.99 < x < 5.49

f Max. valueof f(x)- g(x)is2.39
(when x =1.88)

5 a D
7
N
A 5 N
DN? =5%+7%

DN =+/74 =8.60 cm
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WORKED SOLUTIONS

D 10 c

35

X
A B
DX?2=10*+3.52=112.25

M
J4
D Vi12.25 X

DM? =112.25+4?
DM =4/128.25=11.3cm

F 32 M
4

B
BM?=3.5*+ 4% =28.25
M

28.25

N 5 B
NM? =28.25+5%
NM =+/53.25=7.30cm

b 113 "
8.60 7.30
N

 128.25+53.25-74
cosM= 2128.254/53.25

=0.6504
DMN =49 .4
area ADMN =%\/128.25\/53.25 sin49.4°

=31.4cm?

Area AABC = %Ch
(% = length of perpendicular from Cto AB)

or area AABC = %ab sinC
s Len=1apsinC
2 2

~h= "C—bsinC (QED)

Worked solutions: Chapter 8




b InABCD,tan30° =% ~BC=17.3m

InAACD,tan45°=% SAC=10m

InAABC,AB*=17.3* +10* —2x17.3
x10cos150° =700
AB=26.5m

Froma, h=“sinC =%sin150°
c .

h=327m
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WORKED SOLUTIONS

InACDE, CD* =7.2> —3% =42.84,
CD =+/42.84

InAABC, BC* =16.8> -7% =233.24,
BC=+/233.24

cosﬁzi S.0=1.141
16.8

Major arc of large circle =7(27 —26) = 28.008...

Major arc of small circle = 3(27 —26) =12.003...

Length of belt =2BC +2CD+28.008+12.003
=83.6cm




Answers
Skills check

1—
1-tan?@ cos?@ _ cos’0 —sin’0 .
1 a o= T o0 0 29=c0529—sm20
3 cos + sin
1+ tan“6 sin” 6 = cos20

sin’0

cos’@

1-tan’6

. €0s20 =

1+ tan’0

0 +tan @
b tan20=tan(0+0) =11 o

_ 2tand

I—tan2 2]

. tan20 = 2tan0

1-tan’0
f(x)=3e>—2x% f'(x)=6e*>—4x
g =@+ DInx?+2x+ 1)
=x+1D)Inx+D?=2x+1)In(x+1)
iy 2x+1) _
g(x)_m+21n(x+1) 24+2In(x+1)

N
c 9

x2

h(x)=" H(x)=

(x + 1)2xe* —e*

(2]

(x+ 1)2
e (xt+2x-1)
(x+1y

Exercise 9A

Proofs using differentiation from first principles

Exercise 9B

1 a y=cotx Y~ osc?x
dx
— dy _
b y=cscx a——cscxcotx
— o dy _
c y=sin3x d——3c053x
X

d y=tan(5x—3) %steCZ(Sx—3)

e y=cos(8-3x) jl=3sin(8—3x)

f y=csc(x_3) d—y=—lcsc("_3)cot("_3)
4 dx 4 4 4

g y= cot(7 2") d—yzicsc2(7_2")

dx 13 13
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WORKED SOLUTIONS

The power of calculus

2 a y=sin(x®-3) ¥=5x"cos(x’-3)

&

b y=cos(e’) % =—e"sin(e”)

c y=csc(x?+11) %:—Zxcsc(xz+11)cot(x2+11)
d y=cot(dx®—-2x?+7x+17)
jxl = —(12x% — 4x + 7) cscX(dx® = 2x2 + Tx + 17)

e y=tan (In(2x + 1)), dl:fsec (In(2x +1))
f y=sec (\/e”+l)
d—yzle"(e +1) 2 sec( e"+1)tan(\/e”+1)

el el )
N

_e' sin(\/e" +1)sec2(\/e" +1)
2(\/ex +1)

g y=sin(cos (tanx))

o

y

o —sec? x sin (tanx) cos (cos(tanx))

Exercise 9C
1 a y=(2x—-1)cosx
Y = cos x— (2x— 1) sinx
b y=(3x-x?sin2x
jxi: (3 — 2x) sin 2x + 2 (3x — x?) cos 2x
c y=e'“tanx

d - _ _
= el=secty — e tanx = e (sec? x — tanx)

dx
siny  d xcosx — sinx
d y= , Y- e
x dx x
e 2x +3 dy 2sin2x — 2(2x + 3)cos2x
sin2x dx sin’ 2x
tan x
f =
Y 2-x
1
L \/Z—xsec2x+l(2—x) 2tanxx 1
dx 2 2-x)

2(2 - x)sec’ x + tan x
3
2(2 - x)2

Worked solutions: Chapter 9




2 a

g
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T

y =sin 2x x=
dy _ —

=2c0s 2x = 20055—
y = cos 3x x=1%

12

d
Y = _3sin3x=-3sin " =3
dx 4 J2
y=tan (—x) = —tan x x =%”

= —sec’x = secz%”:_z

&l&

y=(x—2)sinx x=0

sinx + (x — 2) cos x
=sin 0+ (=2)cos 0 = -2

@Y -
dx

Y = -3 cosx+ 3xsinx
dx
=-3cosZ+3%sin% ="
2 2 2
— 2 _ 3x
y=x“tanx x—I
d
ay=2xtanx+xzsec2x
=37 tan 3—”)+9Lsec23’l
2 4
__ 3w, o
2 8

d
0 L =e*secxtanx + e*secx
=secO0tan0+sec0=1

y=e'secx x=

Y _p

:'2+ 2 vy —
y=sin* @+ cos*x=1 o

y="20_secp %zsecﬂtan,b’

sin f# d
2
y=21020 _ tan 40 = 4sec’ 40
1-tan’0
. 3p P
_sinp+sin2p 251n7cos7

cos p +cos2p 2C0537pCOS§

y=tan®2 D 3523
2 dx 2 2
y= (sin ¢ sin 2¢ — cos @) sec @
sin ¢ — cos ¢
_ ZSinz(p—l _sinzq)—cosz(p

sin @ — cos ¢ sin @ — cos ¢

__ (sin ¢ — cos @)(sin ¢ + cos @)
sin ¢ — cos @

. d .
y =sin @ + cos @ ﬁzcosw—sm(p

WORKED SOLUTIONS

Exercise 9D

1 a y=arccosx..x=Cosy
zx—yz—smy .'.%:—$
__ 1 __ 1
\/lfcoszy \/l—x2
fi=-

1-x

b f(x)=arcsin 3x, f'(x)=
1- 9x2

¢ f(x)=arctan (2x + 1), f(x)—i
l+(2x+1)

2

1+4x2+4x+1

f'(x)=

2x +2x+1

a y=2xarcsinx

Y- 2 L Darcsinx
dx 2
- X
b y — arccos x
pa

—X

A/ 2
dy _ V1-x —arccosx
dx 2

X

/ 2
—-x —\1—-x" arccos x
2 2
x \/l—x

c y=(2x+1)arctan x

gle

2x+1

2
1+x

d y=+1-x"arcsinx

Y _2arctanx +
dx

=N 8 oyl (l x) arcsin x

dy X arcsin x

dx 1—x2

e y=(4x2+ 1)arctan 2x

2
204x" +1

d—y=8xarctan2x+(x72)

dx 1+4x

Y _ 8xarctan 2x + 2

dx
a (arcsiny+arccosy) =L 1L _

- V1- X \/l—x2
b — (arctanx+ arctan (—x)) = S

1+x 1+x2

Worked solutions: Chapter 9




c (:C(Zarctanx—arcsin 2x )

xz +1
_ 2 [ GP+D2-2x(2x) 1
1+ (2 +1)? 45
(x2+1)2

2 (2-2¢0) (1)

1457 (x2+1)2 \/(x2+1)2_4x2
2 20-4Y) 0
142 (2D (1)

4 a x=siny
lzcosydl R A
dx dx  cosy

b x+y=tany
1+ % =sec’y ¥
dx dx

Y (sec2y— 1) = Y any = Y — cot2
dx(secy 1) 1:>dxtany 1:>dx cot?y
c x+sinx =y + cosy

d .
1+cosx=ay(1—smy) o G Lecosx

dx 1-siny
d esiny = xz
- d
esiny cosyayZZx Lo 2
dx ¢ ycosy
X
e Cosy=_ = ycosy=x
dy : — dy 1
a(cosy —ysiny)=1 .. Y=

dx  cosy — ysiny

f In(xy)=tan2y =Inx+Iny=tan 2y

Exercise 9E
1 a f(x)=tan3x P(0,0)
f'(x)=3sec?3x f'(0)=3
y=3x
b f(x)=sin(2x)—1 P(’;,y

yzsin(z”)—lzﬁ—l P(E,i—l)
3 2 372

S (x) = 2cos (2x) f’(”) =1

3
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d f(x)zln(tan(%))+2 P(s—”,y)

WORKED SOLUTIONS

c f(x):2cos(’zc)—e2" P(0, 1)

fl(x)= —sin(

y=-2x+1

)—2er -~ F(0)= -2

SRS

y:ln(tan”)+2=2 P(3l,2)
4 4

f (x) = cos (2x) PO, 1)
f'(x) = —2sin (2x), f'0)=0

equation of normal is x = 0

£ () = tan (4x) P(l’;,y)

y—tan4 1 P(m’l)

f'(x) = 4sec? (4x), f’(l’;) =4sec’ (Z) =8
=3l

-1 V3
=—x+-_+1
Y 8 128

f(x)zZe"sin(;) P(©0,5) y=0 P(0,0)
F(%) = e* cos (;) + 2e7 sin (;)

FO=1  y=-x

(%) =xcos (2x) - 3 P(g,y)
y=Tcosx-3=-%3 P(”,—”—3)

f'(x) = —2x sin (2x) + cos (2x)

N == Zi3=x_-=%
f(?)_ 1 y+2+3 x=2
y=x—-nm1-3
In(x)=tany P(1,0)
_ 2 . dy . dy_cos2y
—=sec’y-= . 2=
x dx dx X

AtP,%=1 y=x—1

Worked solutions: Chapter 9




4 y+y?=sin2x P(0,-1)
% (1 + 2y) = 2cos 2x

dy _ 2cos2x :l:—z
dx 1+2y -1

=1 =1,
y+1—2x y=ox 1

5 y=cos(x?
a (0.974, 0.583)
b y=cos(x?
& = —2xsin (x?)
x=0.97407123, jxl = —1.5833 ...
y —0.58264678 = —1.5833 (x — 0.97407123)
y=—158x+2.12
y= )
Y 2y =5.03136 ...
dx

y —0.58264678 = 5.03136 (x — 0.97407123)
y=15.03x—4.32

tan oc = 5.03136 ...

o=1.3746
tan f=1.5833 ...
B=1.00747

0=rn—-o- =0.760 rads
6 e’=sinx+1 P(-rm, 0)

ydy _ dy _ —cosx
€ —x— COSx dr - &
AtP, ¥ -1
dx e

Tangent: y=x+ 1
Normal: y=x—-7
Area = % X2 X1

2
=7

(-7, 0)

-

Exercise 9F
1 a f(x)=tanx f'(x)=sec’x
f7(x) = 2sec x sec x tan x = 2sec’® x tan x

1(%)=22V3 =83

WORKED SOLUTIONS

b f(x)=xsinx, f'(x)=sinx+ xcosx
f”(x) = cos x + cos x — x sin x
=2cosx — xsin x

f70)=2
c f(x)=(x*+1)cosx
f'(x)=2xcosx— (x*+ 1)sinx
f7(x) =2cos — 2xsinx — [+(x*+ 1)
cos x + 2x sin x]
= 2cos x — 4x sin x —(x? + 1) cos x
f70)y=2-1=1
d f(x)=+xcos?
1

1
() == Jxsin® +Lx 2cos®
'@ 2 2 2 2

—xsin ¥ + cos X
2 2

2x

4x

—Iisinl—cosl-i-sinf—cosl
2 2 2 2

4

=1 2sinl—2cost
4 2 2

:—1(sinl+cosl)
2 2 2

e f(x)=e*sin2x f'(x)=e*(2cos 2x + sin 2x)
f"(x) = e*(—4sin 2x + 2cos 2x + 2cos 2x + sin 2x)

= e* (4cos 2x — 3sin 2x)
r(z)=e'0-3=-3¢

f f(x)=2xsecx, f'(x)=2secx+ 2xsecxtanx
=2secx (1 + xtanx)
f"(x) = 2secx (tanx + xsec? x)
+ 2secxtanx (1 + x tan x)
f"(m)=-20+ m) +2(-1)(0) = -2«

a f(x)=cosx f'(x)=-sinx
f7(x)=—cosx fO(x)=sinx

—sinx, n=4k-3
—cosx, n=4k-2
M(x) = ’ keZ*
Fr®) sin x, n=4k-1 <
cosx, n=4k
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Worked solutions: Chapter 9




b g(x)=sin3x g'(x)=3cos3x
g”(x) = —9sin3x g®(x) = —27cos 3x

3"cos3x n=4k-3
g(n)(x) _ -3"sin3x n=4k-2 be 7t
-3"cos3x n=4k-1

3"sin3x n=4k

¢ h(x)=cos(ax+b) h'(x)=—asin (ax + b)
h”(x) = —a? cos (ax + b)
h®(x) = a® sin (ax + b)
—a"sin(ax+b) n=4k-3
—a"cos(ax+b) n=4k-2
a'sin(ax +b) n=4k-1
a'cos(ax+b) n=4k

K (x) = ke 7"

3 fW=sin2x a,=f""(%] n=1,2,3, ..

f7(x) =—4sin2x q, :f"(z)z_iz_zﬁ
fO(x) =—-8cos 2x a,=f® (%)
f,f ~22,-4\2
1 - - —
b~ (1+2-4-8+16+32-64

— 128 + 256 + 512)

_615 6152

V2 V2

4 a P(n):f(x)=sinx=f"(x) :sin(x+ﬂ),
n=0,1,2, .. ?

P(0): f (x) = sin x

Assume P(k):  f®(x) = sin(x + kzﬁ)

Prove P(k + 1) f¢+1(x) = Cos(x + k;)

- (x+k;+2)
=sin(x+(k+1)’2[)

-. P(k) = P(k + 1) and P(0) is true
.. by induction,

f(”)(x):sin(x+%), n=0,1,2, ..

b P(n): g(x) =cosx= g"(x) = sin(x+ (n+1)7r),
n=0,1,2,.. 2

P(0): g(x) = sm(ﬂg) = cos x

© Oxford University Press 201 2: this may be reproduced for class use solely for the purchaser's institute Worked solutions: Chapter 9

WORKED SOLUTIONS

Assume P(k): g ®¥(x) = sm( ot +2 1)7:)

Prove P(k+ 1) g **D(x) —cos(x+ (* +21)7r)

—sin|x+ D7 7
2 2

= sin(x + kD7 *22)”)

.. P(k) = P(k + 1) and P(0) is true
.. by induction,

g(”)(x)=sin(x+("+21)”) n=0,12,..

Exercise 9G
1y

}

250cm

] A\

100cm x—> 4cms™!

_V2tdo _ 4 . dO_ (0175057
5 dr 250 dr

the angle is decreasing at a rate of 0.0175 c¢s™!

2 i\
x 18km
A

<«

y -1 _ a1
25kl o/, 6 200ms™ = 12 kmmin

f

160ms = 9.6kmmin' g

a x=18-12t=>%¥=-12
dr

y:25—9.6t:>%: -9.6

z2=x2+ y? 2z——2xa+2y
t=05=x=12,y=20.2,

z=+/552.04 =23.4955...
23.4955 = 12(=12) + 20.2(-9.6)

. % = —14.4 km min~' =~ —240 ms"!

Approaching each other at 240 ms™!




b bearing =n+0

. rate of change of bearing = %
tand== = seczediz(ydi_xdl)yZ
y dr dr

t=1=x=6,y=154, tan0= S
154

2
sec29=1+(—6 ) — 6829
15.4 5929

6829 d6 _ 15.4(-12) — 6(-9.6)
5929 dr 15.42

Y =_0.466 cmin™’
dr

bearing is decreasing at a rate of 0.466 ¢ min™!

3 a T x—>95km/h

30m

C

% — 95000 mh™
dr

tan@ ="
30
sec’9df = 1 &
der 30 dr
x=0,0=0= sec? t9—1:>‘;‘t9 %
= 31.667 ch™!

=52.8 cmin~! or 0.880 cs™!
b After I sec, x = 2% = 26.338 .
3600

tan @ = 26-;38--- -0.8796... sec?0=1.7737 ...

1.7737...92 = 92000
' adr 30

% =1785.3 ¢/h = 29.8 c min™" or 0.496 cs~!

4 a
°]
5¢m 5¢m
7<—X —>
6cm
& = _0.05 cms™!
dt
d 5 do
G G0=2
sinf=>%
5
cosgdf =1dx
dr 5 dr
Atr=0, cosf = é
299 - 1x-0.05
dt
99— _0.0125
dt

.. angle is decreasing at a rate of 0.0125 cs™
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WORKED SOLUTIONS

6 = 30° when equilateral

. c0s30° ij _Ld 001

.. angle 260 is decreasing at 0.0231 cs™!
dy

— =-2cm’min™!
dr
y="27p ﬂ =4zxr’
3 dr
r=12, -2= 47[(12)2 dr &~ _ 1 emmin
) dr 2887

=-0.00111 cmmin™!
radius is decreasing at 0.00111 cm min™

A=4m? Y_gr Y
dr dt

r=4, -2=474PY =Y =1 cmmin!
e dr 32x

4 _ 8z(4)[ =L ] =~1 cm? min™",
dr 327
decreasing at 1 cm? min™!,

<« Xx—>

10km

R

% = 1025 kmh™!
do _ dx

2 -
sec’  — =
dt dr

x=38, tan@ =2 sec?f=1+16 =41
5 25 25

41do _ v _ 1
s s 1025=> =62.5ch”

‘jl—f =0.01761 cs™!
=0.995 degs™!
x=0,0=0,sec?0=1

i—— 102.5ch™ =0.028472 ... cs''=1.63 degs™!

<« x—>

2km Z4km

dx =75 kmh™!
dr

Z2=4+ 5

229 oy dx
dr dr

whenz=4,16=4+2 . x=+12
=12 (75)

& _ 753 _ 65 0kmh!
dr 2

Worked solutions: Chapter 9




b tanf=> sec’9df-1%
2 de 2 dr 5
x=+/12, tanf =43, sec29=1+(\/§) =4 1
4499 _75
de 2
%_7 9.375 ¢/h = 0.00260 c sec™!
= 0.1 degs™! (nearest tenth)
8 a
V4
X
e
10m
%: -1
o 5 ms
cosf =10

z 2

_sin@d? = ~10d=
dr 22 dr

z=20, cos@=22=1 sin?g=1-1=3,
20 2 4 4

sinezﬁ
3 do
2E——() E‘F =0.144 cs™
or 8.27 degs™
b 22=100+x?

2792 o

dr dr
z=20,2=300= x =103
20(5):10%%

dx _ 10 _ -1
E—ﬁ—S.W ms

40 _ 4z _ 7w o1
60 15
x*=75+75"—-2x7.5*"%cos 8

x*=112.5-112.5cos 6
205 = 112551004
‘When height is 5m, cosé = L =1

sinf=1-1=38
9

9
22

. sinf =22

2 =112.5-1125 (1) _75 x=53

10V3 ¢ =112, 5(”)(15) 1

dx_;r\/—

PN =1.28 ms™
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WORKED SOLUTIONS

Exercise 9H

a J‘sin3xdx = —%cosSx +c

b fcos(zxﬂ) dx =%sin(2x +D+c

c fsecZSxdx :étan3x+c

d fsecz(l —x)dx=—-tan(l —x) +¢

e fsin(5x3_l)dx=—zcos(5x3_1)+c

f fcos(3x7+2)dx=;sin(3x7+2)+c

a J(l — 2cos’x) dx = f— cos2x dx = —%sin 2x+c¢
b

J(l + tan’x) dx = Jseczx dx =tanx + ¢
c cos2x =1 — 2sin*x = sin’x = 5(1 —C0s2x)

fsinzx dx = lf(l — c0s2x) dx

l( —fs1n2x)+c
2

=Ly Llsin2x+c
2 4

d cos2x=2cos’x — 1 = cos’x = % (1 + cos2x)

Jcoszx dx = % J(l + cos2x) dx

—_

- x+;s1n2x)+c

N

=Lyt lsin2x+c
2 4

e f (1 - 2sin? (2x))dx = j cosdr dx = ! sindx+c

-l

f @ + 2 tan’(5x)) dx = j 2 sec?(5x) dx

=§tan5x+c

g J(l + tan?x)(1 — sin? x) dx = fseczx (cos?x) dx
= Jl dx=x+c¢
h J4 sin’x cos?x dx = fsinz(Zx) dx
=1 f(l — cosdx) dx

(x—lsin4x)+c = %x—%sin4x+c
4

N | —

Exercise 9l

a f(Zsinx — 3cosx) dx = —2cosx — 3sinx + ¢

b f(x2 —7sinx) dx = fx *+7cosx +c¢

Worked solutions: Chapter 9




Q.

-h

=

J‘(4e“ —%seczx) dx = 4e* —étanx+c
3

f(l—\/Zx +7sin3x)dx =x — 2?—%c053x+c
2
3

_2\/5)(2 7
3

5c053x+c

( S +sec? (g))dx In|x|+3tan* te

(o =f s e

:x—ln|x+1|+§cos%+c

N\m

—

(2 +551n2—cos)dx

23(
Y]

—10cos* —3sin* +¢
2 2 3

f(3-2x — 11sec? (11x)) dx

_3*216

e tan(11x)+c¢

Exercise 9J

1l a

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

f'(x)=5-2cosx f(0)=
f(x)=5x—2sinx + ¢

0=c .. f(x)=>5x— 2sinx
f'(x) =4x — 6sin2x f(0) =1

f(x) =22+ 3cos2x + ¢

1=3+¢ c.c==2 f(x)=2x"+ 3cos2x—2

f'(x) = 3cosx —2sec’x f(%) = #
f(x) = 3sinx — 2tanx + ¢
#:E %+c c:%”
f(x)=3Sinx—2tanx_%
f'(x) = 32% = 2e*+ cosdx  f(0) =~
f(x) =2 = 2e"+ isin4x +c
-5==2+c¢ ..c=-3
f(x)=x3—Ze"+isin4x—3

sin3

f(x)—7+cos(3x) 4 f()=
f(x)=3n|x| + 3 L sin(3x) —4x + ¢

Si“:(l)sin3—4+c =4
3 3

flx)= 31n|x|+§sin(3x)—4x +4
' 7
f'=

f(x)="TIn3~4x| - 42" + 2" 4 ¢

—8x +4e*! f(;) =-1

WORKED SOLUTIONS

Lc=-2

f(x) :%ln|3—4x|—4x2 +262x—1 _2

-1=-1+2+c¢

f"(x) = 4sinx f’(’;) =0, f(0)=1

Sf'(x) = — 4cosx + ¢,

0==2+4+¢ ..¢=2

f'(x) = —4cosx + 2

f(x)= —4sinx + 2x + ¢,

S f(x)=—4sinx + 2x + 1

b f"(x)=1+cosx f'(0)=3, f(1)=—cos(l)
Sf'(x) = x + sinx + ¢,

3=¢ f'(x)=x+sinx+3

=g

2
f(x)z%—cosx+3x-|—c2

—cos(1) = % —cos(l)+3+¢c,c= —%

f(x)—fx —cosx+3x—%

c f'"x)=e+sin(l-x), f(1)=2, f(1)=2
f'(x) = — e+ cos(1-x) + ¢,
2==1+1+¢ ..¢=2
f'(x)=—e'*+ cos(l — x) + 2
f)=e—sin(l —x) +2x + ¢,
2=1+2+¢, .c¢=-1
f(x)=e"—sin(l—-x) + 2x —1

d f"(x)=e*+sin(2x) +x*—2x+ 1, f'(0)
—2f(0)=2
f(x)— e — % cos(2x) + ix“ - +x+c
2—5_5+C1 .'.61:2

f’(x)=%ez" —%cos(Zx)+%x4—x2+x+2

f)=Lter = Lsindx+ Loo— Lo+ 14 x4 ¢
4 4 200 3 2
2=l+c e =1
4 2 4
f(x)—lez"—lsi112x+ix5 Tl poxs?
4 20 3 2 4

Exercise 9K
’ (2x — sinx) dx = [xz +cos xfﬂ

3

1 a

T
3

7 R P
7 5 36 2
5

(5+cosx) dx =[5x +sin x]%
s

o
—

r
6

_ 5i+1)_(51+1) 7yl
2 6 2 3

Worked solutions: Chapter 9




(2]

J (2sec’x + 1) dx = [2tanx+x]4

(2+ ) (O)—2+%

3
X 1 _ x 3
L (e*+ 2sinx) dx —[e ZCosx]O

T

=E*-D-(1-2)=e

Q.

1
ll’ B
T

w

4

+

(@]

@]

w»
~——

(oW

I

4 T

J2(2x+ 3 cos6x) dx = [1 +1 sméx}

=

12 12
= L+1 _(L+O):2 1+l
In2

In2 2

In2 2

IR

s
5
(x%+ 2 sec?2x) dx = {’; +tan Zx}
- x
( 3
= 77[ +
1536

3
(o gr)- e
1536 768

j j(lées" + 9sin 3x) dx = 2¢™ —3c053x]g
0

=(2e% + 3) — (2 — 3) = 2e8"+ 4

Exercise 9L
1 a Jszinxzdx= —cosx* + ¢

3
J3x2 VxP+3 dx = %(x3 +3)2+¢

2 2
J (3_4x)el+3x—2x dx — el+3x—2x +c

d Jtanxdx: Jsmxdx

Cos x

=—Inlcosx|+c or In|secx|+¢

JZcos 2x e dx = e + ¢

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

Wy

Exercise 9M

f3x2 (#— 1)dx = [;(xtnﬂ; =0-(g)=1

J3 2x
ox

=

N

w

H

(5}

g

=

(-

(2]

Q.

o

-l

g

S

WORKED SOLUTIONS

e f +c
fo In 2sin(2%) dx = —cos(2*) + ¢
f arcsin x dx - (arcsin x)? +¢

f arc tan 2x

% (arctan 2x)2 +c

fx cosx’dx = fsmx +c

fx Jx®—1dx = f(x —1)33+c

—(x —1)3 +c

2 _
f(x +2)e3x +12x-7 _ %e3x +12x-7 +c

f tan(5x +4) 4

:j sin(5x+4) 4,
5cos(5x + 4)

—ln|cos(5x+4)| +cor —1n|sec (Sx+4)|+¢

cos 3x
sin3x - 3% dx= > +¢
3In3
4
J‘Sln\/;dx = —4cosix +c
o
focos(S") dx = 5060 4 o
n
62 +e 1
f o 2xdx :—Elnle'z" e*|+¢
=

e
| x 3
arctan =
f3dx = %(arctan%)2 +c

9+x

f(x +x)cos(x +2x )dxzésin(x3+%x2)+c

f arcsin (2" “Ddy = Larcsin’(2x +1)+¢

’+1

dx = [1n|x2+1|]2 =

w

In10 — In1 =1n10

3 s
J cosx+/sinx dx = [ (sin x)z}

J e
e

e+1

(Inx) ] %(Ine3)2 —0=2

2

=[In(e" +1)] =In(e"*+1)—1In2 =ln%

j62tan2x dx =[~In(cos 2x)]0% = —In(%) =In2
0

Worked solutions: Chapter 9




Ll(x2 +x) cos(x + x )dx = 3[sm(x + 33/)1
1

3
[ vEeia =1{§(2"+1)3}
0

Exercise 9N

1 Jxe"dx = xe*— J *dx

=xet-e"+c
=ex—1)+c
2 J(Zx + 9) cosx dx

= (2x + 9) sinx —stinx dx
=(2x + 9) sinx + 2cosx + ¢

3 J(z — 5%) sinx dx

= —(2 — 5x) cosx — chosx dx

=(5x — 2)cosx — Ssinx + ¢

j(?)x— 1) e dx
=3x-1! e3"—Je3"dx

=1 (3x—l)e3"— ; e¥+c

=1 3"(396 2)+c
J(4x — T)et1dy

=%64H (4x—7) - [e* 'dx

_le4x 1

(4x—7) -1 e‘”‘ '+¢
=%e4"’1 (4x-8)+c¢
=e"(x-2)+c

6 Jmsin(Zx + 3)dx
2

—i (x + 3) cos(2x + 3)

+ ﬁ; cos(2x + 3) dx
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=2 (27-2J2)
dv

u=x —_—=¢"
dx

du =1 yp=er

dx

u=2x+9

ﬂ—cos

dx X

du =2

dx

v = sinx

u=2-"5

ﬂ—simc

dx

a3

dx

Yy = —COSx

u=3x-1

ﬂ— 3x

o ¢

du =3

dx

y="le¥

3

u=4x-—17

Q:e‘b‘_1

dx

du=g

dx

v=le4x71

y=x+3

o 2

& =sin(2x + 3)

dx

du = 1

dr 2

v=— lcos(2x + 3)
2

WORKED SOLUTIONS

- i(x +3) cos(2x +3) + %sin(Zx +3)+c

=3 - x)sin (:) + fsin(z) dx

=0B-x) sin(%)—4cos(%)+c

8 JxZ"dx
reo (2
In2 In2
_ 2°x 2 e
_2 (xln2 o,
(In2)*
J(l — )5 dx
_(-05" 4 B
In5 In5
_-w»5" s -,
In5 (In5)
- w+c
(In5)°
10 J(z")dx - 1f(z — )3 dy
7.3" 7
:l_—37x(27x)_ 3“dx]
7 In3 In3

_137@-2 3 e
In3 (ln3)

=
T

= M + c
7(n 3)°

Worked solutions: Chapter 9

u:3—x
v
g —cos(x)
4
du_ 1
dx 4
v=4sin [ x
4
= W _
u=x L 2
X
dl_l 1/:2
dx In2
u=1-x
dv _ -,
dx—S
du
oo 1
X
p=2
In5
u=2-x
dv _ Ay
dx_3
du — g
dx
_37*
" I3
X
u=4x dv_|(3
dx 5
du
7:4
dx




( (%))

Exercise 90
1 jxlnxdx= oy — dex
2 2
2 2
=X lnx-X +c¢
2 4

j(3x+2) In x dx
(3’2‘ +2lenx - j(32x+2)dx

2
(3" +2x)1nx——2x+c
2 4
3 J(I—x)lnxdx
2
:(x—lenx—j(l—x)dx
2 2
2 2
:(x—lenx—x+x+c
2 4
4 jxln(4x)dx
_7ln(4x) szx
:7111(4x)—j+c

%(2 In(4x)—1)+c

J(Sx —Z)In(’s‘)dx

:(S’CZ—Zx}ln(x)—w+2x+c
2 5) 4

© Oxford University Press 201 2: this may be reproduced for class use solely for the purchaser's institute Worked solutions: Chapter 9

WORKED SOLUTIONS

J(s + 4x)In(3 + 4x)dx

Letu =3+ 4x, %=4

j(s + 4x)In(3 + 4x)dx = fulnu %du

= i|:”; Inu— ’i] + ¢ (using result from gnl)

= @Inu-T)+c
:%(zln(swx)—l)ﬂ

Lett=4-11x, ¥ =-11
dx

.5+ 7x= 5+ (4 t)= T

J(S +7x)In (4 —11)dx =—

=T 10 dr
11
=11 f(7t —83) In¢-dt u=Int
% =7t — 83
:1[(”—8& Jlnt d;
121 2 =
dt

-
o =

—831‘

(-]

2

-1 [7/—83rjlnt—7tz+83t]+c
121 2 4

:1:(;(4—1135)2 —83(4—11x))1n(4—11x)

—%(4—11x)2 +83(4—11x)]+c

_ (%(16—8835+121x2)—332+913x)1n(4—11x)
—Z(16—88x+121x2)+332—913x]+c
=1 [(847x2+605x 276)In(4 - llx))
121 2

817 x’'—759x +304}+c

8 szlnxdx u=Inx
dv
a—xz

:xslnx—fxzdx du _ 1
3 3 dx «x
y=%
3
x—lnx——+c




J(z — x+ ) In(3x) dx = 1n(3)
%=2—x+x2

_ . x2 x3 —
= [Zx =5t 3]In(Sx)

o504

2 3 2 3
:(Zx—x+x)ln(3x)—2x+x—x+c
2 3 4 9

Exercise 9P
jlogxdx u=logx &
dx
1 du 1
=xlogx — | ——dx cu = v=x
] In10 dx «xInl10
=xlogx -~
g In10
10 dx =1 ﬂ_l
g u=logx =
=xlogx— | — du _ 1 y=y
dx «xIna
=xlog,x—* +c¢
Ina
3 jarctanxdx u = arctan x
E =1
d 1
= xyarctanx — ;dx aMI , V=x
1+ I+x
=xarctanx—gln|1+x2|+c
4 jarccosxds 1 = arccos
LI
=
:xarccosx+fxdx du__ 1 p=x
/ 2 dx 2
I-x 1-x

1
:xarccosx—% 20-x%)2+¢

=xarccosx —\1—x> +¢

5 ij arctanx dx

u = arctanx
dv =2y
dx
du 1 —
= x? arctanx — R v=a
1+ 1+ x
= xarctanx — J - dx
1+ x
= xarctanx — x + arctanx + ¢
=(x*+1)arctanx —x+ ¢
szarcsinxdx u = arcsinx
dv
= x?
— du _ 1 x3
—xfarcsmx dx o p=*
3 34/1— x X 1- xZ 3
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WORKED SOLUTIONS

Lett=1-x % =—2¢
dx
- xdx="tdr
2
x¥=1-t

J\/: dx—f “(‘ )dt— (t2 t%)dt

1 3 3 1
:;1 2t2_gt2 +c=l ltz_tz +c
6 3 313

1
=ét5(t—3)+c —é\/l—xz(l—x2—3)+c
=§(x2+2)\/1—x2 +c

3
fxzarcsinx dx= %arcsinx + é(x2 +2N1-x* —¢

Exercise 9Q
sze"dx u=y e
dx
:xzex_fzxexdx %zzx v:ex
= x'e’ — 2xe' + 2" + ¢ %:2 y=e
dx
=ex(x2—2x+2)+c
2 j(x2+1)81mdx u:x2+1
% = sinx
= —(x¥*+ 1) cosx + focosxdx % =2y
v =—Ccosx
= —(x*+1) cosx + 2xsinx — u=2x
dv
J 2sinx dx &~ cosx
= —(«*+1) cosx + 2xsinx + % =2
2cosx + ¢ v = sinx
= (1 — x?)cosx + 2xsinx + ¢
j(Zx — x*)cosxdx u=2x—
% = cosx
(2x — )sinx + j (2 2psinadx o =2 - 2x
v = sinx
=(2x—F)sinx — (2x—2)cosx u=2x—2
+ JZcosxdx
= (2x — B)sinxy — (2x — 2)cosx du =
+ 2sinx +¢ dx
= (2x — x*+ 2)sinx + V= — COSX

(2 — 2x)cosx + ¢

Worked solutions: Chapter 9




J(I + x — P)erdx

=%(1+x—xz)e2"+
J(Zx—l);ez"dx

—(1+x x)e*
+ler-ner- JZ e dx

LA +x—x)e>+
2

l — 2x_l 2x
4(Zx De L€ +c

Je(x—xtx

1 1
2Tt
=%e"(2x—x2)+c

j(ZxZ + x + 3) cos (2x) dx

= % (2x* + x +3)sin2x —
;j(4x + I)sin2x dx

= %(sz + x + 3)sin2x —
;[21 (4x +1)cos2x +
jZ cos2x dx]

= (2 + x + 3)sin2x +
i (4x + 1)cos2x — %sian TIPS

u=1+x—x*
ﬂ— 2x
o ¢
d
T=1-2x
y=1e¥

2
u=2x-1
Q:lezx
dx 2
du _ o
dx
V:lezx

4
u=2x+x+3
ﬂ—cos(Zx)
dx

=4x+1
I%sin(Zx)
u=4x+1
& = sin2x
dl:4
dx
v=—%c052x

=%(2x2 +x+2)sin2x+%(4x+1)c052x+c

szsin(l — 2x)dx

= %xzcos (1-2x) -

jxcos (1-2x)dx
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u=x
% = sin(1 — 2x)
E =2x
-_ !

T2

cos (1 — 2x)
u=x
dv _ _
4, = cos(1 —2x)
du _
Pl
v=—sin(1- 2x)

WORKED SOLUTIONS

= %xzcos (1-2x)-
[—;x sin(1-2x) +

J;sin(l—Zx)dx]

= %xZCOS(I—Zx) +
%xsin(l - 2x) -

icos(l —-2x)+¢

:%(238 —1)cos(1—2x)+%xsin(1—2x)+c

dv _ R
Jf&‘dx u= xZ 373
du _ _i
TE J In3 PR
= u=2x Y- 3
1n3 (1113) i dx In3
u _ _ 3"
dx 2 v= 2
JZ 3" dx (In3)
(In3)°
:x23x -2x. 3 + 2.3 +c
In3 3’  (n3)’
[¥*(In3)’ - 2x1In3 + 2] + ¢
(1n3)
j(l-'_xs)ede u=1+x‘3%:e%
du _ P
a = 3x v=2e2

R

= 6x*

u =e
du x
—=12x v=2e2
dx

&l

:2(1+3c3)e§—f6x2e;dx

=2(1+2) e — 12222 +

jz4xe;dx
=2(1+x)er - 12¢e +  u=24x L=
48xe;—J48e;dx =24 yp=2e2
—2(1+2) e — 12222 +
48xe? — 96e2 + ¢
= e2[2x° — 1242 + 48x — 94]
+c
J(x3+x2) sinSx dx u=(0+ %)
dv _ .
a—sme
du = 32 + 2x
dx
v="lcos5x
5

Worked solutions: Chapter 9




= -1 (@ + x)cos5x + u=23x+2x
° @ =1 cossx
f(3x2 + 2%) é cos5x dx de 5
= 1 (@ + x®)cos5x + W = 6x+2
5 dx .
L 3%+ 22)sinS - = 55Sindx
f (6x+2) L sin5xd
= =1 (¥ + x®)cos5x + u=6x+2
1 ; . @ = L ginsy
E(3x2 + 2x)sindx + dv 25
é(éx +2) cos5x — du=6
6 cos5x dx v= 1 cos5x
125 25

= 1 (¥ + x®)cos5x +
5

(3 + 22)sin5x +

L(éx + 2) cosdx —
125

6 sin5x+ ¢

125
= é (=253° — 2522+ 6x + 2)
cos5x + é (75x% + 50x — 6)sin5x + ¢

10 jx“cosx dx

dv
u=x* —=cosx

dx
d _ .
=x“sinx—J4x3$inxdx au 4’ v =siny
= x*sinx + 4x°cosx —
jl 2x*cosx dx
= x*sinx + 4x3cosx — 12x%sinx
+ j 2dxsiny dx
= x*sinx + 4x3cosx — 12x%sinx
— 24xcosx + j24cosx dx
= x*sinx + 4x3cosx — 12x%sinx
— 24xcosx + 24sinx + ¢
= (x* — 12o2 + 24) sinx +
(4x® — 24x)cosx + ¢
11 Jﬁe”xdx u=2x %= e
d
au: SxA — l e2x
2
= 1yse2r — | 5,de2dy u="2x" dv _ e
2 2 2 dx
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WORKED SOLUTIONS

du 1 2
—=10x° y=_¢**
dx 2
=Lyser =2 yie> +J5x362"dx u=>5  dr=gex
2 4 Aa
d
Eu: 15362 y= Ie2x
. . . d
=lyer—xte" +2x% u=Dy? T=ex
2 4 2 2 dx
—jlzsxze“dx .
u
L=15x y=le”
_ 1 2 O 4oy D 3.9 _ 15 dv 5
= - = + = X - 2 2= e
5 xe 4x46 2x3e u=-x -=e
15
— Dyoer 4 fxez"dx
4 2
du 15 1 2«
- = — Y= 7e
dx 2 2
Useax 5 janzey S 3000 15 000 15 15
e I + = x . x4 = X — Y a2x
2x5e 2 x'e sze 4xze L Xe . €
2x
e
= (4x° — 10x* + 20x° — 3042 + 30x — 15) + ¢
Exercise 9R
1 jsinxe" dx u = sinx % =e*
du = Ccosx y=¢€*
dx
. d
= e*sin* — Jexcosx dx u=cosx d—v =
X
W= siny v=e
dx
= e*sinx — e*cosx — fsinxe" dx
2jsinxex dx = e*(sinx — cosx) + ¢
jsinxe"dx = %ex(sin x—Ccosx)+c
d
2 Jez"cosx dx u=e* é = COSx
du = 9ex v = sinx
dx
= eZsinx — jZez"sinx dx u=2e* % = sinx
du _
du _ 4o =
i 4e2~ VY= —Cosx
= e¥sinx + 2e*cosx — J4ez" cosx dx
SJez"cosx dx = e (sinx + 2cosx)
Jez"cosxdx = éez”(sin x+2cosx)+c

Worked solutions: Chapter 9




u = cos3x D et

3 jcos 3xe* dx
dx

du .
= = —38in3x , = Letr
v= e

dx
dr 40 — 1 adx — 3 dv _ 4
cos3xe* dx = te*cos3x wu=sin3x —=e
4 4 dx
3 gin3yedt du _ 9 0s3x = Lletr
+J4sm3xe dx &4 3x v 4€

. 9
= ie4"cos3x + %e4"s1n3x - Jlécosl’»xe“"dx

25

cos3xe¥dx = % (4cos3x +3sin3x)

Jcos?)xe‘*"dx = %“(4 cos3x +3sin3x) +¢

4 jsm(z") dx = fsian- e*dxu = sin2x dr — e
. dx

du —_ —X
— = vy=—€
o 2cos2x

iy _ d
= —e %sin2x + choste *dx u = 2cos2x d—v =—e*
X

du . R
i = 4sin2xv = —e
= —e*sin2x — 2e*cos2x — J4sin2xe"‘ dx

SJsmf" dx = —e™*(sin2x + 2cos2x)
e

x
e

‘,'jsian dx :%e’*(sin2x+2c052x)+c
Exercise 95
1 jx\/x+2dx u=x+2 dx=du
:J(u—Z)u;du
:J(uz—Zu;)du
:zug— :
5
_ 2 i
=u (Bu—-10)+c¢
3
:%(x+2)5(3x—4)+C
u=1-2x

x=, (1-u) dr=- du

2 j3x\/1 —2xdx
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WORKED SOLUTIONS

:_—S(IOu%—6u§)+c
60,

= (5-3u)+c
10

3

:%(;23‘);(2+6x)+c=—§(1—2x)3(1+3x)+c

3 ijZ\/3+4xdx u=23+4x
¥=,@=3) dr="1du

_(5,._ u?

—Jlé(u 6u+9)4du

5 s 3 1

= e (u2—6u2+9u2>du

:i(gu%—2u2+6u2)+c

64 \7 5

:$(10u2—84u§+210u%)+c

3

= (512 —42u+105)+¢
224

:% (5(9 + 24x+16x%) — 42(3 + 4x) + 105) + ¢

_G : 244’02 (24— 48x +80x%) +¢

4 x3Yx+3dx
=Ju=x+3dx=du
1 4 1
= J‘(u—3)u3 du (u® —3u®)du

1y 4
ul—Zud+c
4

~ | w

4

_3u5 .
—2—8(414 2D +¢

4
=%(x+3)§(4x—9)+c

u=x+1 dx = du

5 Jx2\4/x+ldx
x=u-—1
:J(u2—2u+l)u‘l‘du :j(u4—2u4+u4)du

13 9 5

= A Byt
13 9 5

5

=27 (4507 ~130u+117)+c¢
585

Worked solutions: Chapter 9




—%(x+l) (4524 — 130u + 117) + ¢

—%(x+l) (45x*—40x +32)+¢

jx3§/1_—xdx u=1-x dx=-du

x=1-u
1

:—J(1—3u+3u2—u3)u5 du

11 16

= —J(ué—&tg +3u” —u?)du

6 u 21
s+ 5y 5—15u +5u +c

5
6 11 16 21
=~ 5 45(616—-1008u+693u> —1761°) +¢

3696
=3 (- %) (616-1008(1— x) + 693(1—2x + x°)
-176(1-3x+3x> —x*))+c¢

_%(lzsﬂsoxﬂésxz+176x3)+c

Exercise 9T
1 Jcos3x dx = J (1 - sin?x) cosx dx

= J(cosx —sin’x cosx) dx

. I .3
=Ssmmx—-sin” x+c¢
3

2 Jcos4 xdx= J(cos2 x)? dx

- [ as

— j1+2c052;c+c052 2x dx

J( += c052x+— 1+C;’S4")dx

J( + Leos2x + 1 cos4x)dx
=3y
8

+ Lsin2x + Lsindx+c
4 32

3 Jsins(’s‘) dx = J (l—cosz(’s‘)J251n( ) dx

= J(sin"—Zcos”sin’%cos“xsin") dx
5 5 5 5 5

—5c08*+10cos®* —cos’ X +¢
5 3 5 5
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WORKED SOLUTIONS

j48 cos® (2x) dx = f48(c052(2x))3 dx
— J<48(1+C054x)3dx
2
= J6(1 +3cos4x+3cos’ 4x +cos’ 4x) dx

(6 + 18cosdx + 9(1 + cos8x)
+ 6cos4x(1 — sin?4x)) dx

= J(IS +24cosdx+9cos8x —6cosdxsin® 4x) dx

= 15x+6sindx+2sin8x—Lsin®4x +c¢
8 2

Exercise 9U

j\/4—x2 dx x=2sinf dx=2cos6dO
4-x*=4-4sin’0=4(1-sin’0) =4 cos? 6O

V4 —-x* =2cos0

J\/4—x2 dx = JZ cos0. 2 cosf do = J4 cos’0do

= JZ (1 +cos20)do

=20+ sin20+ ¢
=20+ 2sinOcosO + ¢

0= arcsm % cos0=1-sin’0 = 1—L _ V4«
4 2
J\/4—x2 dx =2arcsin§ + §\/4—x2 +c

dx x=secO dx=secOtan6do

1
\/xz—l
x> —1=sec? - 1= tan?0

Jx*—1=tan6

Jso=
=Jsec 0do
=InsecO+tan0 | +¢
= 1n|x+\/ﬁ|+c

jm dr x=3tan6 dx=3sec’0do
x4+ 9 =9(tan’6 + 1) = 9sec?6

Vx*+9 = 3secO
J\/xZ +9 dx = jS secO 3 sec?0 do

= J9 sec’0 = 9J sec Osec? 0do

secO tan6 dO

Using integration by parts:
u = sech ﬂ:secZQ
do

d

d—” =secOtand v = tan6
0

Worked solutions: Chapter 9




Jsec30 d0 = secO tan0 — fsec@ tan’6do
= sec6 tan6 — Jsec@ (sec?0-1)do
= secH tanf — Jsec2 0do+ Jsec@ do

ZJsec3 0dO =secOtanO + In| secO + tan0|

1
.'.jsec39 do= 5 secOtan0 + % InsecO+ tanO|+ ¢

.'.J\/x2 +9dx = % secOtan6 + % In| secO

+tanf |In+ ¢
+c

j\/x2+9dx=;x\/x2+9+zln
% xVx*+9 +%1n |\/x2+9 +x| +k

Vil 49 +x
3

dx x = 6sin6 dx = 6cos0do

J -

\J36—x* = 6c0s0

j 3 dx:J3.6c059d9: 3do
36— x> 6cos6

=30+¢
=3arcsin§+c

5 j3\/x2 —16 dx x=4secO dx=4secHtan0do
x*—16 =16 (sec’0—1) = 16 tan?6

Jx* =16 = 4 tanb
jS\/xz -16 dx = letanQAsecQtan@ de

= J488€C9 tan’0d6o

= f48sec0(sec2 0-1)do

= [(48sec’ @ —48secd) dO
(see qn. 3 for fsec39)

=48 (%sec@tan9—§1n|sec9 + tan9|)

—481n |secO + tanf| + ¢
= 24 secOtanO — 24 In |secO + tanf| + ¢

= 6xi J¥—16 —241n
X2 =16 —241n |x+ Vx* —16| + &

2
Xy N oIehy
4

N | W
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WORKED SOLUTIONS

5 = = 2
6 jmdx x=11tan0 dx=1lsec’0do

x*+ 121 = 121(tan?6 + 1) = 121sec®0

Jx® +121 = 11secO
5 — 5 5
jm dx JIISCCQ. 11sec’0do

:JSSCCGdQ

=51In]|secOd + tanf|+ ¢

— 51 VX' +1204x| 4
11

=5In a2 +121+x| + &

2 _9 _9
7 dex x—251n6 dx 2cos0d9

81 — 4x* = 81 — 81sin%0 = 81cos?0

\J81—4x* = 9cosO

2 - 29 -
dx = Zcos0 do= [1d6
JV81—43€2 * j’)cos@ ZCOS

=0+c

)
= arcsin ;x +c

8 j\/3x2 ~75 dr =3 (X' =25 dx

x = 5secO
dx = 5secOtan6 doO
x*— 25 = 25(sec’0— 1) = 25 tan’0

J\/3x2 —75 dx =3 JS tan6-5 secO tanf dO

=3 jZS secO tan’*0 do

=3 |25 secO (sec’0— 1) dO
(see qn 3 for jsec3 de)

=253 [ LsecOtanf + ! In|secO +tan 6|
2 2 +c
— InlsecO +tan 6|

= #(sec@tan@ —InlsecO +tanf|)+c

_ 253 (x V¥’ =25 _ In|x+\/’;2‘25|)+c

2 s 5

= %x\/xz -25 - # ln|x+\/x2 —25|+k

7 1
—l _dx=7| —d
j\/7x2+28 [j\/xz+4 *
x = 2tanf dx = 2sec’0 dO
x’+4=4(tan’ 0 +1)=4sec’

Vx*+4 =2sech

Worked solutions: Chapter 9




T dqy= L 5am?
j e dx ﬁstecQ sec’6do
= \/7 Jsec@ do

=\/71n |secO + tan Q| + ¢
:\/7111 Vel +4 +x
2

=J7 In |\/x2+4+x| +k

+c

Exercise 9V

1 7
p

0| x X

P(x, sinx)

A = (n—2x) sinx

Max. area = 1.12 when x = 0.71046

length = 7—2x=1.72

height = sinx = 0.652
2 A(l,-1) P (x, cosx)

AP = J(x—1)? +(cos x +1)’

Min. distance = 1.11 ( at the point (1.78, —0.025))
3 a

N R
N[ R

N[

A
In A AOC, angle AOC=7-«
area A AOC = % .10.10 sin (7 — )

=50sin a
Similarly, area AOB = 50sin
In A BOC, angle BOC = 27— 2a
area BOC = - 10.10 sin (27~ 207)
=-50 sin2a
. area ABC = 50 sina + 50 sina — (-50sin2 )
A (a) =100 sina + 50sin2a
=100 sina + 100 sinacosa
A (a) =100(1 + cosa) sina
b For maximum area, oo = 1.05

4 a =2 .15 we require t to be a minimum
gsin 20
0=0.785="7
b 6=0.7854 1=
cos 6

= 21.213m (nearest mm )
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WORKED SOLUTIONS

— ol Tt Tt
d@) = sm(z) + cos(z)

— 7 oos7) 7 gin(7*
v(t) = . cos(6) p s1n(6)
sin(”—t) e cos(”—t)

6/ 36 6

ca@)= _3—”62d(t)

2
-
a®)= 3%

.. acceleration is proportional to displacement.

b Max. speed = 0.740 ms™! when ¢ = 4.50s (velocity
in negative and a minimum at this time).

6 Min. height = 1.82m when x = 1.31m
-. the first pole is nearer to the point of minimum
height.

Exercise 9W

1 a Y,

AP
N

y = cos(x)

cosxdx = [sinx]2

H
o

= sin (‘7) _sin (-7)
= 1-0=-1
J3 cosx dx = [sin x]i =sin (%) —sin (?)

2

_5,
= 2+

3

.. total area=2+§

b % ¥ =sec’()

1
r 9 & X
i r

4
4
Area = ZJ secx dx
0

= 2[tanx]0%

=2tan " =2
4

Worked solutions: Chapter 9




y = 2sin(2x)

oy
ST
>

0
j sin2x dx =[- cost]

z
3

=—Cos 0+cos( 23”) =—1+(—1)=—%

3
P z
j 2 sin 2x dx =[—cos 2x]g
0
_ T _ 1 _1
=—cosZ+cos0 =——+1=—
3 2 2
area = 2

1

14 1
y=3 cos(3x)

3

JZ Lcos3xdy = 1[sm3x] -
573

18

(51n3i sin 5”) = l(—1—1) =-1
9 2 6/ 9

3 , 25
j Leos 3xdx = Ysin 3x]; :1(s1n27r sin 7
3 2 2

z 9 9
2
=10-(-1)=1
9 9
area = 1 + 1_5
6 9 18
e )/

J_24tan( Jdr= 8[ln‘sec
et

.
=8(1n2—1n(ﬁ))

e 5]
V3
= SInE = —81n\E = —41n(%)

area=4 In(g)
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WORKED SOLUTIONS

a

14 y = cos(x)
1

2
0

W[y
(ST
>

T

3
Area = j cosxdx—-=
6
0

s
=[sinx]? -2
sina]f -~
=sin® —-sin0-%

3 6
=
2 6
b A y=tan(2x)
V3
0 X
6 4

T

Area = ”f— fztan 2x dx
0

_m3 [llnlsec(Zx)q6
6 2 0
_mf l[ln‘sec” —In|sec 0|]
5 2 3
=m0 (In2-1n1)
:i 11n2
6
¢ )/
27 14
3
T T X
-7 Al
2
_ 38
sy T2
y = 3sin(x)
3sin* =333
2 2
sin":—‘/3
2 2
X__7
2 3
x=—_27%
3

Area—3( )3 37 -3

Worked solutions: Chapter 9




WORKED SOLUTIONS

d Iy 2.57915
7 5 Area:f , 34 =1.55
y=2005(2x—%) 24— o |251nx—62 —l|dx
14 y=\/§ = 8 :i
& v 4+x° Y 4
11 a0 z X :
6 24 6 a 8 =X =32=4x" +x*
i \/E 4+x 4
2cos(2 ——):
s X +4x*-32=0
2x-e=1 (x*+8) (x*-4)=0
2x:% =4, x=42 (2,1),(=2,1)
_ s 2
T b,c Area=f( LI —x)dx
Sn L\4+x 4
Area = 242cos(2x—5)dx—5—”(x/§) 8 A T
0 6 24 = [7 arc tan(f) _7}
. 2 2] 121,
N z\|*% 57
—[51n(2x—6)l) _Z(ﬁ) =(4 arctanl—%) - (4 arctan(—l)+§)
zsin(l)—sin(—l)—s’“/E :(42_2)_(_4£+2)
4 6 24 4 3 4 3
_\2+1_ 512 Pt
2 24 3
e tan*=1 i
3 5 Exercise 9X
gzg 1 a v= njzcosxdx :ﬂ[sinx]l?:ﬂ(sinﬁ—sinO)
x:E 0 2
2 - v=r
Area =L\f— 2 tan® dx 3 x
23 . 3 b v= nJ sec’x dx = z[tan x]* =7r(tan%—tan0)
% 0
=7 _|3] x _
243 |: n‘secﬁ :lo vor sr
=”—3(ln‘sec” —Inlsec 0|) c v= ﬂjhcoszx 2dx :% jb(l + cos2x) dx
243 6 z 5
=" _3In2 r O
PR ="\ x+Lsin2x
2.51327 2L 2 %
3 Area:jo (COSE_Coszx)dx =2.38 _7[_(57[+1 . 57[) (7[ 1. 7[):|
=22+ =sin2Z |- (£ +=sinZ
4 dl:seczx 2\ 6 2 3 6 2 3
dx _
. _x[s5t_\3 z_ﬁ} :ﬁ[zi_ﬁJ
(z,l)ay:z 2l6 4 6 4l 203 2
. (7B
Tangent:y—l=2(x—2) —”(3 4)
y:2x—5+1 d v= nﬁa sin’x dx =’2’j3(1 — cos2x) dx
if y=0, Zx:%—l o W e
) =2 x—lsian}
x:E—, 2_ 2 %
4 2 )
B _ (M_lsinw)_(ﬂ_lsmn)}
Area =J4tanxdx—l(1) 2l\3 273 ) 3 27
2 \2 _
0 _7|2r ﬁ_£+73}
=[In|secx]! —i=ln‘sec%—lnlsec OI—i 2L3 4 3 4
_z(£+£)
zlnx/_—iZ%InZ—— 2\3 2
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2 a v:njsinzydy:ZJ(I—cosZy)dy

1

I O
—E[y 2s1n2y}0
:”[(l—lsinZ)—O}
2 2
=£(1—lsin2)
2 2

b y=arcsinx, 0<x<
=x=siny, 0<y<

5 —

(S S

v= njzsinzy dy = % Jz(l — cos2y) dy

0 0

y =sin(x)

z
32

14
y = sin(2x)

v= nr(sin2 2x — sin’x) dx
0

3
j (l—lcos4x—l+10052x)dx
o \2 2 2 2

= ’zfja(COSZx — cosdx) dx

. . 5
= f[ls1n2x —ls1n4x}
202 4 .

zﬁ[lsinzi_lsini”]
212 3 4 3

:%(£+ﬁ):3ﬂﬁ

4 8

16

y = arctan x

T
231442 %

v= 7TJ<. ((arctanx)z—(eg—l)z)dx:2.35
d y=arctanx=x2 + 1 x = tany

y=e —le =y+1x=3In+1)

y= nj  (Gln (y + 1)?— tan?) dy = 4.18
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WORKED SOLUTIONS

Exercise 9Y

(x—4yY+(@y+3yl=4

(y+3¢P=4-(x—4)y
y+3=44—(x—4)
y=-3+4—(x-4)

v=a ((-3-Va—G—ay) ~(5+JaGay) Jax
= nf(u 4—(x—4)2)dx

= 127[J 4—(x—4) dx

Letx — 4 = 2sin6 dx = 2cos6 doO

x=2=sinf=-10=-"

x=6=sinf=1=0=

4—(x—4)* =2cosd

NMN‘

y= 127rj2 2c0s02cos0do

NERRIE]

=24r | (1 + cos26)do

- 247{9 +1sin 29}1

y = 247

2 (x—4)yY+(+372=4

(x—4)7?=4-(y+ 3)?
x—4=%4-(y+3)
x=4+4-(y+3)

p= nL ((4+\/4—(y+3)2 ) —(4—Ja-(y+3y )) dy
= ﬂf_116\/4—(y+3)2 dy

Lety+ 3 =2sinf dy=2cos0dO
y=-5=sinf=-1=0= 7§

T

y=—1=sinf=1=0= 5

J4-(y+3)* =2cosb

z

v= 167:J2 2c0s02cos60dO = 327%(see qn.1)

Worked solutions: Chapter 9




WORKED SOLUTIONS

3 ) ay=9 2 siny+e*=1=cosy-y +e”*-2=0.
,_ —2e™
/; =Y " cosy
T T T T — A —2 —
$ 219 12 8% =m=y(0)=_15=-2
27 T:y-0=-2(x-0)=y=-2x
P=9—x 3 sec’?xdx =[tanx]: = tanm — tan%
3 z 4
:ﬂJ(g_xZ)dx =tanm—1=2[£fl]
. 2 2
3T B _ _ i
:”[936_::3} = tanm — 1 =3 lztanm—\/gzm—E
7 4 a J(Zx—S)ezxdx = Let2x —-5=u 2dx=du
27-2)—|27+% o = 1 _
3 e*dx = dv 26 =7,
y=236n Zx—Sezx _ |exdx = (x _ E)e2x _ lCZx +c
2 2 2
4 Y =(x = 3)e* +¢
34 , b
M+ 9y7=36 dv = cosxdx | sign
1_
/\, u=x2-5 v = sinx +
}Qi 12/3%
2x —COSX -
34 2 —sinx +
4 +9y =36 (x2—Sx)cosxdx:(xz—Sx)sinx
2= - .
y =4 +2xcosx —2sinx +c;

V=T f (4—7 )dx
) [ o3
3 3
= ﬂ[4x—4x}
27 |,

= 7[(12-4)— (-12 + 4)] = 167

5 x2=9—Zy2,v=7rJ (9—9y2)dy
_ 3.5
_”[9y 4yL
7[(18 — 6) — (18 + 6)] = 24~

Review exercise
f(x)=(2x+3)sinx 5
= f'(x)=2sinx+(2x+3)cosx

X

1 a
A=

b g(x)=e"cos3x

= g'(x)=e*cos3x+e"-(—sin3x)-3
=e" (cos3x —3sin3x) 2

=H(x) = seczx x 241 Jtanx - (-2x7)

_ x-2sinxcosx

2x° cos® x
_ x—sin2x

2x° cos” x

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

6 Thecurve y=e

:(xz —5x—2)sinx+2xcosx+c

dv = eXdx | sign
u = cosx v =geX +
=3sin3x e -
-9cos3x e +

fe" cos3xdx = e*cos3x + e*3sin3x

- 9Je"cos3x dx.
10 [e* cos3xdx = e* cos3x + 3e* sin3x
= je"cos3x dx = %(cos3x + 351n3x)

1d2:7_d-ﬂ
dr dt

:>——\/_ 0.2= */_cmz/s

2x-1

is given.
y ZxI:y 2x1‘2
m=y(x)=e*"2=T:y—y =m(x—x,)
y=2e""(x—x)) + y, =

y =2e""x-2e"" x, + e’
0

62”‘>‘1(—2x0 +1)=0=>x, = 1

2
T:y=2x

Worked solutions: Chapter 9




1

b j2(62x—1 _ Zx)dx _ Bezx—l 42 :
0
1
2

1

c jz((e“‘l)2 ~(2x))dx = ”J (e — 4x?)dx

0

1
_ 71.[1643(—2 _ éxs]z
4 37,

- ﬂ(l _1 _%): (e?-3)m

4 6 4de 12¢*

7 Let x =3cos0 = dx =-3sinfdO, 0= arccos(gj

J9 - x> = /9 - 9cos’ 6 = 3sin6
f\/9 ¥y = —9Jsin29d9 - 9J =2 de

— _9[% : sir;ZO]

sm[arccos ]cos(arccos[gn - garccos(g) +c

N o

2

= §\/9 - %arccos(gj +c
8 a y,
1 ,//
/
10 / 1 4 X

b yzln(Zx):x:%ey, x=1=y=In2

Tl -
B _1 5 In2
- ”[y 8¢ y]o
- ﬂ(l 2 _ 4;1) (81n2-3)
8 8
9 a SZJthZJ 5e 3dr =5 —%e%]
1 _2k
s
b 11ms—11rn(15 15(=,'23k]:15—0:7.5m
== 2
10 x°y’ = cos(zx) = 2xy° + x?3y%y’ = —sin(7x) - 7

21(=1 +12-3(=1) - m,. = —sin(z) - 7
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WORKED SOLUTIONS

Review exercise

1 We need to find the zeros of the second derivative

of the function y = x*sin2x, -1 < x <1. We
store the variables a and b and then to find the
y-coordinates of the points of inflexion we input
those values of x in the original function.

\ 3ix}=cen 'J'.i'.L"ll".1lf'J.'1:; ].rlllr-.l'
1-0.76, -2 529
\ |J.}1/n smz-ﬂ
&
I—N -:? f
\ Mlx)=x= sinl 2-x) \"
e : X\
A\
1
a» & &7 |
1.2
#ilal 057674 |
riial ]
f}'b] 0.57674
|
3-*?:-]

So the points of inflexion are
(-0.760, —0.577), (0, 0) and (0.760, 0.577).
sin x

y3=cosx = 3y?y' =—sinx = y' =-— =
y

When x =1= y’ = cosl = y =3/cosl = 0.814

sinl
=- -0.423
" 3R/cos’1

T:y—-0814=-0423(x -1) =
y=-0.423x +1.24
Checking:

First we find the explicit form of the curve and
graph it on a GDC. y* = cosx = y = /cosx

y=—0.42c+]1 24

{1.02814)

7 e T s e, OO e, W

fllx)m 3 cosly)

Worked solutions: Chapter 9




WORKED SOLUTIONS

3 Find the value of g, 0 < a < 1, such that 5 First we graph the functions and identify the region.
j Y dx = 0.2709 Then we find the point of intersection between
A the curves and store the x-coordinate to a variable
‘ called d.

V1-x? <
=0.2709 Jo"’m

v=n| (cos’x—(e"—1)")dr =131

j L dx =[arcsinx] = arcsing — arcsin a2
@

We use a GDC to solve this equation, ¢ = 0.500.

The result can be obtained directly on a calculator
by using numerical integration.

nSolveEmll. W) -zin J]E::I-'.'l E?D?.a] fﬁ':x'l- - b S {6,601 .|
{ Wl - . 0 835
0 499843 ha iy .
- e 4 ] %
1 o4 e
n"bc-l\'e‘n]nt{ _x,rz,r =0} 2'.'-'09.:1 > ol s x|
= - el
\ ljl—x" ! | - Py o
0 499348 ' _ ~ 1 1
——p §
i 15{x)=e™41
29|

5 d 1.31065 |
10km w | st} Jix
9 - O
0 |

X tan€  tan54°
tand =10 = sec2g . 49 = 10 . dx

X dr x dr =

2 2 2 2 ° 120
dv _ _x'sec’@ dO _ 727 -sec” 54 . —_0.267 km™ ]
dr 10 dr 10 180

—X
tan|54°)

(7 265425280054)% [secl542))% =

1B00
| 0 .‘Mué.!_
0. 266646258 108096 3600 959 985
|
5|

So the speed of the plane is 960 km/h.
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Skills check

1y 5
8 36
2 a 038 b 02+03-01=04

Exercise 10A

1 a No,because Y f(x)=1.1,not1

No, as above

No, because f(-1) is negative.
a=1-0.88=0.12

P(1<X <3)=P(1)+P(2)+P(3)=0.87
P(X <3)=0.87

N
60 o 9 060 o

3
3 a Y f()=1=4k+3k+2k+k=1=k=";
0

b P(I1<T<3)=P(1)+P(2)=3k+2k="

™|

x 0 1 2 | 3
o7 | 108 | 144 | 64
PX=X | —- | 313 | 323 | 343
f,
0.5
0.4
03
0.2
01 i
A L.
y

120 | 702 | 1008 | 336
P(X=x) 2184 | 2184 | 2184 | 2184

0.1!_ :.:7

0 1 2 3

Exercise 10B

1 a ER =Ixl+5x2+10x2=31=6.
5 5 5 5

b E(R2)=1><§+25><§+100x§=50.2

[\

Var(R)=E(R?)-[E(R)] =50.2-6.2* =11.76
Standard deviation =+/11.76 =3.43(3sf)
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P(X22)=3P(X<2)
= a+3b=3x2a = 3b=5a

But 3 P(X)=1 so 3a+3b=1
1-3a=5a so a=1 and b=2>
8 24
EX)=0xtt+1xt42xt43x3 44
8 8 8 24
5

xi+5x7
24 24

E(X2)=0xl4ixledaxliox>4116
8 8 8 24

x 2 +25%x >
24 24
- 265
24

Var(X)=E(X?)-E(x)’

=265 _(23)
24 (8 )
=338
192
P(bottom > top) = P(top > bottom).

Since bottom cannot equal top,
P(bottom > top) =%

P(S=4)=P(1,3)+P(3,1)
Wl 11

1
1079 10 9 45

x | P(S=x) x | P(S=x)
1 1
3 s 11 9
1 4
4 T 21 %
4
2 13 —
5 15 45
3
2 14 —
il 45
6 45
3
15 —
7 o 45
45
16 2
g 3 45
45 9
, 17 E
9 T .
18 e
4
" * 19 L
45

Worked solutions: Chapter 10




d ES)=3xL+4xl+. . +18xL+19x L
45 5 45 45

Var(S)=41—5(9+16+25><2+36><2+49
X3+64x3+81x4+100x4 +121
X5 +144x 4 +169 x 4 +196x 3+ 225
X3+256x2+289%2+324 +361) — 112
_ 6105 _ 142

45 3
4 Let £4 be the amount paid.

Then if W = your winnings,
EW)=20x02+10x0.4+(-4)x 0.4
EW)=0, so 4+4-044=0
=044=8 =A4=20

So you pay £20

7
5 a Y f(t)=1=k+4k+9%+16k+% +4k+k=1
c=1
_ _ 1
=44k =1 :k—ﬂ

b P(T=4):k(8—4)2=16k:£=%

P(T <4)=k + 4k + 9% + 16k=2=1
44 22

P(T 24‘T < 4) _P(T=4andT<4) _P(T=4)

P(T<4) P(T<4)
4
15 15
2

¢ EM=Y0

=1lxk+2x4k+3%x9k+4x16k+5

X9k +6x4k+7xk
_176 _y4

44
Var(r) = E(T?) - 42
=1lxk+4x4k+9%x9k +16x16k + 25 %9k

+36 x4k +49%xk—16
=12 _16=1
44 11

d Mode of T =4 (highest probability)

Exercise 10C
1 a P(x<15=1_-
15
b

2
5
5

X 10| 15|20 | 25|30

1 3 6 | 10 | 13
f(X)=P(X<X)| 15| 5|15 |15 |3 |1

¢ From table, median = 20
2 a P(atleast 3 lines)=P(L>3)
=0.31+0.12+0.04=0.47
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WORKED SOLUTIONS

E(L)=0x0.07+1x0.21+2x0.25+3x0.31
+4x0.12+5%x0.04
=2.32
Var(L) = E(1?) - 2.32?
=6.92 — 5.3824 =1.5376

X 0 1 2 3 4 |5

f(x) = P(X<x) | 0.07 | 0.28 | 0.53  0.84/0.96 | 1

From table, median = 2

X 2 3 4 5 6

fX)=PX=%) | — = | = | = ==

fx)=P(X<x) | — @ — = = 1

Mean=E(S)=2x Lot pax0 5,12 602
36 36 36 36 36

— 2+12+40+60+54
36
=168 _ 42
36 3

From table, median = 5, mode = 5

Var(X)=E(X?) - (4%)2

9

=4xL+9x2 116x101+25%12 41 36x%
36 36 36 36 36

=228 21711
9 97" 79
Standard deviation = \/g =1.05 (3sf)

Ykx=1 = k(1+2+..+n)=1
k=1

2

n’+n

= kin+l)=1 = k=
2

E(X)=1xk+2x2k+3x3k+...+nxnk
=k(1P+27+3% +...+1%)
=Ieg(n +1)(2n+1)

= 7n(n2+1) X g(n +1)(2n+1)

— 2n+1
3

0

D f(x) =1 =37"+374+37+ =1

1

:3(1)1
3 9

=3x L =1 = 3e1x3=1
-1 2
3

=3"=2 =a=log,2

Worked solutions: Chapter 10




b F(x)=P(X<x)=>3"

r=1
1
31

=343 43
=31+l Ly 4
33

=3¢1x3
~F(x)=1-3",x=1,2,3

Exercise 10D

WORKED SOLUTIONS

6 a X~B(n0.3)
P(X>3)>0.7 = P(X<3)<03 = n=15
(0.45)" ~0.00374
X ~B(7,0.45)
P(X>2)=1-P(X<1)
=1-0.1024 ~0.8976

5%(0.45)° x(0.55)" = 0.0417, as there are only
5 sequences where it rains on 3 consecutive days

8 X ~B(n0.6)
Need P(X>1)>095 = P(X<0)<0.05
= (04)"<0.05 = n=4

1 X~B(10,1]
2
a 10c4(l)4 (1)6=&=ﬂ~0.205 Exercise 10E
2 2 1024 512
1 X -~B(8,04)
b P(X>6)=1-P(X<5)=1-0.6230~0.377 ( : (04 (0.6
P(X =5)=8C5(0.4)’(0.6)° ~0.124
¢ P(X<5)~0.623 a
2 a X-B(50.6) b P(X<5)~0.950
P(X =2)=5C2(0.6)*(0.4)’ ~0.230 c P(X<5)~0.826
b X~B(7,0.6) d Mean=E(X)=np=8x0.4=3.2
P(X >3)=1-P(X <3)~0.904 e Variance=npg=8x0.4x0.6=1.92
c X~B(90.6) 2 a P(Y=1)+P(r=2)=P(¥<2)-P(Y<0)
P(X >5)~0.733 =0.6471-0.0824
3 X ~B(8,0.01) ~0.565
a i P(X21)=1-P(Xx=0)=1-(0.99)" =0.077 b P(Y <2)~0.647
i P(X<2)=P(0)+P(1)+P(2) ¢ P(Y>2)=1-P(¥Y<1)=1-0.3294~0.671
=(0.99)° +8x(0.99)" x(0.01) + 28 x(0.99)° x(0.01)° d Median = 2 (first value of x for which CDF >0.5)
~0.9999 (4sf) 3 a [y o 111273 2l5
_ _P(Xx=2and X 21)
b P(X=2X21)="20n = f0=P(x=x L > > 5 5 L
SERAE
4 B(6,0.35) FOSRED 5 6 2 % w2t
& © L 2 3 4 5 6 b Mode of T =2 or 3 (bimodal)
P(x) |0.0754|0.2437| 0.328 |0.2355|0.0951|0.0205|0.0018 c Medlan—ﬁ 25
a Modea=2
b Median b= 2 4 a 30C3(0.02)’(0.98)" ~0.0188
c p(X<4‘X>2):W b (0.98)° ~0.9039
P(X>2)
P(X =3) 02355 ¢ Mean=E(X)=np=30x0.02=0.6
~0.667
- P(0)-P(1)- P(2) 0.3529
5 a
P(X<x)] x=0 x=1 xX=2
n=2 0.36 0.84 1
n=5 0.07776 |0.33696 |0.68256 |0.91296 |0.98976
n=10 0.00605 |0.0464 |0.167 0.382 0.633 0.834 0.945 |0.98771 ‘0.99832 0.99990 ‘1 ‘
- (3 sf) (3 sf) (3 sf) (3 sf) (3 sf) (3 sf) (83 sf) |(3 sf) (3 sf) (3 sf) (3 sf)
b 26
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5 np=2 )
np=15 (2)
@M= 1-p=22=2

:>p:%andn:8

6 a

X ~
a
b
c
d

o

g

. 3 2()~

. (Z) ~0.0032

. 1

i X~B(20,Z)

P(X >10)=1-P(X <10)=1-0.9961~ 0.0039

i P(X<5)~0.6172
E(X)=np:20><i:5

Standard deviation=+/Var(X) =./npq

_ 1,3 _ 1 _
_/20x2x1_1@~1.94

Y ~B(5,0.0039)
P(Y >2)=1-P(0)-P(1) =1-(0.9961)°
~5x(0.9961)* x 0.0039 ~ 0.0002

B(10,0.18)

P(X =2)=10C2(0.18)*(0.82)° ~0.298
P(X>1)=1-P(0)=1-(0.82)" ~0.863

Most likely value = mode = 1

Y ~B(25,0.18)
~E(Y)=nmp=25x0.18=4.5

Var(Y) = npg =25%0.18x0.82 =3.69
Require P(Z >2) > 0.95 where Z ~ B(7,0.18)
ie. 1-P(0)-P(1)>0.95

=1-(0.82)" —nx(0.82)"" x0.18 >0.95
= (0.82)" +nx(0.82)" ' x0.18<0.05
=(0.82)""(0.82+0.187) < 0.05
=n=25

Men: M ~ B(5, 0.22)

Women: W ~ B(5, 0.16)

PW>DxP(M>1)=[1-P(W =0)]x[1-P(M =0)]
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=[1-(0.84)" ]x[1-(0.78)]

—0.414

X ~B(5,0.3)

i P(X=4)=5C4x(0.3)"x0.7~0.0567

i P(X>3)=1-P(X<2)=1-0.0369
~0.1631

p

0.5

0.4 pl=0.1

0.3

0.2

0.1

0 123 45678910F%

10 a

WORKED SOLUTIONS

Py
05
0.4
03

0.2
0.1

123 45678 910X

05
0.4
0.3

0.2
0.1
0 123 45678910%

p
0.5
0.4
0.3

0.2
0.1

-
0 123 45678910%

p
05 p=09 |

0.4
0.3
0.2
0.1

0 123 458678910%

p=0.5

p=0.7

The graph is symmetrical when p =0.5 and
asymmetrical with respect to the line x = 4.5
otherwise. For p < 0.5 the graph is positively
skewed and for p > 0.5 it is negatively skewed.
The graphs for values of p that add up to 1 are
reflections of each other in the line x = 4.5

mean| mode | median
p=0.1] 0.9 Oand1 1
p=03] 2.7 (2and 3 3
p=05| 45 |4and5| 4.5
p=0.7] 6.3 |6and 7 6
p=0.9] 81 |8and9 8

The values of the parameters of the distributions
reflect the symmetries observed (eg. the sum of
the means for p = 0.1 and p = 0.91s 9).

w 0 1 2 4
PW=w) (1-ap@-2p) = 2ab 202
W=w)|(1=al (=200 1 _ 4 byl (a+b-2ab)| 2

E(W) = Sx P(W = x) = 4ab (1 - a)(1 - b)

+ 4ab (a + b— 2ab)
+ 4q%0?

=4ab(l—a—b+ab+a+b-2ab)+4a*b*
=4ab(1—ab+ab) =4ab

Worked solutions: Chapter 10




Exercise 10F

1 px=x o 1 2 3 4 5

m=1 | 0.368 | 0.368 | 0.184 0.0613/0.0153/0.00307

m =3 |0.0498| 0.149 | 0.224 | 0.224 | 0.168 | 0.101

m=5 |0.0067/0.0337|0.0842| 0.140 | 0.176 | 0.176

(to 3 sf)

p
0.5 ‘
0.4

03

02

0.1 1777777
0 1 2 3 4 5 X
p
05
0.4
03

AT H E IS

0.5

<V

0.4 mr5
0.3
0.2
0.1
6_411117
1

4 5

3
2 a P(Y=3)=e§f’3 ~0.224

b P(Y<3)=P(0)+P(1)+P(2)~0.423
¢ P(Y>3)=1-P(¥<3)=1-0.6472~0.353
d P(Y:4‘Y>3):P(Y=4andY>3)
P(Y >3)
:P(Y=4) z0476
P(Y >3)

Exercise 10G
1 a P(X=2)=e";’!”2=e’°'7;°~49z0.122
b P(X>2)=1-P(0)-P(D=1-¢""x0.7
=1-1.7e%7 =0.156
2 a P(X>4)=1-P(X<3)=1-0.6472~0.353

b P(P<2)~0.423

Exercise 10H
1 a X~P,(7),P(X<6)=0.4497

b Y~P,(1.75,P(Yy>2)=1-P(0)-P(1)

=1-e'? —e'"x1.75

=1-2.75¢"7
~0.5221
2 a X~-P,(1)
P(X=2)=¢" ¢ +0.184
2! 2
b Y~P,(0.25)

P(Y>1)=1-P(0)=1-e"* ~0.221
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WORKED SOLUTIONS

X~P,(3)=>E(X)=3
Y ~P,(2)=P(Y>5)=1-P(Y <5)=1-0.9834
=0.017

i P(x=3)=2"09 0216
i P(X>3)=1-P(X<3)=1-0.5366~0.463

i P(X <5|X>3)= DX coamd X3
P(Xx >3)

P(X>3) 0.4634

E(X)=m=3.5,Var(X)=m=3.5
E(X?)-(E(X))’ = Var(X)

= E(X?) - (3.5 =35

= E(X?)=15.75
P(0)+P(1)-P(4)=0

-m 4
= e"+em—= =0

4
=1+m-"=0
24

= m* =24(1+m)
=m=23.2 (2sf)

P(X >3)=0.555
= P(X <3)=0.445
= m=~3.94(3 sf)

=P(X=3)=

—394 3
e (394 1108

= P(X <3)=0.445-0.198 ~ 0.247

b

2
P=e?+le*+ %e*ﬂ

AP _ e (24 2A+22) + 5 (2420)
a2 2
= (-2-24-A7+2+27)
_ At
2
A? is always > 0 and e* is always > 0,

so ¥ = <.
da

Hence P(A) is a decreasing function.

I
2
15 inflexion point (2,0.6767)
. e
1 ~ A 7)

0.5 ™~

v,

\\

—

0 12345 6%

Exercise 10l

1 a
c
d

discrete b continuous

continuous (sometimes treated as discrete)

discrete as milk is bought in prepacked containers of fixed
sizes

Worked solutions: Chapter 10




2 f(x) =0 for all values of x and

2 21 x2 2
Jf(x)dxzf xdxz[]
0 0 2 2 o

=1-0=1
3  f(x) has graph
) o
S >

v
T
MR

a EX)= % by symmetry

b Var(X)=E(X2)—(1)Z

¢ Median of X :% by symmetry
d Mode of X =% by symmetry.

Exercise 10J

1 a y
0 X
. . M 1
b Median M is such thatj 2cos(2x)dx = 2
0
=sin2M =%
S22M=2=M==1
6 12

Mean = focos(Zx)dx

0
=[xsin(2x)]3—f4sin2xdx
0
=T [lcosbc]Z _r_1
4 2 o 4 2
Mode of X=0
1
2 a a=fx(1—2x+x2)dx:1
0

1
=a| (x-2x*+x*)dx=1
0
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WORKED SOLUTIONS

b E(X)= lef(x)dx = 12j1x2 (1-2x +x°)dx

0
1
:lZJ(x2—2x3+x4)dx
0
_1of¥ 2 ]
_12[? 2+5]0

30 5

Var(X)=E(X?)=(E(X))

L 4
=L x f(x)dx—g

1
= IZJ 2 (1-2x+x2)dx—2
0 25

3 a fzkdx+J32kdx=1
0 2

:>2k+2k:1:k:i
N
1
0.75
0.5
0.25

0 1 M2 3%
M

Median M given by J f(x)dx :%
0

i.e. shaded area =% Mk:%

M=1-2
2k

E(X)= LSx f(x)dx= J:kx dx + J:ka dx

= [’“2‘2]: +kx?],

=2k +k(9-4)=Tk="=1

NG oN)

7

4
_(’ 49

Var(X) = L x* f(x)dx T

2 3 49
=ka2dx+f2kx2dx—16
0 2

—Ez.p kazz_ﬁ
30,13 |, 16

_37

48

3
J‘ (ax® +b)dx =1
0

:»[%erx] 1= 9a+3h=1

0

:>3b:1—9a:b:1_39“

Worked solutions: Chapter 10




Sub. in for b from part a
1-9a _ 1

= %4 =2
3 3 2

=a+1-9=

N | W

=1-3=84
2
=ag="1
16
+g
and .. b=_16 =2
3 48

3
c E(X)=fo(x)dx
= J3(1x3 + Ex)dx
o 16 48
:|:_x4 +%:|3
64 96 |,

—81+ 15

64 32 64

Var (X) =L xzf(x)dx—(%)2

[zt

[l (&)

(320w
3

5 a E(T)= frf(t)dr

:Jéd[’
9

3
=[6In¢],
=6m3—6m2=6h{§}

b wﬂnzﬁ¥fmm;kmeﬁ
=L%w-km@ﬁ
-a-sa[nf)]

. M6
c Mlssuchthatj ?dt:,

2

M
t 1 2
- 043=1
M 2
L 6_5
M 2
S M=2x6_12_»92
5 5 5
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WORKED SOLUTIONS

Mode of T occurs where f(¢) is greatest
f(t) === = negative for 2<r <3

S~ f@)is decreasmg for2<r<3

Or: Mode=2

Exercise 10K

1 a

(o4

N = =N
Fu)-ﬁ)gw_LJJ. (0<x<3)

27

F(x)= fx costdt=sinx(0§ x gz)
0 2

F(x) =Jx Le(4r)de
0
1 x
== 4r—£)d
4J0 (4t — P)dr

1 65)_ 95
_R(IO R)_zsé

P(X>1)=1-P(X<1)

=1-F()
—1-1(q_
=1 16(8 1)
-9
16
Y
0 1 2 X

k Joz(x2 —x)dx =1

:@rw—@w+@fw—@m:1

=| (#—x)dx

1
(2 Y _8 1,1_7 3_5
_(3 21_3 2 372737276

Worked solutions: Chapter 10




4 a jlf(t)dtZI
0
1
=>kj (e—eMydr=1
0
1 & 1:
= kler—je| =1
1
:>k[ ke +k] 1
—=ek—e'+1=1
=ef =ek
==t
= k=1 1is the solution

b p(l<T< Q:f(e ~ e)de
52

3
_ _at
=[et e]l

3
2_ 3 1 3
=e-—e’—e-+e’
3 3
1 12
=Ee+e3—e3

¢ E(T)= jle(x)dx
J (ex— xer)dx = [ﬂ; —leexdx
:%e—[xex—J er dxl

1
e—[xe*—e~],

N\»—- N | —

—e+e— 1—5 e—1

Var (T) = fox)dx ( 1)2

= L e dx —JO xe*dx — (Ee—lj

o \

= {%361 —{xze" - Jer’” dx}] —Ge —IJZ

:g—[xze"]:, +2J1xe" dx—(%e—l)
0

=§—e+2[xex—_[ex dxl - Ge—l)

_2 x_px] l _ 1
—?e+2[xe el (ze 1]

-2
?e+2 (e 1)
=Z2et2-lerte-1
3 4

1

1 2
=1l+-e—-€
1+3e n

1
d Prob.=J(e—e’)dt=[et—e‘]11
3 2
1
=(e—e)— (e ez]

- e_%ez0.29
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WORKED SOLUTIONS

a

%dle
X

o
S—
.
&
+
S

U
) ‘ R,
s—
|
| —

U
w N

ll
Qlw

b CDF:
ForOSxSZ,F(x):J idtz%
0

For2<x<2), F(9= dt+f 54

|
o

~ |
—

+
N

W = N

Rl R |w

3

a fi(y+3)dy:1
-3
:m[ +3y] -1

=] §+9-1+9]=1

=181=1 or ﬂ:ﬁ

b f(y)= Jyk (x + 3)dx

=7+,
ﬁ(? +3y—= + 9J

2 _ 2
(P +6y+9)=(y+3)

¢ PO<Y<)=F(1)-F)=_2_7

P(Y>D)=1-P(Y <1)=1-F)=1-2=>
3
E(Y)=Lyf(y)dy

1 ’ 2

=i5) 7+ =5+ ]
272
E(Y?)= (y +3y? )dy

_ 1]y 3]
_18[ +y]

-3

Q.

18[ +27— —+27]

54
=20=3

s Var(Y)=3-1"=2

Worked solutions: Chapter 10




1 21
%(3’4'3) =1
= (y+3)° =9
=y+3=13
= y=0 or —6(impossible)
.y =0 (the lower quartile).
4
7 J (ax? +bx+c)dx =1
1
ax3
|4

4-1 ,16-1
:>aéT+b6T+c><3=1

(M

Mode=2= 2ax+b=0 when x=2
=4a+b=0

bx? ’
+ 7+Cx:| =1

1

=>21a+%+3c:1

=b=-4a

2
E(X):3:>J1 (ax® +bx% +ox)dx =3

CXZ ‘
+ 71 =3

64b b ¢
:>64a+T+86_Z_§_5_3

ax* ba®
2[7*?

255a
4 2

255a 15¢
1 +21b+7—

= 255a+84b+30c=12
Sub (2) into (1) =>21a—%+3c:1
= -9a+3c=1
Sub (2) into (3)
= 255a—-336a+30c=12
— 8la+30c=12
- 8la+27¢=9

3c=3

63b
+ot

e _ 3

3

ax4d =

c=1 = a=§ from (4)

.'.bz%g from (2)
&

8 a afz(1+sinx)dx:1 =oa|x—

[Nl

N T _
:a(7—0—5+0)_1
:>27mc:1:>06—L

2

b P(X<7r):J2i(l+sinx)dx
. 27
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WORKED SOLUTIONS

2n
P(X < Zﬂ)J i(l+sinx)dx

Zi[ZH —cosZn—%+0]

-5

7 37 27w 57 3mX

0
2 2 2

. 3
Median = >

F(x) = J f(»dr
:i[t—costjg

—i[x—cosx—£+0]
T o 2

= >~ Leosx—1
T2 2z 4

F(a)=0.75

2 _Leosa-1=
2t 2« 4=

=a-—-cosa=2n
=a=7.0(1dp)
Similarly for b,

= 3
4

3
® F(b)=0.25

=b—cosb=r
b=2.4(1dp)
=IQR=a-b=4.6

(4)

Exercise 10L

1 a P(O<X<1.5)=P(%<Z<%)
=F(0.25)-F(-0.5)
=F(0.25)-(1-F(0.5))
=0.5987+0.6915-1

i ~0.290

cosx]ﬁ2 =1 b P(X<05)=P(Z<E)

; : :
:P(Z<—i)=F(—O.25)
=1-F(0.25)=0.401

¢ PlX23)=P(z2]]

=P(Z>1)
—1-F(1)=0.159
2 a P(X<45)=P(Z<45‘5°j

20
=F(-0.25)
=1-F(0.25) = 0.401

Worked solutions: Chapter 10




37-50
<
20 sZ<

b P(37£X<65)=P( 652‘()5‘))

=F(0.75)-F(-0.65)=F(0.75) -1+ F(0.65)
=0.516

c P(Xzsz)zp(zz522‘()5"]:13(220.1)

=1-F(0.1)
~0.460
Mean =35,SD =7
b P(X<25)=P(Z<25‘35sz(2<—1.43)
=1-F(1.43)=0.076
P(29< X <4)=P(*- P <X <
~P(-0.86< X <0.86)
=F(0.86)—F(-0.86)
=F(0.86)—1+F(0.86)
~0.610
P(X >45)=P(z>*-%]

~P(Z>1.43)
=1-F(1.43)
~0.076

41—35)
7

Exercise 10M
1 X ~N(150,0.5)
a P(X<149)=P(Z 149(;5150]
=P(Z>-2)
=1-P(Z<2)

~0.023
3 151.5-150
b P(X>151.5)—P(Z< > j

=P(Z<-3)
=1-P(Z<3)
~0.001
¢ P(149<X<151)=P(-2<Z<2)
=F(2)-F(-2)
=F(2)-(1-F(-2))
=2F(2)-1
~0.9544
M ~N(1.1,0.15%) (z=1.1,6=0.15)

b 13(1.2<M<1.3)=P(1'3_1;'1 <Z< l'gﬁé'lj

=F(1.33)-F(0.67)
=0.9082-0.7486
=0.160

¢ P(M>1.4)=P(Z>1-3‘1;-1j=P(Z>2)

=1-F(2) =0.0228
Estimated no. of cabbages =0.0228x850~=19
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WORKED SOLUTIONS

3 T~N(204,35)

b

Cc

P(T<18.1)=P(Z<18'13‘520'4)=P(Z<—0.66)

=1-F(0.66)
=0.255

P(T>17.9)=P(z>17-93‘520-4)=P(Z>—0.71)

=F(0.71)

~0.761
P(T <18.17>17.9)=PUTo<T <181

_0.7611-0.2546
T 07611
=0.665

P(T <t)=0.444

:P[Z< f‘3?§'4j=0.444

:>F(f‘3250-4)= 0.444

=204 _
== = 0.14

=1=20.4-0.14x3.5
=19.9

Exercise 10N

1 X~N(50?%)

b
c

2 Y~N(12,67%)

a
b

(o4

d

3 X~N(-50?)

O 0 o 9

(-

P(X<3)=0.3
P(X>7)=P(X<3)=0.3
P(X<7)=1-0.3=0.7
P(3<X<7)=0.7-0.3=0.4

P(10<Y <14)=0.6

P(Y214):%(1—0.6)=0.2
P(Y <10)=0.2

P(12<Y <14)=0.8-0.5=0.3
P(y<14|y>12):M:£:o,6

P(Y >12) 5
P(X<-3)=0.8
P(X<-7)=0.2
P(-7<X<-5)=0.5-0.2=0.3
P(X<-7)+P(X>-3)=0.2+02=04
Mean=10,SD =5
P(X<5)=P(Z<%):P(Z<—1>
=1-F(1)=0.159

P(X215)=P(Z>

15;10)=P(Z>1)=0.159

F(a)=0.223= “‘510 -_0.76
=a=10-5%x0.76=6.2
=b=10+(10-6.2)=13.8

Worked solutions: Chapter 10




Exercise 100

1 a 0.1151,0.8849
c 0.0047,0.9953
They add to 1 in each case

-0.525, 0.525 b -0.253,0.253
They are equidistant either side of the mean

3 a 0.6736,-0.124 b a=0,56=0.6915

4 a They are both the same and equal 0.8413

b P(OSX£2)=P(_71 <7< %):0.383

b 0.0107,0.9893

2 a

5 X~N(-6,3%) Z~N(0,1)

P(0<Z<1.5)=d(1.5)-®(0)=0.9332-0.5=0.4332
P(-6<X<-15)=P(0<Z<1.5)=0.4332

Exercise 10P
1 P(Z<5‘—“):0.754
9

:%:0.69:;1:—1.2
2 P(zsl;ﬂ)=o.345 and P(ZSMJ=0.943

—1=# . 040 and 3=#~1.58

(e} e}

=1=pu-0400 1
3=u+1.58c 2
=2=1980=0=1.0 and u=1.40

3 P(X >5844)=0.022 = P(X <58.44)=0.978
:Q(W% 0.978

— 844-M _5 1
o

= 1 =58.44-2.0lc (1)
P(X<48.84)=o.012:@(@):0.012
=23 =226

= 48.84+2.260 = (2)

= 48.84+2.260 =58.44—2.01c (5)
=4.276=9.6

=0=2.25

Hence u=53.9

4 X~N(.03,6?)
— P(X <1)=0.018
@(1‘1'03]=0.018

ez

=8 - 210
(e}
=0.0143kg =14.3 grams
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WORKED SOLUTIONS

@(50%”):1—0.119:0.881

i”}%”=1.18:50.1=u+1.1&;
43.6—u ) _ 43.6-p
@(T)_wos:T_ 051 (1)

—43.6=u-0.5lc (2)
(1)-(2)=6.5=1.690 = ¢ =3.850or u ~45.6

P(IX—yI <%)
—pl== <2
_P( 5 <X ,u<2)
1 X-p 1
P[_*< o <E)

ot of
1?

o -{r-of)
jch(z)—l

6 P(X>80)=0.1=P(X <80)=0.9

:>c1>(8%”)=0.9

= 01 =1282
=80=u+1.2820 (D
P(X <45)=0.2
a@(%): 0.2

= P71 _0.842

45— 11—0.8420 )
1)-(2)=35=2.124c
=0=16.5

u=>58.9

7 X ~N(550,20)

_ 500-550 600-550
P(500<X<600)—P( 50 <z < S0 )

_p(_nl 1\ I ool
_P( 22<z<22)_<l>(22) Q)( 22)

=2c1>(2%)—1 ~0.988

P(X >M)=0.1= (X <M)=0.9

M-500)_
:>c1>( = )_0.9

M—-550 _
= =1.282

= M =576 grams
P(X>540):P(z > 54"2‘055"J =P(z>i]

2
=P(z<§) ~0.6915

.. Estimated number =1200x0.6915 = 830

Worked solutions: Chapter 10




X

d M~N(u,c%)
P(M >600)=0.15= P(M <600)=0.85
:@(@%Jzo.ss

OOk =1.037
=600=pu+1.0370 (1)
P(M <540)=0.1
-0 (M): 0.1
= 28— _1.282
=540=pu-1.282c (2)
()-(2)=60=2.319¢
= o0 =25.9 grams
1 =573 grams
8 M~N(1.02,06°)
P(M <1)<0.01
=>P(Z<1_2‘02)< 0.01

Review exercise
1 a YPWX)=1
= 2a’ +3a+3a* +2a+2a’ +a=1
= 7a° +6a-1=0
= (7a—1)(a+1)=0
1

=a=-
7

(a cannot be negative as P(2) would then be
negative)
x 1 2 3 4

b PDFis: P(X=x) 2 2. 11 2

2 42 51 36
Mean =2 xP(x) == + 22 4 — 4 ==
24P (x) 9 Tt T
_131_ 533
T49 T Ta9
Mode=2
Median =3
2 a 7
0.75
0.5

=
o

2-101 2 3 4 5%
_ 1 2 1 1
Total area=1, so EX4XE+EX2XE=1

1 —

ESIIFS
0| —

4
= =

k+
=

k=8
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WORKED SOLUTIONS

b Median=1, Mode=3

(o3

P(OSXSSIXZI):%

lexl
4

2
1

2

Let X =number graduating X ~B(n, p),n=5, p :%

PUC=0)=(5] = 55
ey (4Y _ 1024
POX =5)=(5] =55

P(X >2)=1-P(0)-P(l)

ST RSO
—1- 2L

3125
3104

T 3125

Let X = the no. correct on the last 5 questions

1

Then X ~ B(n, p) wheren=35,p =

b

P(xX=5)=(1] - %

E(X)=np=2;

If get X correct Y is the final score, than

Y=5x2+Xx2+(5-X)x-1
=10+2x-5+X
5+3X

.. Expected final score is E(Y) =5E(X)+3=5x2.5+3

=125

It is obviously worth guessing the last 5, because
it he stops after the first 5, he will only get a score
of 10.

5 a
b
6 a
b

E(T)=Var(T)=m
But Var(T) = E(T?) - (E(T))*
" m=6-m’
= m+m-6=0
= (m+3)(m-2)=0
=>m=-3 or 2
m = -3 is impossible as it would give
P0)=¢’>1
som=2

_ _e””m”_ s 1
P(X=0)="""—¢ —0.135(0re—2)

a=1

F(m)= % = tanm = % =m z0.46(or tan*l(%j]

Worked solutions: Chapter 10




v

sec’x 0<«x<

'S

c f(x)=F(x)=

0 otherwise

d P(x < %)= F(%) =tan(%) = %

Review exercise
1 Let X =width of a piece
Then X~N(20.05,0.02%)

a =P(20.02< X <20.06)

20.02-20.05 20.06 -20.05
= V4
P( 002 “°ST om J

=P(-1.5<£<0.5) =F(0.5)—F(-1.5)
=0.691462 — 0.066807

~0.625
_ 20.00-20.05) _ @/
b P(X<20.OO)—P[Z<T) =F(-2.5)
~0.0062

2. Let X = life of a motor and G the guarantee
period.
Then X is N(15, 2?) and we require:

P(X <G)=0.001
. G-15) _

ie. P(z < T]_ 0.001
:% -3.10

=G=15-6.2
~8.8
(Should only give an 8 year guarantee)

3 a ﬁkdx—l:ﬂe[ltan‘lxr—l
| mrdr=i= k() -

~0.433
¢ E(X)= fo(x)dx k 2+
= k[fln(Z +x )]% —7(1n 2.25-1n2)
71 (225)
~0.106
4 X~P,4) (m=4in2hrs)

a P(X21)=1-P(0)=1-¢"
~0.982
b P(X>5)=1-P(X<5)=0.215
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WORKED SOLUTIONS

51
aj dr=1
p x(4-x)

= 4[in( %, ]}3_1: o[z -1nl|=1

:>11n9:1:>azmz1.82048

E(X) = fxf(x)dx

Var(X)=E(X?*)-2*
:jsxzf(x)dx—4
= aj34fx dx -4

3 4
ZaJ —1+—dx—-4
. 4—-x

a[-x—4In(4- x)]f -4

—a[-3-4In1+1+4In3]-4
=a[- 2+41n3] 4

ig +4~0.35904

Pr<)= [ Fwar=[1m( 5 )|

1 —X )k
1

[Inl ln 5)

s

1
1119><1n3—5

250 x @ 110— ~111customers

i X =no. of customers who buy vanilla
Then X ~B (5, i)
16
) vz (3Y(13Y
..P(X—3)—5c3[£) (E)
~0.0435

ii Y =notbuying ice cream.
Y ~B (5, 1 60)

P(Y =2)=5c ( )(157) ~0.0033
160 160

c 2x4 1 <0.0011

160 160

Have assumed the 2 choices of flavor are
independent of one another.

Worked solutions: Chapter 10




Answers

Skills check

1 P-1,5Q2,1HPQ2=(-1-2y+(B-1)%*=25
PQ=5

2 A(1,3)B4,9)
a gradient = % =

b y-3=2x-1)=y=2x+1

Exercise 11A

1 a opposite sides of a regular hexagon are equal

—» —»
and parallel .. AB=ED
—> —>
b i FCand ED
—_—» —»> —»> —> —>»>
ii AD, DA, BE, EB and FC
No, 2 sides of a pentagon are parallel .. the
vectors in the diagram are all district.

b No, since no 2 vectors in the diagram are
parallel and equal in length

Exercise 11B

X

(at+nb)+ec

— —»> —» —» —>
AF + BC=AF + FE = AE
11— —> —> —»> —>
b ;AD+ED=FE+ED=FD
—_— —> —> —> —>
¢ 2FE-AF-FE=FE + FA
_—» —» —» —
=FE+ EO=FO =AB
1> 2 1> 1= —> —> —>
d ;(AD+BE)=;AD+;BE=AO+OE =AE
1= —> —> —3> —>» —>
e FC+BC=0OF+FE=0E=CD
— —> —»> —»> —»> —> —>»
f 2ED-AF+AB=CF+FA+AB=CB
(other answers are possible in this question)
—>
i AC=u+v
—>
ii HB=u-w+u=2u-w
—>»>
ili CE=-v-u+w-u-v=w-2u-2v

—>
iv AF=w-v

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

42 2 _ g2
1 D C COSB—ﬁ——E
2x4x3 24
3 s ABC=117
A 4 B

ii area ABCD =2 Gx4x3xsin 1170)

=10.7 sq. units
3Xx-u=6v+2u=3x=6v+ 3u
=>Xx=2v+u
2x—-w)+3u-v)=0=2x-2u+3u-3v=0
x=—(3v-u)
2
1

E(x—u)z%(x+v):3x—3u=2x+2v

=x=3u+2v

Exercise 11C
1 ACL3) CG5,4 17,8

i A =LAl o[P[0 3
2 2|\ 4 3 2(1 0.5

e e

i AE=AB +=CI

2

2
— —> —> (-3 1
i BF=BA+AF= + =-2i+1.5j
-0.5 2
—> —> -3 2
i CH=CB+BH= + =—i+3.5j
-0.5 4
— —> — [0 1
iii DG=DF +FG = 1 +2=—51+]

Worked solutions: Chapter 11




2 P0,2,-1)Q2,1,1)

0 2
—> —>
a OP=| 2(0Q=|1
-1 1
2 0
—
b PQ=|1|-|2 |=2i-j+2k
1 -1
2 1 1
—>»
3 a AB=|3|-|1]|=[2
3 1 2
3 1 2
b AD=|0|-|1]|=|-1
0 1 -1
3 1 2
—>
c AE=| 2|-|1|=| 1
-1 1 -2
1 2 2 5
— —> — 2
d AG=AB+BC+CG=|2|+|-1|+| 1|=] 2
2) {-1) |-2 -1
-1 2 1
—  —>
e BD=BA+AD =| -2 |+|-1|=|-3
-2 -1 -3
1 2 3
—» —
f BH=BD+DH=|-3|+| 1|=|-2 3
-3 -2 -5

4 P(-3,1)Q(, 7)R(-1,5)

s or-(Jealer-(3)
1 7 5
b M(, 4) N(-2, 3)
< &)
5) \7) (=2

= 2o 3] . ok = 2 M (QED
(H{a)-(3) - ar=2namn

Exercise 11D

1 a u+(—u)=[ul)+

()74 (6) o cmm
o wetrem L)

(e[l ()

=(u+v)+w (QED)
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WORKED SOLUTIONS

)l o

o) =[S0 <[ e [ 2 |-
ED

(Xﬂl/lz ﬂ(ll/lz o,
(QED)
(v, (o(wy)) (au+an
d a(u+v)=a w4, ) oy +v,)) o, +av,
+(“”j:a[%]+a[”]:au+av(QED)
v, u, V2
A +,3 1 1+ﬂ1
e (OHﬁ)“:(O‘+ﬂ)[ZZJZ(EZ+,B;ZJ:[ZZz+ﬂzzj

(”1 j _ qu+ Bu (QED)

U,

(QED)

(QED)

cy3 7

LX=D Y=

a ut(v+2u)=3u+v

b (u-v)+2(v-2uw)=u-v+2v-4u=-3u+v

3&(“_"”%(‘"“)j2%(“—V)+(v—u)=—lu+1v

2772
a=2i-3j b=-i-2j
aa+ fb=3i-j
Loo2i-3)) + B(-i-2j)=3i—j
oa+ fb=3i-j

- a(2i - 3j) + B -2j) = 3i - j
20-P=3,-3c-2=-1 .. a=1
6i—2j=2a-2b

B=-1

Exercise 11E

-1
5] vi=+26 L

5
(o)}
VN
|
[, T
N——
I
-~
|
N N —
0“ 0\‘
N—_—

o (.3
e v=(7) =3 )
y

Worked solutions: Chapter 11




2 2
-2 -2 BN NG
2 a v= vi=~/5 il[ Jz \Eor Vs
1 51 1 1 _1
J5 NG
5 5 _5 S
_|~ _ 1 [72]_| V29 V29
b v= ) lvI=+/29 izg[_ =l ori
V29 V29
0 0 0
c v= or
-1 -1 1
1 1 = =
d v:[_] v|=v2 il[_]_ 2 |or V2
-1 2(-1 _ L -1
2 V2
2
3 w=2i-3j j=vi3 v=_zu=""
J13
4 _4
_ ) _ |13 13
4 a \u\—\/ﬁ v—i? u_6or{6
13 13
_4 4
- —+2 g=| 3 3
b |u=3 v_iSu ﬁor Y
3 3
2 2
_ _ 13 13|13 J13
c |ul=+26 v-iTéu—J_r 7u—io1r_73
13 V13
5 u=-4i—6jlu =52 =213
W:%u=—2i—3j
. o 5
6 u=i-3j lu/=+/10 t:iﬁu
=5 s 15 —_ 0 s 15
t—ml «/ﬁj or t= «/EH_«/EJ
v
7 u=_-! e L v cu=kv (£>0)
\/v12+v22 v, \/v12+v22
- is in the same direction as v (QED)
[ S |
L O T o e

. w has magnitude 1 (QED)
my,

,
8 uzim[ ‘]:J_r ‘V‘

mv,

vl

2

2 2 2
‘ ‘2 _mv | mv} _m (vl +v2)

= =m
f v+

vl

- |lul =m (QED)

Exercise 11F
1 a AQ2,5 B(5,6) C4,2) D(@,1)

> 3o H0
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WORKED SOLUTIONS

<L
IO

— —> —> 3 -1 —4
c BD=BA+AD=- 1J+( 4):( 5)

2 A(2,6)B(-2,4)

)

4| 16 |2
b AB=(-2-2) +(4-6) =20=25
~1ABI =245

c M(0,5) M isthe midpoint of AB

—> (% -2) > (2-x
d LetP(x,y) AP= PB =

» —6 4=y
—> —>
AP=2PB . x-2=2(-2—x),y,-6=2(4~-y)
x-2=-4-2x,y -6=8-2y
3x, =2 3y, =14

-2 14
X, = — =
'3 173

v x2—2 o~ —2—x2
I—f:Q(xzﬁii)a AQ_(y2—6) QB_ 4—)/2
AQ =-20B

nx,=2=-2(-2-x),y,-6=-2(4-y,)
x,—-2=4+2x,y,-6=-8+2y,
x, =6 y,=2
- Q(-6, 2) I
/Q IABI < [PQI
6
A
—> . —>
PQ has greater magnitude than AB
P(4,-1) Q(6,-3) R(2, 1)

— 2 —> -2 —> —
PQ = PR = PR =-1PQ
-2 2
> —>
-. PQ and PR are collinear
~. P, Q, R are collinear (QED)
A(a,a-1) B(2,2a) C(0, 3a)

AB=[277) At ,,.7| AC-iab
AB= 241 A 2a+1 =kAB

L —a=k2-a)
2a+1=kKa+1)
—a*—a=4a+2-2d*—-a
@?—-4a-2=0
a:L ';6+8’a:2i\/6

. —a _2-a
" 2a+1  a+l

Worked solutions: Chapter 11




5 S(2,-3) U(-1,2) N(1,-4)

—> (-3} —> (-1} > —
SU = 5 SN = 1 SN # kSU

=S, U, N are not collinear
.. they form a triangle (QED)

6 P(a,b) Q(d) Rl f)

-b _e—a _(f-b)(c-a)

d-b c—a —e—a= d-b
(f-b)(c—a)
) 55 _ d—b _ f-afc—a
- PR= (f-b)(d—b) | d—b(db]
d-b

—>»  f-a—> —> —>
~PR=5—PQ .. PR=%kP
- P, Q, R are collinear points

7 a X]E _ sin2x — sinx
cos2x —(=1+ cosx)

2sinxcosx — sinx
2cos’x —1+1—cosx

sinx (2cosx — l)J

2c0s’x — COsx

cosx (2cosx —1)

sin x
=2cosx — 1( j

COS x

Therefore for any value of x, AB is collinear

with [ 3%

cos x
B ) 2
b |ABI =|2cosx —1|v/sin’x + cos’x

=|2cosx —1|\ﬁ

=[2cosx — 1|

_ (sinx(2cosx —1) J

Exercise 11G
1 u=-2i+3j+k v=-i+2j-3k
a utv=-3i+5-2k
b -3u=6i-9j-3k
¢ 4u-2v=-8i+12j+4k - (-2i + 4j — 6k)

=-6i+ 8§ + 10k
d 2u-v)=-2(-i+j+4k)=2i-2j-8k

2 -1 0
2 a=| 3| b=| 2| c=|1
-1 -2 3

1 5

a atb+c=|6 b 2a-b+c=]|5

0 3
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WORKED SOLUTIONS

3 0 6
¢ 2a-b)-3c=2(1|-3|1[=]-1
1 3 -7
S
2
1 1] a|_| 3
3
2
e |a=+14 f |b|=3
1
g atb=| 5 .‘.|a+b|=\/£
-3
3
h a-b= \a—b|=x/ﬁ

3 A(0,2,1) B(-1,-1,-2) C(1,-3,0)

-1 1
a Xﬁ: -3 _Ez =
-3 -1
-2
b AB-AC=| 2| BE=AC-AB=2i-2j+2k
0 -2
4 y=| 1
-2
0
0 |1 0
| L] b | J5
2 V5 _2 ¢ 2
2 J5 7
-2 NG
5 A4,-1,3) C(0,-2,5 D(5,1,6) G(1,-4,6)
-4 1 1
—> — —>
a C=|-1|] AD=[2]|] CG=|-2
2 3 1
-5 -1
—> —»> — —> —»> —>
b AB=AC-AD=|-3| OB=0OA +AB=|-4
-1 2
1 5
—>» —» —» —»
AE=CG=(-2| OE=0A+AE =|-3
1 4
1 0
— — —» —» —»
BF=CG=|-2| OF=0B+BF=|-6
1 3
2 6
-—=> —>_|0 — > —> _
AH=AD-C H=0A + AH
4

Worked solutions: Chapter 11




Exercise 11H

) )

x=1+Ay=3+2A

2x-2=y-3
y=2x+1

1 2

2 r=|-1+A|-

1 3
x=1+2Ay=-1-Az=1+31
ol _y+l_z-1
2 -1 3
x+1 _ 2y _ x+1 _y _z-1

3 S =5 l= e
2
3 6
-1,0,1) %or 3
1 2
4 a eguseA=0,1,-1

(1,1,-1) (0,1,2) (2,1,-4)
(other solutions are possible)

b x=1-41 y=1 z=-1+3A
AtP,y=3#1 .. Pdoesnotlie on L (QED)

0 -1
c r= 31+Al O
2 3
5 a egusek=0,1 (1,0,2) (2,-1,2)
b direction of line =i —j 2
4 (e . o . ﬁ
u=iﬁ(1—_])=i(2\/§1—2ﬁ])=i _%
0
Exercise 111
1 u-v=15x4xcos30°=3/3
2 u-(-v)=u||-v|cos (r— 6)
= [u| |v| cos (- 6)
=—u||v|cos 6
=—(uv)
(—u) - v=|-u||-v| cos (m— 6)
= [u |v| cos (w— 6)
= —u||v|cos 6
=—(uv)
su(-v)=—(u-v)=(-u)v (QED)
3 60° Let the length of the
C sides be x
120°
A B
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WORKED SOLUTIONS
1

—> —> )
a AB-AC =xycosa=x
—> —>
b CA-CB
=y’ —x* COS(Z—QJZy\/yZ—xZ sina = y*sin” a
— —
c AC-CB
:y\/yz—xz COS(;[-FQ):—yxlyz—xz sina.=—y’sin’ &
B Area =4
3 x2x5sin6=4

. 4
-.sin 0= 5

3
A c cosGZig

—»> —>
AB-AC=2x5cos6=%6
Angle betweenuand u =0
u-u=ullucos0=u? (QED)

u+v iflu+v=u-v|
y the parallelogram is a
vy rectangle and the angle
” between u and v is %

u-v=u|vjcos =0  (QED)

diagonal AG =72 +2% +3% =62

Je2 ZAN

(2] (2] 2 oy

2
ZXE 62 _ﬁ

X ——

cos BOC =

a OB=0C='‘%

Exercise 11J

a u-v=-12+24=12
b u-v=-1-3+10=6

2 A(-1,3,2) B(-1,1,2) C(,-1,1)

0 2 2
B=|-2| BC=|-2| AC =|-4
4 -1 3

—> —>
AB-BC=0+4-4=0
—> —>
AC-BC=4+8-3=9

Worked solutions: Chapter 11




3 a 0(0,0,00 A(0,0,1) B(1,0,1) C(1,0,0)
D, 1,0) E@©,1,1) Fd,1,1) G(1,1,0)
1) (1
—> —>
b OF-OG=|1]|1]=2
1/10
1 0
—» —» —»
AF=|[1| BG=| 1| AF-BG=1
0 -1
4 a o c AC=242
. ~OA=0B=0C=0D=42
2
A 2 B

W | oo

Volume = 5 x4 x OE = 5 . OE =2
A(0,v2,0) B(+2,0,00 C(0,~2,0)
D(—/2,0,0) E(, 0, 2)

0

V2| EA=6

(-2
>y
Il

=t
Il
(@]

. 6+6-4 8
¢ cos AEB = 206l — 12

AEB = 48.2°

Exercise 11K

1 u=2i-3 v=i+2j
uv=2-6=-4 [u=+13 |v|=+5
cos@zﬁ%f@ L 6=120°

2 u=i-2j+k v=2i—-j+k
uv=2+2+1=5 |u|=\/g |v|=\/5
cos 0= 3 . 0=33.6°

3 A(-1,1,1) B(1,-1,2) C(,3,-1)

2 3

—> —>
a AB=|-2| AC=| 2
1 -2

—» —>
AB-AC=6-4-2=0
ncos@=0..0=90°

1
b BC=| 4|BC-AC=3+8+6=17
-3
BC =26 1ACI =17
17 ]
COS@ZW 5. 060=136.0
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4

WORKED SOLUTIONS

uv>0.aa-2)+3@-4)>0

a+a-12>0

When (a—3)(a+4)>0

a=30r-4 .. a<-4ora>3

u =sin 3oi - cos 3o + 2k

vV = cos ai — sin o — 2k

a wv=sin3ocosu+ cos3asinox—4
=sindo—4

lul? =sin’30 + cos’3a+4 =5

Soal = NG
s jul =45

[V =cos? o+ sina+4 =5
sinda —4

5

- cosf=

sinda —4
5

b cos150° =
J3 __ sinda -4

2 5
sin4do = —0.3301
4o = 3.478, 5.947,9.761, 12.230, 16.044,
18.513, 22.328, 27.796

o =0.870, 1.49, 2.44, 3.06, 4.01, 4.63, 5.58,
6.20

c sinda<4 .. sindo-4<0

.. cos 0<0 .. O1is obtuse (QED)
4 b ¢ d,
Leta=|a, | b=|b | c=]|¢, | d=|4d,
e b, &) ds
a, +b ¢ +d,
atb=|a,+b, | c+d=|c,+d,
a, +b, ¢, +d,

(@+b)y(c+d)=(a, +b)(c,+d)+(a,+b)
(6 +d)+(a,+b) (e +d)
:alcl+aldl+blcl+bld1+a262+a2d2+b262
+b,d,tac,tad +bc,+bd
:(alcl+a262+a363)+(a1d1+a2d2+a3d3)
+(b1(31+b2€2+b3€3)+(b1d1+b2d2+b3d3)
(QED)

=ac+ad+bc+bd

Exercise 11L
1 u=i—j-k v=i-2j+k w=i-k

-3
a uxv=-3i-2j-k=|-2
-1
2
b vxw=2i+2j+2k=]|2
2
0
c ux(vxw)=-4j+4k=|-4
4

Worked solutions: Chapter 11




2
d (uxv)xw=2i-4j+2k=|-4
2
1
e uxw=i+k=|0
1
-2
f (uxv)xUxw)=-2i+2j+2k=| 2
2
0
g Wrv)X-w)=Q2i-3)x(j)=-2k=[ 0
-2
2 u=i-j-k v=i-2j+k w=i-k
Fromgn. 1, u x (v x w) = —4j + 4k
(uxv)xw=2i-4j+2k
SLux(VXW)#E WX V)XW
.. not associative (QED)
3 wu=0andwv=0
Sowu +wyu, +w,u,=0and
wov tw,v,+w =0
uxv=(u,v,—uv)i+ @, v, —uv)j
+(uv,—u,v)k
wx@xv)=[w,(uv,—u,v)-—w,(u,v,—u v)li
+ [wy (u, vy —u, v) —w, (u, v, —u,v)]j
+w, (v, —u, v) —w, (u, v, —u, v,) k

= [u, (w,v, + wyv))—v, (w,u, + w,u)] i
+{u, wy v, +wov)—v,(w,u, +w ou)lj
+ [u3 (wl 1/l + WZ
=[u, (=w,v)—v, (~w u)li
+ [y () — v, Cw, )] §
+ [uy, (~wyv) —v, (~w,u)| k=0
wx (uxv)=0 .. wand u x v are collinear

4 A(-1,3,4 B(,7,5) C(3,9,6)

v) = v, (w u +w,u)l k

) -3
— — — —» —
a AB=AC=| 2| OD=0A+AD=| 5
1 5
~D(-3,5,5)
6 2
—> 4| ==
b AB BC =| 2
1 1
2
— —
ABxBC=| -8
20

¢ area = |ABxBC| =4+ 64 + 400
—J468 = 2117
= 6413
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b ux(v+w)=|u,

WORKED SOLUTIONS

a A(1,0,2)B(2,3,3)C(-3,-1,2)E(2, 1, 4)
-5 —4
—> —> —> =  —>
AD=BC=|-4| OD=0OCA+AD=|+4
-1 1
D (-4,-4,1)
—» —»> —>
Volume = (AB x AD) - AE
1 -5 1
T <
ABxAD=|3 |x| 4 |=| 4
1 -1 11
1)(1
Volume=|-4 || 1
1112
= 19cu. units
a uxv=(u,v,-uv)i+ v
+(uv,—u,v)k
=-(vu,—vyu)i-(v,u
-, u,-v,u)k
vxu=,u—v,u)i+ (v, u
+ (v u,—v,u)k
~uxv=-vxu (QED)
u, v +w,

(-2

—u, v3)j
-7, u3)j

-V, u3)j

X |Vt W,
Uy vy + W,y
= [u, (v, + w,) - 1:13 (v, + w)li+ [u, (v, +w)
—u (v, +w)lj+[u, (v, +w)—u (v, +w)lk

[(u2 v, = U, vz) + (u2 w, — u, wz)] i

+ [y v, —u, v) + (u, w, —u, w)lj
+ [, v, —u,v) + (4, w,—u, w)l k

=(u,v,—u,v)i+ U, v, —u v)j
+(uv,—u,v)k

(U, w,—u,w)i+ (U, w, —u, w)j
+(u,w,—u,w)k
sux(vtw)=uxv+tuxw (QED)
Uv; —uzv, || 4
c uxvu=|uvy-—uv, Hu,
Uy, —uv; )\
T e e SR N PR

vz—u2u3vl=0

~uxva=0 (QED)
Au, " Auyvy — Augv,
d AwWxv=| 4y |x|7, Auyv, — Auy,
Au, Vs Auw, — Auv,
UV —UsV,

=A| uy,—uy;, |=A(xV)
wy, —th"

S (Au)xv=Auxv) (QED)

Worked solutions: Chapter 11




Exercise 11M c
1 A(3,1,1) B(,2,00 C(1,1,-2)
4 4
—> —
a AB=| 1|AC=| 0
-1 -3
-3 4 4
r=| 1|+a|l 1 |+8] O
1 -1 -3
b x=-3+40+4p (1)
y=1l+a )
z=1-a-3p 3)
¢ From(2) a=y-1
From (1) 4B=x+3-4(y-1)
x—=4y+7
B=",

subin(3): z=1-y+1->(x-4y+7)
4z=8-4y—-3x+ 12y - 21
3x— 8y + 4z = —13 (other forms are possible) 4

2 P1,0,)n=-i+3j-k 5
rn=an
x\ (-1 1) (-1
y 3(=10]| 3
z -1 1)[-1
—x+3y—z=-2
x=3y+z=2

e(0,0,2) (0,-2,0) (2,0,0)

1
3 a (-3,4,0) n= —2}

-1
1 -3 1
y||-2= 4|2
z || -1 0]1-1
x—2y—z=-11
b PC1,1,1) x—1=2"= 1
line passes through A(1, 1, 0) and has direction | 2
1
2 1 2 -2
—»
P=l O|,n=|2]|x| O|=| 3
-1 1 -1 —4
x) (-2 1) (-2
31=|1]] 3
z |4 0|4
2x+3y—-4z=1

2x -3y +4z=-1
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WORKED SOLUTIONS

l-x=y-1=2zandx=2-¢
y=1+2¢
z=1

(2, 1, 0) lies in the plane

-1 -1
1|and| 2 [are vectors in the plane
1 1
2
-2 -1 0
n=| 2|[x]| 2|=] 1
1 1 -2
x 0 2 0
L|=|1]]| 1
z |2 0)(-2
y—2z=1
a y=0 b z=0 c x=0

a l><4><h=6.‘.h=2
3 2

0(0,0,0) A(2,0,0) B(2,2,0) CO,?2,0)

9
V(07O7E)
0 -2
—> —>
b AB=|2| AV=|0
0 9
2
2 0 -2
r=|0|+a|2|+B] O
9
0 0 5
2 0
—> —>
c CB=|0 V=|-2
0 9
2
2 0 0
n=10|x|—4|=|-18
0 9 -8
x 0 0 0
yI1-91=|2|]|-9
z |4 0|4
-9y —4z=-18
9y +4z=18
2 2 4
—>
d VB=|2 | r=[2[+A] 4
9 0 -9
2

Worked solutions: Chapter 11




x=2-4A,y=0,z=91
x—2 z

A= A=3%

=i x-36=4z
36-9x

z=——,y=0

Exercise 11N

1 r:(g]+l[_1) y=\/§x—3
1 1
Method 1 u=(_l] v=(\/§}

cos 0= ‘% s 0=75°
Method2 m =-1 m,=+3
tan u=-1tan f=/3

. 0=-45° . B=60°
0=18-61 =105°
.. acute angle = 75°

-1

X _ )y _Zz —_— . —
2 —-=7=7 2x=y=3
X _y_z
171 1
2 3
xX_ry_z
376 2
2 3
u=|3| v=|6| wuv=6+18+2=26
1 2
|u|—\/ﬁ vl =7

cos 0= 7\/— . 0=6.93°
3 r=2-0)i+(-+20)j+(1-06)k
r=Q2+pB)j+@B+pk

-1 0
u=| 2| v=|1| wv=1
-1 1

cos 0= o5 - 0=73.2°

1 1
4 a u= V= uv=1+mlm2
m, m,

lul = J1+m  |v| =l+m]

[u- vl

cos 0=
lul [v]

‘1+m1m2‘

;. cos 0= m
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WORKED SOLUTIONS

tana—tanf _ m —m,
l+tanotan B 1+mm,

b tan(ax-pf)=

c sec’(a—P)=1+tan’ (- B)

2

1+ (m,—m,)

(1+mm, )2

(L+mym, )2 +(my —m, )2

(1+mm, )2

L+ 2mm, + mim} +m} — 2mm, +m’
(1+mm,)

_ 1+m12+m22+mlzmz2

(1+m1m2)2
(I+m12)(1+m22)
(1+mlm2)

‘1+m1m2‘

o cos(o—PB) = e (> 0 since o > f)

d cos 6= cos(ax— ) since 6=a—-f

Exercise 110

-2
r=(1-20)i+1-Dj+(2+Nk u=|-1
2 1
2x-y+z=5 n=|-1
1
sin 9= Wil = 1221 g 1950
lal Inl — 66 ,
2l gym3ogmitoy T2
2 2
_3 6
3%1:%22—123“: 1
-1
r=(2-20-3B)i+(1-0+p)j+(=20+B)k
2\ (-3 1
a=|-1[x| 1]=]| 8
-2 1] |-5
un=6+8+5=19
Sin 0= oes . 0=19.0°
1
x—y+3z=1 m=|-1
3
r=@-20+2B)i+(1-38)j+Q2-0-B)k
-2 2 -3
n=| 0|x|-3|={4| mn=-3+4+18=19
-1 -1 6

19 .
cos 0 = NGl 0=42.8

Worked solutions: Chapter 11




4 A(1,0,1) B(-1,1,0) C(2,3,-1) D(-1,-1,-1)

-2

—> —> !
a AB=| 1| AC=| 3
-1 -2
-2 1
n=| 1|x| 3|=|-5
-1 -2 -7

1 1 1

-5 1=]0 |5

x )| =7 1/-7

un=2-5-14=-17

: _ 17 _ o
sin 0 = N 6=40.9

X

5 f=ky=k-z Qk-Dx-ky+z=5+k
2k 2%-1
x _y _z—k _| _ — _
oo u=| L n=| —k
2 1

If the line and plane are parallel, un =0
so—2kQRE—1)+k+E=0

= A4k +4k=0

= —4k(k-1)=0=Fk=0o0r1

Exercise 11P

1 r=i+k+Ai-2j+k)

PI+A 2L, 1+ ) x+y+2z=4
1+A-21+2(1+1) =4
A=1P2,-2,2)

2 T =2=2=2x-1+50,y=242=32
—x—y+3z=5
—1-5A-24+94=5
L 2A=6 .. A=3(16,6,9)

3 x=3ky=2-2kz=1-k%
r=(4-20+pB)i+(1-B)j+2-6-2B)k
a x=4-20+p

y=1-p
z=2-60-28
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WORKED SOLUTIONS

b 3k=4-20+=3k+20-p=4
2-2k=1-B=-2k+p=-1
1-k=2-60-2==k+0+23=1
k=0.6,6=12,5=02 (1.8,0.8,0.4)

1
4 r=(1+D)i+0+2)j+(1+D)ku=|2
3 1
3x-y—2z=2 n=|-1
-1

un=3-2-1=0 .. uand n are perpendicular
.. the line parallel to the plane (QED)
(0, 0, —2) lies in the plane

0 1
r=| 0|+ 4|2 [lies in the plane
-2 1

r=A+24j + (-2 + A) k (other answers are possible)
2

P1,2,3) 2x+y-5z=1 n=| 1

-5
line through p perpendicular to the plane:
1 2
r=|2|+A[| 1
3 -5

point of intersection, I(1 + 24, 2 + A, 3 — 51)
20 +20)+2+A-5B-54) =1
24+4A+2+A-15+25A=1
300=12=>A1=04

1(1.8,2.4, 1)
PI=J(1.8-1)°+(2.4—2) +(1-3)°
=J4.8= %\/480

distance = %m or2.19

Exercise 11Q

a Z=y-l=z (1) x=22=3-z (2
x=2y—2 3x=y+4
6y—-6=y+4

S59=10=>y=2,x=2
subin (1) subin (2)
2z2-1=z 2=%%=3-;
z=1 z=1
.. intersect at (2, 2, 1)
r=0+20)i+@d+A)j+G-3V)k,x=y=z+1
PG +20,4+ A, 5-32)
5+2A=4+Aand4+A=5-31+1

A=-1 41=2
Equations are inconsistent .. no point of intersection

Worked solutions: Chapter 11



2 x-—

3y+8=2(1)

—-x+y-2z=1(2)

H+2)-2y-2z=3=z=-2y-3
32)+ (1) 2x-5z=5=z=

_23;_5=—2y—3=z
2x5+5_2y_|_3:_i1
x+2.5:y+l.5:i

5 1 -2 3

3 a 3x—-y+z=3 n=|-1

1

x=3-2-kKAy=Qk-1)+A

k-2

z=-1+kA u=| 1

k

5 x+

n and u are collinear .. k= -1
3x—y+z=3x=3-34,y=-3+A4,

z=-1-2

33-3A) - (3+ ) +(-1-1)=3

—2x-5

9-9A+3-A-1-1=3

-11A=-8

8 (9 -25 -19
l—ﬁ(* i 7)

Liy=2x+2,z=3-x

117 11°

y-2 _z-3

L'x_l y-1_

direction, v =

1-z
3
3
6

-3

v =3u .. L and L, are parallel (QED)
A(0, 2, 3) and B(1, 1, 1) are points in the

y+3z=1 x=4-yandz=-1

plane
1

—>
AB=|-1|n=

-2
x 5 0

“11l=l2 |
z 3 3
Sx—y+3z=7
1

x _ y—4
==
3

un=1-1+0=0
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1

direction, u =

WORKED SOLUTIONS

. wand n are perpendicular .. the line is parallel
to the plane.

(0, 4, —1) lies on the line
x+y+3z=0+4+3(-1)=1

. (0, 4, —1) also lies in the plane

.. the plane contains the line (QED)

Exercise 11R
1 5x+y+2z=3

M O-Bx-y=-2 (4

x+y+z=3 2 (HO-2)3x—y=-3 (5
dx+2y+2z=5 (3) -4 2x=-1
.'.x=%1y=%

From(2)z=3—x—y=2(%1,%,2)

x+y+z=1 1 MH-2)2y=-2
2)y=-1
3x+y+3z=1 (3)
subin(1)and 3)x+z=2 (4)
3x+32=2(5)
(4) and (5) are inconsistent .. no common point

(QED)

a x+ty+z=0

x—y+z=3

M) -D)ax—x=0
ax+y+z=0 2) x(a—1)=0
x+by+cz=z=0(3) x=0ora=1
ifx=0,y+z=0eithery=2=0
by+cz=0orb=c

If x = 0, either point of intersection (0, 0, 0)
or intersect in a straight line.

if a = 1 equations (1) and (2) are the same
x+y+z=0

x+by+cz=0

x=y=z=0orb=c=1 all 3 planes the same

or b and c not both = 1 and intersect in a
straight line.

.. if @ = 1, either a point of intersection (0, 0, 0)
or intersect in a plane or interest in a line.

.. the planes always have at least one point in
common.

b For a straight line, b = cbut q, b, cnot all
equal to 1 ora = 1 and b and ¢ both equal to 1
x+2y-2z=5m
3x—6y+3z=2m,
x=2y+z=1m,

7, and 7, are parallel but not coincident, 7
intersects each of the other 2 please in a
straight line but the 3 planes have no point in
common.

Worked solutions: Chapter 11




x+y+z=2 (1) (HD+2)3x+2z=1(4)
2x—y+z=-1(12) (1)+@B)4x-2z2=6 (5)
3x-y-32z=4 3) A+O)7x=7
x=1,z=-1,y=2

(1,2,-1)

x+y+z=2 (1) (HD+@2)3x+2z=1

2—y+z=-12) (D+@B)dx+(k+1z=6

3x—y+kz=4(3)
For no common point, % = % (#6)

8=3k+3 k=

7 Verify by diagrams
Exercise 11S
1 Ax=3-t Bx=4-3¢

y:

b
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2t—4 y=3-2¢
A(3, -4) B4, 3)

-1 -3
A

_ Vs 3-4 _;1 — o
cose—m—\/g\/ﬁ—\/@ 6=97.1

—» (4-3¢ 3-t¢ 1-2¢
AB = - -
3-2¢ | |26—a | |74
AB = (1=26) +(7—4¢)?
This is a minimum when ¢ = 1.5 hours
OP = (5 + 10t) i + (20 — 20t) j + (30t — 10) k,
t>0 £=0,P(,20,-10)

Cartesian equations:
x-5_ y-20 _ z+10

Rt A X

10 -20 30 ( 10)
x-5 — y-=20 — z+10

1 -2 3

i x+y+z=55
5+ 10¢+ 20 - 20¢ + 30¢ - 10 = 55
20 =40

t=2
i (25,-20,50)
20
i P,P,=|-40 [distance
60

=207 +(~40)* +60° = 20414

2¢*
—»
Q=[1-2¢|t>0
1+¢°
2t* —5-10¢ 2t* 10t -5
—»
i PQ=|1-2t-20+20¢ |=| 18¢-19
1+£*-30r+10 t* =30t +11

WORKED SOLUTIONS

PQ = /(2¢2~10¢ =5)" +(18¢ —19) + (> —30¢ +11)’

This is a minimum when t = 0.49598817
=0.496 (3sf)
it P(9.96, 10.1, 4.88)

Q(0.492, 0.00802, 1.25)

0 2 8
i a=|1|b=|-1]|c=|-3
1 2 5
-2 -6
a-b=| 2|b-c=| 2
1 3

a—b#k(b-c) ... a—band b— care non
collinear (QED)

ii Q is not moving in a straight line

1
2
—>
B(1,1,0)C(0,1,0) .. OP =] 1
0
0
—>
C0,1,00G(0,1,1) .OQ =] 1
1
2
0
_> 1
D@0,0,1)G(0,1,1) .. OR = 5
0
1 1
- -
—»
PQ=( 0 |PR=]| 1
1 2
2 1
-1 -1 1
n=| 0|x|-1]=]1
1 2 1
1
1 2 ((1
yI|1[=[1]]1
z 1 0)11

x+y+z=Sor2x+2y+2:=3

Worked solutions: Chapter 11




1
2
—»
c E(1,0,1)d(0,0,1)..0S=|0
1
1
—>»>
A(1,0,0)E(1,0,1) .. OT=|0
1
2
1
_> 1
A(1,0,0)B(1,1,0) .. OU = 5
0
S R S, T, U lie in the plane PQR
T Q
u P
1 0 1 1
—> 2] —> || —> 2l > 2
PQ|0| QR=|5| RS =|Z| ST=|0
L I 5 =l
2 3 0 2
0 -l
1 2
—> z — 1
TU=]| 2 P=]2
-1 2
2 0
. 1
all sides are of length 5

cosP=cosQ=cosR=cosS=cosT

N-AN1

.. all angles are 120° .. PQRSTU is a regular
hexagon

Area parallelogram PQVU = ‘1@ xﬁj‘

1
2 (L) e
0 |x|5|=|t] . area PQVU = 5
1l (2| |1
2 0 4
- area hexagon = — -
1
—>»> —_—> . )
d OF =|1|=mn.. OF is perpendicular to the
1
plane PQR (QED)

X
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WORKED SOLUTIONS

General point on OF is (4, A, 1)
2x+2y+2z=3 2A+2A+24=3

s A=3=1 Illl
1 2 2’272

1
2
f ﬁ? = % .. distance IF = ?
1
2

Review exercise

N N R

2
b |u|=5|V|=\/%u+v=[9)
o lu+v] =485
2 u=3i-j+k a=i+j b=i+k
c=2i—-j-k
u=oa+ b+ yc

-

3 1 1 2
“ll=al1|+pBl0]|+7] -1
1 0 1 -1
La+fB+2r=31)1)-Q2)B+3y=4(4)
a-y=-1 @ p-r=1 3)
B-y=1 B @D-3)4y=3
3
V=13
y=3.B=1, 0= u=—ta+lb+ic
-1
-5 V2
_ _ . . _| 4
3 a a=| 4 IaI—S\/E..umtvector— 5
3 3
-5 5\/5
5\ @
5 — 4+ 4
b iﬁ 4 —iﬁ
3] 5
V2

4 u=cosacos fBi+sin? xcos’ j+sin’ Bk
|u|? = cos? o cos? B+ sin? o cos? B + sin? B
= cos?f (cos? o + sin? o) + sin?
= cos?  + sin? 3
=1
o |u| =1 .. uis a unit vector

5 u—-ittanaj v=tanfBi+j

u-v tan § +tan o<
COoS7 = = 2 >
[ul |vl \/1+tan o<\/1+tan B
_ tanf+tanec
sec o< sec 3

= (tan 3 + tan &) cos o cos
= sin f cos o + sin & cos

Worked solutions: Chapter 11




cos y=sin (a + p)

= cos (%—(a + ﬁ))

a |al=1|b|=1
la—-b|?2=12+12-2(1) (1) cos 6
la—bl>=2-2cos 6
la+b|?=12+12-2(1) (1) cos(w — 6)

=2602cos(r— 0)
la+bl?2=2+2cos0

b |la+b|=2|a-b|=|a+b|?=4|a+Db]|?

2+ 2cos 8=4(2 -2 cos 6)
2+2cos@=8—-8cos O
10cos =6 .. cos =3 (0< 6= 7)

. 9 _ 16 . 4
20=1 - 20=1-==22 - = =
sin0=1-cos*0=1 5= 05 sin 0 s

7 a r=(2i+3+4k)+ a2i-3j +2k) + B(j - 2k)

x=2+20,y=3-3a+f,z=4+20-2p
b r=(-2k+ a(2i+k +BH)

x=1-20,y=-B,z=-2+«

8 5+31=-2+4u (1)
1-24=2+u (2)
From 2Q)u=-21-1
Subin (1)5+31=-2-81—4
11A=-11 - A=-1a=1P(,3)

Review exercise

1 2
1 u=|1| v=|0 cosezﬁ
3 1
2+3 5
cosezﬂﬁzﬁ
0 = 48° (nearest degree)
-2 -1
2 a Xﬁ: 0 _E: 0
2 -1
1 -2 -1
r=|1|+a| 0 |+5]| 0
0 2 -1
x=1-2a-B,y=1,z=20-f
-2 -1 0
n=| 0(x| 0[=[-4
2 -1 0
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WORKED SOLUTIONS

0 1 0
-4 |=|1]||-4
z 0 0 0
—4y=—-4ory=1
-1 1
AB=|_»| AC=]| 0
1 -2
-1 -1 1
r=| 1|+oa|l=2|+B| O
1 1 -2
x=-1-a+B,y=1-20,z=1+a-2p
-1 1 4
n=|-21|x| o|=|-1
1 -2 2

dx—y+2z=-3

x 1 2 1
y I 1|=-3[] 1
z || -2 4112

or r-(i+j-2k)=-9

1 1) ( 1
r-|-1|{=|0]||-1] ri-j=1
o] (2| o
x\( 2 2\( 2
y -3 1=|-3}|-3
2 4| 4] 4

2x -3y +4z=29

-6 -3 2 -1 -2
—> —
B=| 0 C=| 6| n=|0|x]| 2|=|-1
-3 0 1 0 4
x\ (-2 6)(-2
y[{-11=l0[|-1
z 4 0 4
2x—y+4z=-12
2x+y—4z=12
1 1 1 -6
>
B= 2 n= 2 X 21 = 3
1 1 -2

Worked solutions: Chapter 11




2x—y=4
2 2 1 0
d AB=|-2|n=[-2]|x|0]|= 5
5 5 0 2
0 2)(0
5|1=[-1][]5
z |2 -3112
5y +2z=-11
x\ (1 3)(1
e |y[|0|=|4][]0
z |10 2110
x=3
3
f n=| 3|x|0|=]|-3
-1 1 -3
1 3 1
-1|=12 |=|-1
z | |-1 1 -1
x-y-z=0

g x+y+5z=0(1)
2x+ 3y +12z2=0(2)
2-2(1)y+22=0
Letz=A,y=-2A,x=-y-5z=21-5A

x=-31
-3
Line of intersectionisr=A| -2
1
-3 3 -3
n=|-2|x[1]|=| 6
1 1 3
-1
2 1=0
z 1

x+2y+2z=0
orx—2y—z=0

2 1
5 u=|-1|v=]|!
-1 2
0= lovl _l2-1-20 1
COSU=Tu v = Voo ~ 6
6 = 80.4°
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WORKED SOLUTIONS

r=i+j+k+ A1+ 2j+3k)
r=i+4j+5k+ a(2i+j+ 2k)
I1+A=1+2a()
1+2A=4+a(2)
1+34=54+20(3)
From (1) A =2«

Subin(2)1 +4p=4+p
SL3a=3 . a=1,A=2
Checkin (3) 1+ 3(2)=5+2(1)
7=17

. L, and L, are concurrent
point of intersection is (3, 5, 7)
r=3i+5+7k+ ofi +2j+3k) + f(2i +j + 2k)

x+y+z=31)2Q)-(1)x-3z2=-34)
2x+y-2z=0Q2)(3) +2(1) 5x+ 7z=29 (5)
3x—2y+52=23(3)

(5)—5(4) 22z =44

Lz=2,x=3

y=2z-2x=-2

Lx=3,y=-2,z=2

(3, =2, 2) is the point of intersection of the 3
planes represented by the equations.

8 a 3x+y+z=1 (1)(1)-Q)2x+2z=-3(4)

x+y-z=4 (2)1)- Q)
x+(1-bz=1-a (5)
2x+y+bz=a(3)
4)-2(5)2z-2(1-b)z=-3-2(1-a)

2bz=-5+ 2a

_ 2a-5

2%

— _ (2a-5) _ -3b-2a+5

2x=-3-2z=-3-——+= )

_ 5-2a-3b
T

=4 4= 8—-(5-2a-3b)+2a-5
y=a-xTz= 26

_ —10+4a+11b
Y= 2b

_5-2¢-3b _ 4a+116-10 _ 2a-5
X=" V= 2 %7 2

b b =0 equations (4) and (5) become
2x+2z=-3
x+z=1-a
For a non-unique solution, 1 — g = —%

5
a = 5, b= 0 the planes represented by the
3 equations intersect in a line.

Worked solutions: Chapter 11




Answers
Skills check
Im(2)
: 142
420
|
f 113
z=5—-4
a z=5+4—-—z=-5+4
1 1 5+ 4i
b 7= 5_4i X544
_ 5, 4.
EPTRY
z=-3+4
a Re(z)=-
b Im(z)=4

c |zl =(-3)" +4* =5

z=1-21 z=3+i

a z+22=1-21+6+2i=

b 3zz+2z =3(1-20)(3+1)+ (1~ 2i?
=3B3+1—-61+2)+ (1 —4i—

=12-19i
Z - 1-20 3-i_

c —= - -
z, 3+1 3-1

Exercise 12A

z=z,= Izll = Izzl
r*=r2+2r

r(r*—r—2)=
rr—=2)(r+1)=0
r=00r2((r=0)
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WORKED SOLUTIONS

Mﬁltiple perspectives in
mathematics

arg(z,) —arg(z) = 2k ke Z
40— (6 + %) = 2km

39:£+2k7r
0= —+2klk 7

Cornplex numbers are givenby z =z,=0

2
orz =z, =8c1s?
_ _ ar

z, =2z, 8c1sT

zl—z2—8C1527r
ie 0,—4+4i/3,-4-4i/3,8

3 la+dil=2=d’ +a’ =2

20° =4
a?=2
a i\/i

arg(a+a1)—00—for 2

2 distinct complex numbers, J2 + 420
and -2 - 2i
4 a egz=3+31 z=4+4
z+z,=T7+T7 2z~ ——l—i
arg (z) = 7 rg(Z) =%
arg(z, + z,) = ;t arg(z, ) + arg(z,)
arg(z, + z,) = 7 # arg(z,) — arg(z,)
. arg(z, £ z) # arg(z)) + arg(z,)) (QED)
b egz=3+21 z=-1+4
z +z,=2+61 z -z =4-2i
2l =V13 |z =17
|2, + 2, =40 # |z | + |2
|z, — z| = V20 = lz,| + |z,

B AES AR A

Exercise 12B
1 a x=6cos45° =32 y:6sin45°=3\/§
=32 + 32
b x=10c0s135°=-5J2 y=10sin135°=5\2
z,= -52 + 5\2i

. St 5
c z3:4c1s%”:4(cos{+1sm )

=4(1-Bi)= 225




_ - Ir n .. I
d z4—5015——5(cos—+1sm?)

6 6

2 2

:5[—\/§—Iijz—5\/§_;i

2 a z=-1-i r—\/_Q——
b z=23+2 r=46=%

c z=4-4 r=420=7

d z,=-5+5 r=5/20=2=

4 4]

a z1:—3i:3cis377r
b z,=4i=4cis 7
c z,=2=2cis0
d z=-4=4csn
4 z=4cis40°
a z*=4cis (-40°) or 4 cis 320°
b —z=4cis220°
¢ —z*=4cis 140°

d 3z* =12 cis (—40°) or 12 cis 320°

e —4z*=16cis 140°
5 2 =-2-2J3i z=3/3+3i
a z,=(-2-231) (3V3 + 3i)
= —6J3 - 6i— 181 + 643

=-24i

b |z7|=y4+12=4 arg(z)=

T
lz| =427 +9 =6 arg(z) = %
3

lz,] = 24 arg(z,) =

c |Z3| = |Zl| |Zz|7 arg(z3) = arg(zl) + arg(zz)

Exercise 12C

1 a zz=>5cis135°

31z

b ZZ—?CISX
S5m _ .
2 z —015? z,=1-1

57 \54_

- Sy s -
a zl—cos—+1s1n?———

_ T
b zz—\/imsj

¢ n5=(-L+]
2 2

_ 3+l B+l
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- T
z,=4cis —
cis 2

z, —4\/§c1s—

. 4
21:4c1s—

—f e T
zz—6c1sg

i)(l—i):—§+—i—

WORKED SOLUTIONS

5t , In 3z _ . In
z z, —\/§c1s(6+4) \/Ecs12 201512

N T _ B+l . o Tr _B+1_2+6

n - y o Sy = =
3+1 7 3+1 -
V2 cos = BHl ot Bl 246
12 2 12 22 4
T 3+l BB+l 4+2J—
=z = +
tan 2 B+l B+l 2 —2- f

3 zl=2cis% z,=rcis® r>0,0<6<2r

a zz =2rcis (%+«9]

z, z, real = sin (1 + 6’) =0

11z

s r2 == or —
o O=rmor2r 0= 6o 5
11z 5
zz>5:>9—?and2r>5:>r>5
> = :7
r 2andG 5
) . - _
b z z, imaginary = cos (g+‘9)_0
T T 3
= 4+ =2 -
g to=70r7
=Zord
=300
1
|zzz|<l:>21f<1:>r<§
4r
<r< =Zor—
O<r 2and@ 3or3

(r # 0 otherwise z, z, is real)

z——3+f1—2\/301s—
—z=z 3c1s&z —2\/§c1s( 5”)or2\/§c1s—
—z*:2\/§c1sg
z=sina+cosai w=sin2a-cos2ai
a |Z=1 tanf=cota .. 9:%—05,
(o
z=cis |3
[w=1 tan 6= —cot2a
9=—(ﬁ—2a]or2n—(f—2aj
2 2

9:37”+2a w:cis(%+2aj
b |zw|=1arg(zw)=%—a+37”+2a

=2nr+ qora
Zw = cis a

Exercise 12D

a 2 =2cis45°

z, =2cis — z, =2-21

a |z|=2V2arg2-2i) =z, =22cis ¥
b 22*—2\/5“52




2,2, = 42 cis 2% = 42 cis Z

12 - 12
z_ 1 . ox _ 2 . .
LSS g =g sy
1 _ 1 197 N2
— = —qis |- | = cis =
2.z, 442 12 8 12
I 2 . 17«
2z s B

4=4cis0 \/§+i:2cis%
11z

4 _ oy if_m) oy o lm
J§+i_2CIS( 6] 2 cis o

2—2122\/§cis77” \/€+\/§i:2\/§cis%

2-2i _ . 197

= C1S —
Jo +2i ST

1= cis 0 (V21 —7i)* = V21 +/7i = 27 cis £
LN RO (R W/ o4
(\/2—\/71)*_2\/7(:18( g)— 1

12 57

23 - 2i w:12;i

4= dare) =~ 2= 4{cos(~ % +isin[- 7))

V2 n
Wl =2 arg(w) = =5

e ol i)

z _ 8 .. m _ - T
w5 s 12—4\/5c1512
z_23-2i _ 4340 1+i
w 1-1 1-1 1+1
2
_43+4Bi-4i+4

2
= (243 +2) + (243 - 2)i

4x/§cos%:2\/§+2

T _\/§+1:\/6+x/5

.. COSs

Exercise 12E

127 22 4
432 sin Z =23 -2
. -1 _
sm—:\/3 = o-\2
12 22
tap o= Y6 -2 No-V2 _ 6-2V12+2
12 Je+v2 Je-2 4
tan =~ =2 -3
12
1 zlzzcis3—” z=3+i=2cis %
4 22 6
— : 577(*)2_ . 577.'_ . T
= Z\z = = = =
z; 2c1s4 : 4c1s2 4c1s2
. %\2 3 .
z;=8cis 7 . (zl) (z,) =32cis mor - 32
A= cis % - i4=cis£=cisE
z, 12 77 | 3 3
* 3
zig _ .o (Y _ 37 _ .. 3¢
L =cis = . | A | =cis= =cis =&
z, €15 15 [_ZJ CIS 1, = s

2

3

4

WORKED SOLUTIONS

. .
-4 -7 1 51
Z1 =4¢€ Z2 = 5 (-

aZ1

37 _Zii
b (z)=6de + ()2 =4de °
177. .

() (z)2=256¢ 2 =256e

24
—9el2
z,=2¢

Ir.

z —i
c +t=8el
E2)

z * _Z £\—3 z
d z =4det . 2 =8e? .. (iJ =L et

z, z, 512

5

cos(—6) + isin(-0)

SR
[cis (-6 (5 — O)I°
~fof- 5 6=
1+iy3=2cis % 1-1J§:2cis(—§)
(1 +i3)" + (1 - iv/3)" = 2% cis % + 2" cis [—g

cosd — ising ) =
sinf + icos@

= 2n [cos? +isin% + cos (—%)+isin(—%)]

:2”(cos? +isin% +cos%—isin%)
=2"(2cos 3) = 2"*! cos ™, neN(QED)
a (1-iy=[WZcis (- ir=27cis - {)

=22 (cos & —isin )

4
. onmwo_ nwo_
smz—0:>7—7r,27r,37r,...
=>n=4,8,12, ...
cos%<0 n=4

LI mo_r . o=

b cosT—O 2 5 N 2

Letz=rcis® r(rcis 6)’=16

r* (cos 30 + isinb) = 16
sin3¢9:0:39=/e7z:>9:%” kel
c0539:1:>39:2k7z:>9:2]%” kel

2km
S0=75
z:2cis(2’%” (e z=2cis 0, 2 cis 2%, 2 cis 47

ri=16=>r=2

2=2(1+00), 203 + 2, 25 - £i)
z=2,-1+/31, -1-/3i

Exercise 12F

1
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a z=8cis;=z=2cis(5+ %) k=0,1,2
z=2cis Z, 2 cis 7%, 2 cis 13
9 9 9
b z=(4i)?=-16=16cism

z:2cis(”+42k”) £=0,1,2,3

Worked solutions: Chapter 12




_ . T . 3r . 5x¢ . 7i
z=2cis 4,2c157,2c1s7,2c1s 1

z=2 [fﬂq 2[—ﬁ+iﬁ} 2[—ﬁ—iﬁ],
2 2 2 2 2
o{2-i4)
2 2
z=V2 +iV2, 2 + V2, 2 -iv2, V2 -2
— 7+ 2k1 .
c 2=32¢e " =>z=2e £=0,1,2,3,4

EETR
z=2e 3, 2e’,

3z, T,
2e’ | 2emi, 2"

2 a zz=1—i=\/§CiS(—%J
i oo 2kT —
z=2 c1s( g T 2) k=01
z=25cis(—5),22cis7i

8 8

b #=- 3+i:2cis%”

_ % . 2kn _
z=2 c1s(24+T) £=0,1,2,3

. 2‘1‘ cis 57 57r 2“c1s 177r 24 29n 2% e

cis 2% 2% cis 22
24
[1 %)
c 2= 27e4 =z=3e'"? £=0,1,2
7z 3—”i ”Ji
z=3e?,3e* , 3e?

d #2-(2-V2i)z=0
ZZOOI'ZZZ\/E—\/EiZZCiS(—%)

z=00rz=\/zcis( §+2kl] k
z:O,\/Ecis(—SJ J2 cis 7;

26:1:cisojz:cis%,kzo,1,2,3,4,5

0,1

.o . 2r . . 4r . 5r;
z=1,cis 3, cis =, CIS T, CIs 37, CIS -

YA

b z =1°=1, 2} = (cos 277r)3:ci527r: 1
z) = (cis 47”)3 =cisdrn=1
(QED)
z = (cis %)3 =cis =
=cis3n=-1

S IO I
.z = zy = z;

-1, z; = (cis )

.5 .
23 = (cis %) =cis 57 =1

(QED)

z,, z,, z, are the cube roots of 1 while z,, z, z,

are the cube roots of —1.

3= B33
Lz, Tz, =z

© Oxford University Press 2012: this may be reproduced for class use solely for the purchaser’s institute

5

6

WORKED SOLUTIONS

—1+1\/_ fClS—
4 2 3

the other roots are %cis ( 3T 2’%”] k=1,2,3,4

167 1 2z 1 281 1 . 4rn
1e. —c1S— ~cis &5, —cis =
2 157 2 1572 15’ 15

z4:—81:81cisn:>z:3<:is(4 2

k=0,1,2,3

.7
, 3cis 2 3” , 3 cis —”,3c1s—”

4
_3 3 [ 3 3 5 3 3 i
z=3 2+2\/51,—5\/§+2 21,—2f—2ﬁ1,
3 3
E‘/E_E

(z—3)*+81=0= (z— 3)* =81
nz=( V2 +3)+ 2424, (—ff+3)+3f1
(_gﬁ+3)—§ 2i, GV2 +3)- 22i

n | 2krm J

z—301s

216 + = 410
€ 9 €

3 .
—QZIQ

1 .
0i0 610
e + 3 27 € + ...

Exercise 12G

1

2

z=cis a
a z'=cosno + isin na (lj = (cis (~@))"
= cis (—no) ’
= cos(—na) + 1 sin (—nor)
=cos na — 1 sin na
1

z”—[fj =cosn a +1sin o — (cos na — 1 sin nat)
z

=2isin(na) (QED)
b (- p=2-57+10z- " + 23— =

(isina)’ = (zs —15)—5(23 —£j+10(z—i)

32isin’° a=21isin5a—101isin 3o +
201 sin o (+ 21)

16 sin’ oo = sin 5a— 5 sin 3a + 10 sino

Jsm5 ada= J(sm 5a—5sin 3 + 10 sina) da

1,1
—(—zcosSa+ 3

=1 5 sm3a—10cosa)+c

1 5
=——cosSa+ 48sm3oc gcosa+c

80

(cos a+1isin a)’ = cos® a + 51 cos* o sina

+ 10i? cos® a sin? a

+ 101% cos? o sin® a

+ 51i* cosa sin* a + 1° sin® o
=cos’ a+ 51cos asin o

—10cos® o sin? a

— 10icos? o sin®

+ 5 cos a sin o + 1 sin’ a

- cos’a +1sin’a

Worked solutions: Chapter 12




Equating real and imaginary parts:
cos 5o = cos® a — 10cos®a sin? o + 5cos a sin* a
sin 5a =5 cos* a sina — 10 cos? a sin® o + sin’ o

tan 5¢ = 2234

cosSa
_ 5cos*asina — 10cos’ asin’ a + sin’ @

~ cos’a — 10cos’ asin’a + 5cosasint a
Dividing top and bottom by cos® a

Stana — 10tan’ a + tan’ o

1-10tan’a + Stan’a (QED)

LetSa=m a= =

tan Sa =

tant=0 .. 5tan%—10tan3%+tan5%=0

tan%;tO.'. 5—10tan2%+tan4%=0
10 + /100 — 20
2T
tan? = —————
”:5i2\/§

tan5<1 anZ"—S 25

~tan 3 =45-25 (QED)

3 (cos O+ 1isin 0)" = cos’ O+ 7cos® 01 sin6
+ 21 cos’ 1% sin? 8 + 35 cos* 61° sin’® 6
+ 35 cos® Bi*sin* O + 21 cos? 61° sin® O
+ 7 cos 61°sin® @ + i’ sin’ O cos7 O + isin 76
=cos’ 6+ 71 cos® 6sin6— 21 cos’ Osin’ 6
—351icos* Bsin® 6 + 35 cos® Osin* 6 + 21 i cos?
Osin® 6 — 7 cos Osin® 6 —1isin’ 6
Equating real parts,
cos 70 = cos’ 0 — 21 cos’® Osin®> ® + 35 cos® O
sin* @ — 7 cos 6sin® 6
cos 76 = cos’ 6 — 21 cos® 6 (1 — cos? 0)
+ 35 cos® 6 (1 — cos? 6)? — 7 cos 6
(1 —cos? 6)’
=cos’ 0—21 cos’® 8+ 21 cos” 8+ 35 cos® O
(1 —2cos? 0 + cos* 6) — 7 cosO
(1 — 3cos? 0 + 3cos* 6 — cos® )
=22 cos’ - 21 cos’ 0+ 35 cos’ 670
cos® O+ 35 cos” — 7 cosf + 21 cos® 6
—21cos’ @+ 7 cos’ 6
-.cos7 =64 cos’ 6— 112 cos® 6+ 56 cos® 0
—7cos 8 (QED)
64 cos” @—112 cos’ O+ 56 cos® O— 7 cos =1

~cos760=1
70=2kn kel
2kr
.'.927 kFeZ
4 z:c0320+5m291—7<9<7

2

4sin® 6 cos® 0

= cos* 0+

a |zZ?=cos*0+ szw

4

= cos* 0 + sin? 0 cos? 6 = cos? 6(cos? O
+ sin? 6)

=cos? 6
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WORKED SOLUTIONS

- g =cos 8 (QED)

argz =tan’! (

2cos” 0

sin 20 j = tan-! (ZSinﬁcosgj
? 2cos’ @

=tan! (CO gj =tan!(tan 6) = 6 (QED)

b z=cos6fcis O
z2=cos?* O cis2 6

c |2z} =z = 2cos?> 6= cos O
cosB(2cos0-1)=0

—_r Tz
T2 332
_z+1 .
S5 =322 xty
_x+i(y+1) (x+2)-
a WG S (x+2)-
x(x+2)+y(y+l)+i(y+l)(x+2)—ixy
(x+2)2
P A2x+ 9y +y _ x+2y+2
Re(w) = 25, 4100 = (157 s s (QED)
b i Rew)=1,2+2x+y2+y

=x?+4x+ 4+ y?

y=2x+4(()

.. the points (x, y) lie on a straight line,
gradient = 2

Im(w)— ,x+2y+2=0

y=-3 x 1.(¢,)

. the points (x, y) lie on a straight line,

. 1
gradient = —3

1 _ ) .
-5 % 2=-1 .. (, and ¢, are perpendicular

(QED)

c Arg(z) = Arg(w) = %

x+2y+2

.'.1:1and7:1
X

¥ 4+2x+y 4+ y

y=x x+2y+2=x2+2x+y2+y
3x+2=2x>+3x

=1l=x=41

x=1,y=lorx=-1 ..[7 =2
6 z=rcis@
a p(n):(z) =)
p(1): (z)* = (z)'

%

z=2z" . p(1)is true

Assume p(k): (2% = (z")k
prove p(k + 1): (z°)*! = () z* = ()
Letz =7,cis 0, z,=r,cis 0,

z; =1, cis (-0,) z, = r, cis (=6))
z z,=r1,cis (6, +6)
z) z, =1, 7,cis (=6, —6))

(Z 1

sz 2, = (z,2)"

- (@)L = (2 2)F = (2

- p(k) = p(k + 1) and p(1) is true
.. by induction (z")* = (z*)"n € Z*

Worked solutions: Chapter 12

z) =r r,cis[~(=0, + =0)] = r, r, cis(-0, —0,)

(QED)




b z=rcis 6, z"=r"cis (n0) (z")* = r" cis (—n6)
z* =rcis (-0), (z*)" = r" cis (—nb)
s (@) =(@"" (QED)
Valid for n € Z since de Moivre’s theorem 1is
valid for n € Z.
z3=1=cis0

2km

Z:CiS(TJ k=0,1,2

. . 27 . 4r
z=cis 0, cis =, cis
3 3
1 .1 .
z=1,-< £1,—7—£1
2 2 2 2
3. 1 3.
= _—_ 4 = ¥ =
Letw 5 21andw 751
1 3. 1 43,
1 _ 1 X5_71:5771:_W
I+w 1 3.7 1 3. 1
—+—1 —-—1
2 2 2 2
. 1 _
i (QED)
1B 1Ny
1 _ 1 272 =2 2 — e
T+ws 1 3.7 1 43, 1
— -1 —+—i
2 2 2 2
. 1 _ *
CTTa W (QED)

b 1,—w, —w* are zeros of p(z)
@ =@GE-1)E+w)(z+w)
=(z-1) (*+z(w+ w*) + ww*)
wr+wr=-1ww*=1
L) =E-1) (2 -z+ 1)
=23-2z24+2z-1
La=-2,b=2,¢c=-1
c pw)=w?-2wr+2w-1
=1-2w?+2w-1
= 2w? + 2w
=2w(1 —w)
= (-1 +3) (%_%J

= 2(-3+3i + 331 + 3)

X

= 2(4V3i) . p(w) = 2/3i
pw*) = (w*)? = 2(w*)* + 2w* — 1

=1- 2w +2w* — 1
= 2w*(1 — w")
= (-1 —/3i) B . flj
= 13 Bi-33i +3)
= 5430 = p(w)
=231
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WORKED SOLUTIONS

9 (\/5 -1y = [2 cis(— %Dn = 2"cis (— %”)

jcos(—%J>Oand sin (—ﬂ) =0

nmw
6

6
=k kel

n=6k kel
cos[%)>0 n=12k keZ

10 f(2) = In(|z|) + 1 arg(z)
a f@)=1Inl+ i% @)= i%

fD) =l —iZ f(H) ==
FA+D=IV2 +i5£(1-)=1nV2 ~if

(@) = In(2]) - i arg()
| z*| = |z and arg(z*) = —arg(z)
- f(Z) = In(|z*]) + 1 arg(z*)
= In(lz]) — 1 arg(z)
L (@) =f(2)

f@)=f@)

In(|z|) + 1 arg(z) = In(|z]) — 1 arg(z)

2iarg(z) =0

coarg(z) =0

.. zis areal number (QED)

i In(z))=0.. ]z =1andarg(z) #0
z=x+1iywherex*+y2=1
(x# 1 since arg(z) # 0)

ii arg(z)=0andIn(z) <0
y=0,x>0and |z < 1
sz=x(0<x<1)

iii f(2)=0=|zl=1andarg(z)=0

Lz=1

Review exercise

1 a

b

. dr . . 4 .
2cis 47” = 2(cos§ +1sin 7”) =-1-4/31

\/Ecisl35°=ﬁ( J:—1+i

1, .1
V22

Worked solutions: Chapter 12




2
3 z=2cis = w=4cis %

3
a zw=8cis 2% Z=1Liis(-Z)ortcis =
2w 2 12 2 2
2 44,3 _ 137
zZZw —4c1s—><64c1s— 256 ¢ 156
b zzz[—%ﬂ%:_uiﬁ

w=4( i_lij-—zf 22

z+w= (-1 -22) +i/3 - 242)
z—w=(2V2 - 1) +i(3 + 242)
22=1-2i/3 -3=-2-23i

L2 2243 X—2J2—+2J§i
w22 -22i T 242 + 242
_ 42 - 4\2i + 4461 + 46
16
2 _ (V2+6) (ﬁfﬁ)i
w 4 4
4 z=g+1
_r . 1_ 1L _ B
a arg(z) 5--;—\/5 =5~
b z2=ad>-1+2a1i z?isreal=>a=0

c |z—-1]=z-21

(@a—1) +1i =]a—1

(a@a-1y +1=a+1..

5 z=z=>z=

a?-2a+1=a

Qorz*=1
z=0orz*=cis0
z—c1s2’j% £=0,1,2,3

. . 3m
z=0, cis 0, cis 2,015 T, cis —-
z=0,1,1,-1, -

_ 1 1-itand _ 1-itand
6 z= - - = 5
1+ itan@ 1-itan@ sec” @

z=cos? 61sin6 cos 6
|z> = cos* 6 + sin? 6 cos? O
= cos? 6 (cos? 6 + sin® 6)

2> = cos® 6 .. |z| = cos 6

arg(z) = tan™! (— i%z) = tan"!(tan(-6)) = —

= cos O cis (—6)

1-i_ V2 . (o7
7 a T—4C1s( 4J

. 3
arg(a + ai) = 7 (a > 0) or _Tﬂ (a<0)
. 1-i . .
since — and a + a i are consecutive nth roots

4

of z and since their arguments differ by %,

1
n = 4 and therefore a = i or—
b The remaining nth roots of z are therefore

1+1i —1+1 —-1-1i

47 4 7 4
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WORKED SOLUTIONS

(r+y) (> + w? xy
+ wxy + w?y?)

8 (x+ty)(x+mwy)(x+wiy)=

=P+ wixty+twxly+wixyl+xty+w?
xp? + wxy? + w? y3
=x3+x7y(wr+w+ 1)+ xp2(w? + w2+ w)
+ Wi y?
wi=1w?-1=0
w-1)W*+w+1)=0
wl  w+w+1=0
(et y) @+ wy) (x + w?y) = 2% + 27 y(0)
+xy%(0) + y°
=x*+y* (QED)
9 z=-3-i

a |z| =2arg(z) =210°

1
b z=2sin210° 3z = 23 cis 70° or 0.431 + 1.18 i
c z'=2"cis 210 n°
z" is a positive real number

. c08s210n°>0andsin210#° =0

210n=180%k keZ

n= gk kel

nis aninteger .. n =6, 12, 18, ...

cos 210 #° > 0 .. smallest positive integer 7 = 12

10 (cos a +isin a)* = cos* a + 4 cos® aisin o — 6
cos? a sin® oo — 41 cos a sin® a + sin* o
costa+isin*a=cos*a+4icos’aisinoa—6
cos? asin® oo — 41 cos a sin® a + sin* o
. cos* a = cos? o — 6 cos? o sin? o + sin* «
sin 4o = 4 cos® a sin o — 4 cos o sin® a

sinda 4cos’asina — 4cosasin®a

tan 4o = = : -
cosda cos*a — 6cos’ asin’a + sin*a

Dividing top and bottom by cos* o
4tana — 4tan’ x (QED)

tan4 oO=——F——> 71
1- 6tan’a + tan‘ &

12 z+1=-1
zZ

a (z+%)2:z2+2+2i2:1

1
'.Z3+*3:2
z

c [z+lj=25+523+102+%+
+i5+5(z3+zi3]+ 10(z+%)

—1=254+ S +10-10 . 22+ < =1

—1=2z°

Worked solutions: Chapter 12




13 a

WORKED SOLUTIONS

x—-2)(x—z9)=x*—x(z+z*) + zz* b (1+w)"=(2cos % cis %)"
z+ 2" =2Re(z) 22" = |* (2 cos %)“ cos % = Re[(1 + w)]
©(r—2) (x—z")=x?—2Re(z) x+|4* (QED)

b f=l=cisO=z=2 =012 .7 —Rel S| 7 ot
’ 3 57 ) kzz‘; k
z=cis 0, cis 4,cs cis —, cis m, cis =,
2 4 4 C n P
cis 37, cis 77” = Re[;(kJ (cos ko + 1 sin ka)]
= 1, £+i£’ i, _Q-piﬂ’_ 1,_Q_i£, " (n
2 2 2 2 2 2 = cos(ka)
1 Q_ 1 Q =0 k
Lo 715 . (n
c xg—l—x—l x+D)(x-1)(x+1 . - Ay, na
(r=1)( )2( ) (x+1) ..kzo[k]cos(ka)=(20052) cos () (QED)
(2 + ) (2 = i2)) _ _
‘ N Review exercise
(o= (2 +i82) (- (2 D)) . R Ny
2 2 1 Using question 11, if zis a zero then z* is also a
H-1=@-DE+ D)2+ 1) E2-2x+1) zero.

14 w:cisoc0<a<%

(x2+2x+1) Therefore the 4 roots are 3 + i and v/2 cis (i %]

.. the polynomial is

a l+w=({+cosa)+isina
|1+ wP=(1+cos o)’ + sin* a
=1+ 2cos o+ cos? a + sin’ a
=2+2cosa
=2+2(20052%—1)

11+ w]?=4cos? %

2
|1+ w| =2cos % (QED)
" _ sina j
arg(l + w) = arctan ( roose
2sin% cosf
= arctan | ——%—~4
1+ 2cos’ 7—1J
= arctan ( j

- arg(1+w)=7 (QED)
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P=(-3+D)(-3-1) (-2

(2= V2 (-5
=[(z=3)-1[z-1-1][z—1 +1]
=[(z-3y -] [(z—-1)* - 7]
=[z2-6z+9+1)(z2-2z+1+1)
=(z2-6z+10) (22 -2z + 2)
=z4—8z3424z2-32z+ 20

Therefore a = -8, b =24, c=-32,d =20

Worked solutions: Chapter 12




